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Introduction

This thesis consists of two different topics that are not related. The thesis has two different and
independent parts that can be read in any order.
The purpose of this work is to study two topics in singularity theory:

1. The McKay correspondence for Gorenstein surface singularities.

2. Classification and properties of some classes of real singularities.

The McKay correspondence for Gorenstein surface singula-
rity

Let I' < SL(2,C) be a finite subgroup. Denote by Xt := C?/T" the singular variety obtained from
the natural action of T' in C2, and let 7: X — Xp be the minimal resolution with exceptional
divisor E. The classical McKay’s correspondence gives a one to one correspondence between the
irreducible components of E' and the irreducible representations of I'.

The construction of the correspondence is as follows: Let T' < SL(2,C) be a finite subgroup and
denote by

IreT := {po, p1,-- -, Pr},

the set of irreducible representations of I', where pg is the trivial representation.
Denote by @ the natural representation given by the inclusion I' € SL(2,C). Therefore by
Maschke’s theorem we get

pi®Q = @aijpj‘ (1)
J
Using representation theory, McKay constructed a directed graph &r as follows:
1. One vertex for each irreducible representation.
2. Given the decomposition (1), we draw a;; arrows from the vertex v; to the vertex v,.

It is easy to see that for each finite subgroup I' C SL(2,C), we have a;; = a;; and a;; must be
0 or 1, therefore the directed graph constructed by McKay is a graph [38, Chapter 10].

Theorem 1 (23, McKay]). Let ' be a finite subgroup of SL(2,C) and denote by Xr := C2/T the
singular variety obtained from the natural action of T' in C2. Then the dual graph of the minimal
resolution of Xr and the graph & without the trivial representation coincide.

7
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The first studies of McKay’s correspondence in more geometrical terms were done by Gonzales-
Sprinberg and Verdier [16]. As before let I' be a finite subgroup of SL(2,C), Xt := C?/I" and
denote by Xr the minimal resolution of Xr, Gonzales-Sprinberg and Verdier constructed for each
irreducible, non-trivial representation of I a locally free sheaf M over the minimal resolution, such
that the first Chern class of M intersects only one component of the exceptional divisor. The work
of Gonzales-Sprinberg and Verdier was done case by case.

Later Artin and Verdier [4] gave a proof of the McKay correspondence using only properties of
double rational point singularities. From now denote by (X, x) the germ of a normal surface singu-
larity with structure sheaf Ox, m: X — X the minimal resolution of X and by E the exceptional
divisor.

Artin and Verdier considered the case when X is the spectrum of a rational double point
singularity, they gave a correspondence between:

1. Isomorphism classes of indecomposable reflexive modules.

2. Vertices of the dual graph of the minimal resolution of X.

This correspondence is called the geometrical McKay correspondence.
A natural task is extend this correspondence to another kind of singularities, this was done by
the following people:

1. Hélene Esnault [13] studied the case of rational surface singularities, she defined the concept
of a full sheaf: We say that a locally free sheaf M over X is full if M = 7*M /torsion, where
M is a reflexive O x-module.

Esnault used the ideas of Artin and Verdier and she constructed a correspondence between
full sheaves and the irreducible components of the exceptional divisor. It is important to
recall that this correspondence is not a bijection, in fact, Esnault constructed an example of
a singularity and two non-isomorphic full sheaves with the same first Chern class.

2. Later Jurgen Wunram [37] studied the case of quotient singularities. Using the concept of full
sheaf he obtained a one to one correspondence between irreducible components of F and full
sheaves M such that Rim, M ! equal to zero. This kind of full sheaves are called special and
will be important in our setting.

3. Constantin P. Kahn [21] studied the case of a normal surface singularity. In his work he
defined a full sheaf as follows: A locally free sheaf M is called full if and only if there is a

\AY

reflexive O x-module M such that M = (7* M)

The aim of Kahn was to study the problem of classification of reflexive modules and in order
to do that he introduces the notion of reduction cycles which allowed him to relate his problem
to the task of classification of reflexive modules over certain projective curves.

Kahn was able to obtain a complete classification of the indecomposable reflexive modules
when the singularity is a simply elliptic singularity.

In this thesis we use the ideas given by Artin-Verdier [4] and Esnault [13] in order to study the
reflexive modules over a Gorenstein singularity. From now on (X, z) denotes a complex analytic
germ of a normal two-dimensional singularity, p, the geometric genus and 7: X = (X, z) denotes
a resolution.

In Chapter 1 we introduce the idea of the full sheaf associated to a reflexive module (Defini-
tion 1.6) and we generalize the notion of special full sheaf as follows (Definition 1.12).
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Definition. Let M be a reflexive Ox-module and denote by M = (W*M)W. The full sheaf M is
the full sheaf associated to M.

Definition. A full sheaf M on X of rank r is called special if dimg (Rlﬂ'* (MV)> = 1py.

Notice that our definition is a generalization of the concept given by Wunram and both definiti-
ons coincide in the case of a rational singularity. In the same chapter we define the specialty defect
(Definition 1.13) and the notion of a special module (Definition 1.14).

Definition. Let M be a full sheaf on X of rank r. The defect of specialty of M is the number
dim¢ (le (Mv)) — pg.

Definition. Let M be a reflexive Ox-module. We say that M is a special module if for any
resolution m: X — X the full sheaf M = (7*M) is special.

Both notions of specialty will be very important in this work.

Our first results given in Chapter 2 are two generalizations of the construction given by Artin-
Verdier [4] and Esnault [13]. First in Section 2.1 we study the construction at the singularity,
in this case we give a correspondence between reflexive modules of rank r with r sections, and
Cohen-Macaulay modules of dimension one with r generators. In this section the main results are
Corollary 2.2 and Proposition 2.5.

Corollary 2 (Direct correspondence at the singularity). Let (X, z) be a complex analytic germ of
a normal two-dimensional Gorenstein singularity. Given a reflexive Ox-module of rank r with r
generic sections, we can associate a Cohen-Macaulay Ox-module of dimension one and r genera-
tors.

Proposition 3 (Inverse correspondence at the singularity). Let (X, x) be a complex analytic germ
of a mormal two-dimensional Gorenstein singularity. Given a Cohen-Macaulay Ox-module of di-
mension one and r generators, we can associate a reflevive Ox -module and r sections.

At the end of the Section 2.1 we study both correspondences. It is easy to verify that (up
to a natural isomorphism) the direct and the inverse correspondence are inverse to each other
(Remark 2.6).

Later in Section 2.2 we study the construction at the resolution, in this case we give a correspon-
dence between full sheaves of rank r with r sections, and Cohen-Macaulay shaves of dimension one
such that its support is not contained in the exceptional divisor, together with r generators. This
case is analogous to the correspondence at singularity but it is necessary to do some preliminary
work. In this section the main results are Proposition 2.10 and Proposition 2.16.

Proposition 4 (Direct correspondence at the resolution). Let (X,x) be a complex analytic germ
of a normal two-dimensional singularity and m: X — X be a resolution of X. Given a full sheaf
M of rank r with r generic sections, we associate three things:

1. A Cohen-Macaulay sheaf A of dimension one such that its support D intersects the exceptional
divisor in a finite set.

2. An Ox-module C contained in . A.

3. A collection of v generators of C as Ox-module.
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The module C has the following property: Denote by Or, p the structure sheaf of m(D) and
n: D — D the normalization of D. Then we have the following inclusions

Or.p CC C mn,Op.

Proposition 5 (Inverse correspondence at the resolution). Let (X,x) be a complex analytic germ
of a normal two-dimensional singularity, 7: X — X be a resolution of X and D be any curve on
X such that DNE = {p1,...,pr}. Let n: D — D be its normalization and 7|p: D — m(D) the
restriction of the resolution map to D. Following Esnault [13] denote by O, p the structure sheaf
of (D), notice that it coincides with the image of Ox in m.Op. Let C be an Ox-submodule of
m.n.Op verifying Or.p C C and define A := (n|p)*C.

Consider {¢1,...,¢0:} a minimal set of generators of C as Ox-module, therefore we get the

following exact sequence
0=>N—=0% = A=0, (2.2.11)

and dualizing this sequence we get
0-0% M- A =0 (2.2.1)

Also consider the following diagram of exact sequences obtained by applying the functor wg ® —
to the exact sequence (2.2.11) and taking cohomology

0 H}E (./\/'®w5()
s e
HO w}() HY (A wg) H (Nféw;() 0
7 ®

HO (U;w%) O H U A wy) e HY(UN @ wy)

Then the sheaf M is full if and only if Im~y; C Im§é.
In the same section we use our results in order to construct special full sheaves.

Corollary 6. Assume (X,x) is Gorenstein and that the Gorenstein form does not have zeros over
the exceptional divisor. Let D be a smooth curve such that DN E = {py,...,pr} and C = m.Op.
Then the sheaf M given by the Proposition 2.16 is full and special.

In Chapter 3 we start to work in a resolution 7: X — X where the coefficients of the canonical
cycle are non-positive, we call to this kind of resolution a non-positive resolution with respect to
the canonical cycle (Definition 3.1). In this case we prove that if the sheaf M obtained by the

Inverse Correspondence at the resolution satisfies that dimc (H 1(5( , Mv)) is equal to rp,, where r

is the rank of M and p, is the geometric genus, then the sheaf M is a special full sheaf. The main
proposition of this section is Proposition 3.2

Proposition 7. Let (X,z) be a complex analytic germ of a normal two-dimensional Gorenstein
singularity and 7: X - (X,x) be a non-positive resolution with respect to the canonical cycle.
Under the hypothesis of Proposition 5, if the dimension of R'm.N as C-vector space is equal to rpg,
then the condition Im~y; C Im ¢ given by the Proposition 2.16 is fulfilled.
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In Chapter 4 we compute a formula for the dimension of the first cohomology group of a full
sheaf in a non-positive resolution with respect to the canonical cycle. This formula will be very
important in the following chapters. In this case the main theorem of this chapter is Theorem 4.1

Theorem 8. Let (X,xz) be a complex analytic germ of a normal two-dimensional Gorenstein sin-
gularity. Let M be a reflevive Ox-module and m: X — X be a resolution where the Gorenstein
form does not have zeros over the exceptional divisor. Denote by M the full sheaf associated to M
and suppose that M has rank r and specialty defect equal to d. Then

dime (R'mM) = rpy — [e1(M)] - [Z3] + d.

In Chapter 5 we use the previous formula in order to construct a special type of resolution where
the full sheaf associated to M is generated by global sections, where M is a reflexive O x-module.
We call to this resolution the minimal resolution adapted to M (Definition 5.5). This resolution
depends of the reflexive module M and it captures the information about the dimension of the
first cohomology group of the full sheaf M associated to M and the failure of M to be globally
generated.

The construction of the resolution is given in Proposition 5.3.

Proposition 9. Let (X,xz) be a complex analytic germ of a normal two-dimensional Gorenstein

singularity. If M is a reflexive O x -module, then there exists a unique minimal resolution p: X' 5 X
\a%

such that M’ .= (p*M)  is generated by global sections.

Using this resolution we prove some facts about special modules. First we prove that if M is a
reflexive O x-module and the full sheaf associated to M is special in the minimal resolution adapted
to M, then M is a special module. This is done in Theorem 5.8.

Theorem 10. Let (X,z) be a complex analytic germ of a normal two-dimensional Gorenstein
singularity. Let M be a reflexive Ox-module and consider w: X — X the minimal resolution

adapted to M and M = (7T*M)Vv the full sheaf associated to M. If M is special, then M is a
special reflexive module.

As a corollary of this theorem we prove the existence of special modules in Corollary 5.9.

Corollary 11. Let (X,z) be a complex analytic germ of a normal two-dimensional Gorenstein
singularity. Then there exist special reflexives modules.

Later we take a special module M and we compute a formula for the dimension of the first

cohomology group of M ® M where M is the full sheaf associated to M in its minimal adapted
resolution. In this case the main theorem is Theorem 5.11

Theorem 12. Let (X, x) be a complex analytic germ of a normal two-dimensional Gorenstein sin-
gularity. Let M be a reflexive Ox-module and consider w: (X, E) — (X, x) the minimal resolution
adapted to M. Assume that the full sheaf associated to M is special. Denote by M the full sheaf

and assume that M has rank r and denote by N' = M. Then

dim¢ (Rlﬂ'* (M ®./\/)) = rdimg¢ (RlTF*M) .
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It is important to notice that the sheaf M ® M s isomorphic to the sheaf 2.0 . (M, M),
hence our formula is giving us the dimension of the tangent space of the deformation functor of M
as locally free sheaf (see for example [19, Section 19]).

In Chapter 6 we use all the previous ideas and work done by Artin-Verdier [4] and Esnault [13]
in order to prove that given a special module M and taking the minimal resolution adapted to M,
then the full sheaf associated to M is determined by its first Chern class in the Picard group of the
resolution, this is done in Proposition 6.6

Theorem 13. Let (X,xz) be a complex analytic germ of a normal two-dimensional Gorenstein
singularity. Let M be a reflexive Og-module. Denote by m: X — X the minimal resolution adapted
to M and M the full sheaf associated to M. If M is a special full sheaf, then M is determined by
its first Chern class in Pic(X).

At the end of this chapter we define the combinatorial type of a special module as a graph & and
we prove the principal theorem of this thesis (Theorem 6.13). This theorem gives a complete clas-
sification of special reflexive modules over any complex analytic germ of a normal two-dimensional
Gorenstein singularity.

Theorem 14. Let (X,z) be a complex analytic germ of a normal two-dimensional Gorenstein
singularity. Then there exists a bijection between the following sets:

1. The set of special Ox-modules up to isomorphism.

2. The set of finite pairs (E7,n1),...,(E],nm) where each E! is a diwisor over X and n; is a
positive integer, such the minimal resolution given by Lemma 6.12 is a non-positive resolution
with respect to the canonical cycle and the Gorenstein form does not have any pole in the
components E{, ..., EJ.

Classification and properties for some classes of real singula-
rities

In this part of the thesis we study two aspects about real singularities.

Polar weighted homogeneous polynomials

Milnor’s fibration theorem [24] is very important in singularity theory, this result give us information
about the topology of the fibers of analytic functions near their critical points.

Consider the germ of an analytic map f: (R™** 0) — (R¥,0) and suppose that the origin of
R™*+* is an isolated critical point, denote by V = f~1(0) and by K = V N S™**~1 the link of the
analytic map, with € positive small enough.

Milnor’s fibration theorem says that if & > 2, then the map ¢: S™t*~1\ K — S¥~1 is a fiber
bundle.

The condition of having an isolated critical point is a very strong condition and even if f satisfy
the hypothesis, we can not guarantee that ¢ = ﬁ as in the complex case [24].

A natural question is: What kind of real analytic maps f: (R™** 0) — (R*,0) possess a Milnor
fibration under a weaker hypothesis?
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The first family of real singularities with isolated critical point and with a Milnor fibration
appear in the work of José Seade [35] and was later studied in detail by Seade-Ruas-Verjovsky [33].
Inspired by these examples polar weighted homogeneous were introduced by Cisneros-Molina [9]
and studied by Oka [26]. The definition is the following.

Definition. A polynomial function f: C™ — C in the variables z1,...,z, and Z1,...,Z, is polar
weighted homogeneous polynomial if there exists p1,...,p, positive integers, ¢, ..., ¢, non-zero
integers, a, ¢ positive integers, and an action given by

trez = (tP 7%z, ..., tPr71i"z,),
such that f satisfies the following functional equation

flrez)=t*7°f(z) .

We say that the polar weighted homogeneous function f has radial weight type (pi,...,pn;a) and
angular weight type (q1,. .., qn; ).

Later Oka use the idea given by polar weighted homogeneous polynomials to define the mixed
functions ([28]).

Definition. A complex valued function f: C™ — C expanded in a convergent power series of
variables z1,...,z, and Z1,..., Z,,

f(z) = chwz“i” )

v
is called a mized analytic function (or a mized polynomial, if f is a polynomial).

It is clear by definition that any holomorphic weighted homogeneous polynomial is a polar weig-
hted homogeneous polynomial. It is easy to see that if f: C3 — C is a polar weighted homogeneous
with isolated critical point, then the link is a Seifert manifold (Aguilar-Cabrera [2]).

The case when f is a holomorphic weighted homogeneous with an isolated critical point was
studied by Orlik and Wagreich [30], they proved that the link of such polynomial is equivariantly
diffeomorphic to the link of a polynomial in one of six classes given explicitly in the aforementioned
paper. They also computed the Seifert invariants of the link.

Our first result in the second part of this thesis is the stability of the critical set of a polar
weighted homogeneous polynomial with an isolated critical point. This is done in Corollary 8.7.

Corollary 15. If f is a polar weighted homogeneous polynomial with isolated critical point at the
origin, then under a small perturbation of their coefficients the critical point remains isolated.

Later we generaliza the construction given by Orlik and Wagreich [30]. We construct in a natural
way the following classes (Definition 8.8)

Definition. A mixed function f(z) is said to be of class I (respectively II,..., V) if there are
non-zero complex numbers a1, ag, as such that f(z1, 22, 23) is equal to

I. alz?lflfl + azzSQESQ + agzgaiga,

II. alz?lélfl + a22’§2212’2 + ozgzgSEgSgg,
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I11. alzflilfl + agz§223293 + agzgségsgg,
IV. a2 3% 4 92923029, + a3 53
. 12002 229 29" (g1 T (323" 23" g2,

b b b
V. a12{' 2] g2 + 2252257 g3 + ai325° 23 g1,

where g; € {2;,Z;}.
If we take a mixed function of some of the previous classes, in general the mixed function is not
a polar weighted homogeneous polynomial. Our first result is a list of conditions that the numbers

a1, as,az and by, ba, by must satisfy in order to guarantee that the mixed function is a polar weighted
homogeneous polynomial. This is done in Theorem 8.12.

Theorem 16. Let f be a mized function of one of the classes of Definition 8.8. Then the following
conditions must be satisfied in order to f be polar weighted homogeneous:

Class I a; —b; #0 with j =1,2,3.

Class II
a) a; —b; #0 with j =1,2,3 and ag £ by # 1.
b) a1 — by #0, ag —ba =1, by # 0 and az = bs.

Class III a; — by # 0 and as — be, az — bg are not both —1. Also:
a) as £ by and a3 + bz are not 1.

b) ((12+b2)((13+b3)>1, as — by =1 and as — b3 = 1.
C) a2:a3:1andb2:b3=0.
Class IV
a) a; —b; #0 fori=1,2,3, a1 £by # 1 and (a1,a2) # (by — 1,by + 2).
b) as =bs, a1 — by =1 and by # 0.
c) az=bs, a1 — by #0, a1 +b; > 1 and (a1,a2) = (by — 1,b2 + 2).

Class V (a1 — b1)(a2 — ba)(az — bs) # —1 and
(@i—1,aip1) # (bi—1 + 1,bi41), i—1.2.3.
(i1, ai41) # (bim1 — 1,bip1 + 2),

Later we use the previous theorem in order to compute all the weights of the actions. This
computation and the action associated to the polar weighted homogeneous polynomial allow us to
simplify our families. This is done in Corollary 8.15.

Corollary 17. Let f: C3 — C be a polar weighted homogeneous polynomial belonging to some class
of Theorem 8.12. Then there exists a change of coordinates such that we get:

Class I
-b b b
272 4 252257 + 255 Z5°.
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Class Il.a
2PN 4 p52702 4 2930 0,
Class I1.b
al —b1 a2 —bg as —b3 1
2V 2572y 4 Tt 2t e, T ES.
Class IIl.a
2P ZR 4 292702 05 4 253703 2.
Class IIL.b
b b b 1
ZPTE 4 25220 2 + T25° 2% 29, T €S
Class IIl.c
2020 4 2923
Class IV.a
2PN 4 2525020 4 253700 2.
Class IV.b
b b b 1
21T A T2y 20 2 + 25° 25720, T €S
Class I'V.c
b b b 1
2V 4 T2y 2% e + 25° 2520, T ES
Class V

a —bl as 7b2 as 7b3
21 21 22+ 297 29" 23 + 237237 27.

Later we use all the information in order to guarantee that the polar weighted homogeneous
polynomial has an isolated critical point. This is donde in Theorem 8.17.

Theorem 18. Let f: C> — C be a polar weighted homogeneous polynomial belonging to some class
of Corollary 8.15. Then

1. If f is of one of the classes I, Il.a, IIl.a, IIl.c, IV.a or V, then f has an unique singularity
at the origin.

2. If f is of one of the classes I1.b, II1.b or IV.b, then f has an unique singularity at the origin
if and only if T # —1.

3. If f is of the classe IV.c then f has an unique singularity if and only if T # 1.

It is important to notice that our approach is exhaustive, we have computed all conditions that a
polar weighted homogeneous polynomial must satisfy in order to have an isolated critical point. In
our classification we get some known families for example: the twisted Brieskorn-Pham polynomials
[34] and the family studied by Haydée Aguilar [2].

Finally in this section we prove that the diffeomorphism type of the link of a polar weigh-
ted homogeneous polynomial with isolated singularity at the origin does not change under small
perturbation of the coefficients of the polynomial (Theorem 8.20). The proof of this theorem is
generalization of the proof of [31, Theorem 3.1.4] by Orlik and Wagreich.
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The embedding method and the mixed GSV index

In Chapter 9 we present the embedding method, this method arise as a natural way to embed a
real singularity in a complex singularity. In Section 9.1 first we present the embedding method and
we give some basics properties, and later we use this method to give a new demonstration of the
Isotopy Theorem given by Oka [29], [20].

Theorem 19 (Isotopy Theorem). Denote by

fa(z) = 28020 4 252752 4 253308 (0.0.1)
fB(2) = 20120 20 + 252752 23 4 23935, (0.0.2)
fo(z) = 20120 20 4 25275225 + 23235 2, (0.0.3)
and
N Zj if aj — bj >0
hj(zj)_{ Z; if a; —b; <O.
forj=1,2,3.

Consider the maps

9a(z) = hl(zl)laﬁbll + h2(2’2)‘a27b2| + hg(Z)L,aa_bS‘,
95(2) = h1(20)!" ™0 zg + ha(22)!%2 72 25 + g (25) /%2 70,
gc(Z) = h1(21)|a17b1|22 + hQ(ZQ)‘a27b2|ZS + hg(Zg)‘aSibS‘Zl.

Then the Milnor fibrations of fi(z) and g;(z) are C* equivalent for | = A, B,C.

Our second application is a generalization of the GSV index. Recall that this index was defined
by Gémez-Mont, Seade and Verjovsky for vector fields on an isolated complex hypersurface [15].
This index capture some information about the topology of the singularity and has an analogue
for real singularities. The GSV index for real singularities gives us information over the integers
modulo two, our mixed GSV index gives us information over the integers. At this moment we do
not know yet if our index is a lifting of the classical GSV index for real singularities.

At the end of this work we present a generalization of the classical GSV index for real singularities
under certain hypothesis using the embedding method.

Organization

This thesis has two parts which are not related, therefore we decided to organize the material as
follows:

Part I

Chapter 1. In this chapter we introduce all the notation that will be used in the first part of the
thesis.

Chapter 2. In this chapter we generalize the construction given by Artin-Verdier and Esnault at
the singularity and at the resolution.
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Chapter 3. In this chapter we study the construction at the resolution given in the previous
chapter in some particular type of resolution. In particular we give a condition in order to
guarantee that the full sheaf that we construct is a full sheaf.

Chapter 4. In this chapter we compute a formula for the dimension of the first cohomology group
of a full sheaf in a particular type of resolution.

Chapter 5. In this chapter given a reflexive module M we use the previous formula to construct a
resolution where the full sheaf associated to M is generated by global section. This resolution
will be very important and it allows us to obtain new information about the full sheaf. As
an application of this resolution we study how the specialty defect behaves by taking the
blow up of a point and we compute a formula for the sheaf of endomorphism of the full sheaf
associated to M in this new resolution.

Chapter 6. In this chapter we study the special modules in more detail. In particular we prove that
in the minimal adapted resolution the full sheaf associated to a special module is determined
by its first Chern class in the Picard group of the resolution. At the end of the chapter we
define the combinatorial type of a special module and we give their classification.

Part I1

Chapter 7. In this chapter we introduce all the notation that will be used in the second part of
the thesis.

Chapter 8. In this chapter we study the family of polar weighted homogeneous polynomials. We
generalize the classical classification of Orlik and Wagreich and compute all the weights of
the actions.

Chapter 9. In this chapter we introduce “The embedding method”, that will allow us to give a
new proof of the isotopy theorem. Finally in the last section we will use “The embedding
method” in order to generalize the classical GSV-index, defined by Gémez-Mont, Seade and
Verjovsky in [15], to certain class of real analytic map.
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Chapter 1

Background

1.1 Cohen-Macaulay modules and reflexive modules

In this section we present all the definitions and properties of Cohen-Macaulay modules and reflexive
modules that will be used later. Let R be a commutative Noetherian local ring of dimension d,
with maximal ideal m and R/m = C.

Definition 1.1. A module M over R is called reflexive if the natural homomorphism from M to
its double dual M = Homp(Hompg (M, R), R) is an isomorphism.

Definition 1.2. A module M over R is called Cohen-Macaulay if the depth of M is equal to the
dimension of the module. If the depth of M is equal to the dimension of the ring, then the module
is called mazimal Cohen-Macaulay.

By [38, Proposition 1.5] some basic properties of maximal Cohen-Macaulay modules are:
1. If R is a regular local ring, then any maximal Cohen-Macaulay module over R is free.

2. If R is a reduced local ring of dimension one, then an R-module M is maximal Cohen-
\aY%
Macaulay only when it is torsion free, that is, when the natural homomorphism M — M
is a monomorphism.

3. If R is a normal local domain of dimension two, then an R-module M is maximal Cohen-
Macaulay only when it is reflexive.

The canonical module is an important module that will allow us to simplify computations. The
definition is the following.

Definition 1.3. A module C over R is called the canonical module of R if and only if
dim¢ (Ext 3{(@, C)) = 0;d,
where d is the dimension of R.

The canonical module and Cohen-Macaulay modules have the following properties.

21
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Theorem 1.4 ([7, Theorem 3.3.10]). If C is the canonical R-module, then
1. For all integers t =0,1,...,d and all Cohen-Macaulay R-modules M of dimension t one has

(a) Ext%'(M,C) is a Cohen-Macaulay R-module of dimension t,
(b) Eat's(M,C) =0 for alli #d —t,

(¢) there exists an isomorphism M — Ext'% '(Ext% (M, C),C) which in the case d = t is
just the natural homomorphism from M into the bidual of M with respect to C'.

2. For all mazimal Cohen-Macaulay R-modules M one has

(a) Hom g(M,C) is a mazimal Cohen-Macaulay R-module,
(b) Eat's(M,C) =0 fori >0,
(c) the natural homomorphism M — Hom g(Hom r(M,C),C) is an isomorphism.

1.2 Full sheaves

Throughout the thesis, (X, z) will denote a complex analytic germ of a normal two-dimensional
singularity, 7: (X, E) — (X, z) a resolution with exceptional set E = U, E;, where By, Es, ..., E,
are the irreducible components. We are going to denote by p, := dim¢ (Rlﬁ*OX) the geometric
genus of (X, x), wg the canonical sheaf of X, Zx the canonical cycle, U = X \{z} and by i: U — X
the inclusion.

As before, a module M over Oy is called reflexive if the natural homomorphism from M to its
double dual M~ = Home, (Home, (M, Ox),Ox) is an isomorphism. By [18, Proposition 1.6] a
torsion-free module M is reflexive if and only if M = i,* M.

We are interested in studying the reflexive modules over the ring Ox and we will use the notion
of full sheaves that allows us to study the problem over the resolution X.

Definition 1.5 ([21, Definition 1.1]). A locally free sheaf M on X is called full if there is a reflexive

Vv

Ox-module M such that M = (7*M)

As we can see given a reflexive module we can associate a full sheaf. This idea give us the
following definition.

\AY

Definition 1.6. Let M be a reflexive Ox-module and denote by M = (7*M) . The full sheaf
M is the full sheaf associated to M.

Following the work of C. P. Kahn we have the following definition and proposition.

Definition 1.7 ([21, Page 144]). Let M be a locally free sheaf on X. We say that M is generically
generated by global sections or almost generated by its global sections if the global sections of M
generate it everywhere except (possibly) over discrete points.

Proposition 1.8 ([21, Proposition 1.2]). A locally free sheaf M on X s full if and only if
1. M is generically generated by global sections.
2. The natural map Hy(X, M) — H (X, M) is injective.



1.2. FULL SHEAVES 23

Implicitly in the proof of the last proposition Kahn gave the following result.
Proposition 1.9 ([21]). If M is the full sheaf associated to M, then m,M = M.

The last proposition gives us a natural way to recover the reflexive module associated to a full

sheaf.
Now we have the following two lemmas that will be used later.

Lemma 1.10. If M is a full sheaf, then R'm, (M ®@wy) = 0.

PrOOF. If M is generated by global sections consider {1, ...,¢x} global sections that generates
M. Therefore we have the exact sequence generated by the sections

0= K= 0% = M=0.
Applying the functor — ® w¢ to the previous exact sequence we obtain
0=+ Kowg = wh > Mowg =0,

finally applying the functor m, we have

0

By Grauert-Riemenschneider Vanishing Theorem we have R, (wg) = 0, therefore R'm, (M ®@ wy)
is equal to zero.

If M is almost generated by its global sections, consider M’ the subsheaf of M generated by
global sections, therefore we get the following exact sequence

0—-M - M—=G—0,

with Supp(G) zero dimensional.
Applying the functor — ® w¢ to the previous exact sequence and later the functor m,— we get

LN Rlﬂ'* (M/ ®WX) N Rl,n.* (M ®w)~() _ Rlﬂ'* (g®WX)

Since Supp(G ® wy ) is a finite set we have R'7, (G ® wg) = 0. Now since M’ is generated by
global sections, by the previous case we have R'7, (M’ ® wg) = 0, therefore R'm, (M @ wg) = 0.
O

Lemma 1.11. If M is a full sheaf, then m, (Mv) = (T M)
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PROOF. Consider the following cohomology exact sequence

=
/N
<
SN—
I
T,
g
®
S
>\<_1/

by Serre duality,

and by Lemma 1.10 we get
H' (M ® wf() =0,
hence H° (Mv> ~ [go (U,/\/lv>.
Now denote by M := 7, M. Since M is reflexive we get
M =it (M) =i (M, ) =B (M),
therefore , (MV) ~ M O

Another notion that will be important in this work is the concept of specialty. Previously
Wunram [37] and Riemenschneider [32] defined a special full sheaf as a full sheaf which its dual has
the first cohomology group is equal to zero. Using this definition Wunram proved that in the case
of a quotient surface singularity and taking the minimal resolution, there is a bijection between
isomorphism classes of special full sheaves and irreducible components of the exceptional divisor.

For us the definition of special is as follows.

Definition 1.12. A full sheaf M on X of rank r is called special if dimc (le* (Mv)> = rpyg.

Notice that this definition is a generalization of the concept given by Wunram and Riemen-
schneider and both definitions coincide in the case of a rational singularity.
Related to the specialty we have another concept.

Definition 1.13. Let M be a full sheaf on X of rank r. The defect of specialty of M is the number
dim¢ (le* (Mv)) — rpg.

It is trivial to see that a full sheaf with defect of specialty equal to zero is a full special sheaf.
Since the definition of being special depends on the resolution, we have a another related notion.

Definition 1.14. Let M be a reflexive O x-module. We say that M is a special module if for any
resolution the full sheaf associated to M is special.

Later will be clear the importance of these concepts.



Chapter 2

Artin-Verdier /Esnault
correspondence

2.1 The correspondence at the singularity

In the following subsections we generalize the construction given by Artin-Verdier [4] and Esnault [13]
at the singularity, this is done in two correspondences:

Direct correspondence. In Subsection 2.1.1 we work with reflexive modules over X. In this part
we associate to each reflexive module of rank r with r generic sections, a Cohen-Macaulay
module of dimension one with r generators.

Inverse correspondence. In Subsection 2.1.2 we work with Cohen-Macaulay modules over X of
dimension one. In this part we associate to each Cohen-Macaulay module of dimension one
with r generators, a reflexive module with r sections.

These correspondences are a generalization of the ideas of Artin-Verdier and Esnault. Later we
will use this ideas to give a correspondence in the resolution.

In this section the singularity (X, z) will be Gorenstein, therefore Ox will be a dualizing module
for the singularity ([12, Section 21.3]).

2.1.1 Direct correspondence

In this subsection we associate to each reflexive module of rank r with r generic sections, a Cohen-
Macaulay module of dimension one with r generators. First we need to understand the cokernel
generated by some generic sections of the module.

Proposition 2.1. Let M be a reflexive O x-module. Suppose that rank(M) = r and take ¢1,. .., ¢
generic sections, hence we obtain the exact sequence given by the sections

0->0% >M—=C —0. (2.1.2)

Then C' is a Cohen-Macaulay module of dimension one.

25
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PROOF. Since the sections are generic we have that the dimension of the support of C’ is one,
therefore dualizing the exact sequence (2.1.2) we get

1. Hom o, (C’',0x) = 0.
2. Ext, (C',Ox) =0 fori> 1.

Now by [7, Corollary 3.5.11] the module C’" is Cohen-Macaulay of dimension one. O
By the last proposition we can make the first correspondence.

Corollary 2.2. Given a reflexive module of rank r with r generic sections, we can associate a
Cohen-Macaulay module of dimension one and r generators.

PROOF. Let M be a reflexive O x-module of rank r and take r generic sections, hence we obtain
the exact sequence given by the sections

0-50% >M-—=C —0. 2.1.2
X

By Proposition 2.1 the module C’ is Cohen-Macaulay of dimension one. Dualizing the exact
sequence (2.1.2) we get
0N — 0% = Exty (C',0x)—0,

where NNV is the dual of M.

By Theorem 1.4 the module Ext }DX (C',0x) is Cohen-Macaulay of dimension one. Therefore
we associate to the reflexive module M with the sections, the module Ext %9)( (C',Ox) with the
generators given by the previous exact sequence. O

2.1.2 Inverse correspondence

In this part we construct the inverse of the previous correspondence: we associate to each Cohen-
Macaulay module of dimension one with r generators, a reflexive module of rank r with r sections.
As in the previous section first we need to understand the module of relations of the generators of
the Cohen-Macaulay module.

Proposition 2.3. Let C be an Cohen-Macaulay Ox-module of dimension one, {¢1,...,¢r} a set
of generators of C as Ox-module and consider the exact sequence obtained by the generators

0—-+N—->0% —=C—0. (2.1.1)
Then the module, N is reflexive.

PROOF. Dualizing the exact sequence (2.1.1) and denoting by M := NV7 we obtain the exact

sequence
0— 0% - M —Exty, (C,0x)—0. (2.1.2)

Since C is Cohen-Macaulay of dimension one then by Theorem 1.4 the module Ext }9X (C,0x)
is Cohen-Macaulay of dimension one and C = Ext ¢, (Ext . (C,0x),Ox). Now dualizing (2.1.2)
and using the previous identification we obtain the exact sequence

0—>NW—>O§(—>C—>O,

hence N is reflexive. O
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Remark 2.4. The last proposition give us a natural way to associate to each Cohen-Macaulay
module of dimension one with r generators, a reflexive module. Notice that the last proposition
does not give us sections of the reflexive module.

Our inverse correspondence is as follows.

Proposition 2.5. Given a Cohen-Macaulay Ox-module of dimension one and r generators, we
can associate a reflexive module and r sections.

PROOF. Let C be an Cohen-Macaulay Ox-module of dimension one, {¢1, ..., ¢, } a set of generators
of C as Ox-module and consider the exact sequence given by the generators

0—->N—-0% —-C—0. (2.1.1)
Dualizing the exact sequence (2.1.1) we get
0— 0% - M—Exty, (C,0x)—0, (2.1.1)

where M is the dual of N and this implies that M is reflexive.
Therefore to the module C we associate the reflexive module M with the sections given by the
map from O% to M given in the exact sequence (2.1.1). O

Following Esnault [13] we can see that in Proposition 2.3 if the system of generators it is not
minimal then the reflexive module that we obtain is decomposable and one factor is a free module.

Remark 2.6. Let us say something about both correspondences.
Let M be a reflexive Ox-module of rank r and take r generic sections, hence we obtain the
exact sequence given by the sections

0—-0% >M—=C —0. (2.1.2)
Dualizing the exact sequence (2.1.2) we get
0—N— 0% = Exty (C',0x)—0, (2.1.3)

where N is the dual of M.

By Corollary 2.2 we associate to the reflexive module M and the r generic sections, the Cohen-
Macaulay module Ext ¢, . (C',Ox) and the generators given by the previous exact sequence.

Now dualizing the exact sequence (2.1.3) we get

0— 0% M —Exth (Exty, (C',0x),0x) = 0.

By Proposition 2.5 we associate to the Cohen-Macaulay module Ext %9)( (C'",0x) and the r

generators given by the exact sequence (2.1.3), the reflexive module M "’ and the sections given by
the previous exact sequence.

Since M is reflexive and C’ is Cohen-Macaulay of dimension one, we have that M = M " and
C' =~ Ext éx (Ext %Ox (C',0x) ,OX) by Theorem 1.4. Therefore the composition of both correspon-
dences give us (up to isomorphism) the initial reflexive module and sections.

The same happens if we star with a Cohen-Macualay module of dimension one and r generators.

In the following section we will work at the resolution. In this case the correspondence will be
more difficult but the procedure will be analogous.
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2.2 The correspondence at the resolution

In the following subsections we generalize the correspondence given by Artin-Verdier [4] and Esnault [13]
at the resolution, this is done in two constructions:

Direct correspondence. In Subsection 2.2.1 we work with full sheaves over X. In this subsection
we prove that for each full sheaf of rank r with a collection of r generic sections, we can
assign a Cohen-Macaulay sheaf of dimension one such that its support is not contained in the
exceptional divisor, and r generators.

Inverse correspondence. In Subsection 2.2.2 we work with Cohen-Macaulay sheaves of dimen-
sion one over X such that their support is not contained in the exceptional divisor. In this
part we will give conditions in order to guarantee that each selection of a Cohen-Macaulay
sheaf with a system of r generators gives us a full sheaf with r sections.

Both correspondences are similar to the correspondences of Section 2.1. These constructions
are a generalization of the ideas of Artin-Verdier and Esnault.

2.2.1 Direct correspondence

In this subsection we associate to each full sheaf of rank r with a collection of r generic sections, a
Cohen-Macaulay sheaf of dimension one such that its support is not contained in the exceptional
divisor, together with r generators. As in the previous section first we need to understand what is
the cokernel generated by some generic sections of the sheaf.

Let M be a reflexive O x-module and denote by M := (77*M)vv its associated full sheaf. Suppose
that rank(M) = r and take ¢1,..., ¢, generic sections, hence we obtain the exact sequence given
by the sections

0—0% M= A —0. (2.2.1)

We want to prove that A’ is a Cohen-Macaulay sheaf of dimension one such that its support is
not contained in the exceptional divisor. In order to prove it we need some previous work.
Consider the natural map from 7*M to its double dual M. This map gives us the following
exact sequence
0=-T—-m7M->M—-S—-0 (2.2.2)

where T is the kernel, S is the cokernel and the support of S is a finite set {p1,...,pr} as we will
see later. Let us denote by S the support of S.
For any point p in S, we have

¢j(p) =0, foranyj=1,...,7. (2.2.3)
Now for any point p outside of S, by (2.2.2) we have that
M, = (7" M/T),,. (2.2.4)

Since the sheaf (7*M/T') is generated by global sections, then the set of points where M fails to
be globally generated is equal to S, hence S is a finite set.

Now let 11, ..., %, be global sections of M such that they almost generate it. Denote by E the
vector bundle over X such that the sheaf of sections of E is M and by X x C* the trivial vector
bundle of rank k over X.



2.2. THE CORRESPONDENCE AT THE RESOLUTION 29

The global sections define a morphism of vector bundles
v

\X/

X x C* E

k
where W(z, (c1,...,ck)) = 3251 ¥j(z)c;.
Since the sections 1, ..., ¥ generate M outside of S, we get that the restriction

Ui (X18) xC 5 Blg,

is a surjection.

We want to prove that we can take r generic sections such that the support of the sheaf A’ (see
(2.2.1)) is not contained in the exceptional divisor. By our previous discussion we know that the
support of A" will always contain the set S.

Let U be an open set such that the vector bundle E is trivial over U. Consider the local
trivialization

E‘U — U xCr

L

U
In the open set U the global sections 1, ...,% can be written as follows
ailp aiz2 ... aig
A= : :
Gr1 a12 Qrk

where the column

Qrj

are the coordinates of ;. Notice that the matrix A is an element of the set Mat (r x k, O¢(U)).
In the open set U the restriction of the map ¥ is

Yy

\U/

U x Ck UxCr

where Uy (z, (c1,...,ck)) = (x, A(z)(c1, ..., ck)T).
Now for each matrix B in Mat (k x r,C), we get sections ¢1, ..., o, of M by the formula

(d);"'ad)T):(q/}la"'v’l/)k)B'
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In the open set U the sections ¢1, ..., @, are obtained just multiplying the matrices A and B,

(6. ) = AB

Take a matrix B in Mat (k x r,C) and consider the sections ¢1, ..., ¢, of M given as before. In
the open set U the exact sequence (2.2.1) is

0 (¢1,...,¢r) Ay 0

B/

Consider the stratification by rank in the set Mat (r x r,C) and denote by

Mat (r x 7, C)" := {c € Mat (r x r,C) | corank(c) > i}.
Now consider the map
O: (U\S) x Mat(k x r,C) — Mat(r x r,C)
(x,B) — A(x)B
We have that
codim(Mat (r x 7, C)") = i2,
dim(X \ S) = 2.

Since the sections {11, ..., ¢y} generate M over the set U\ S, we get that the map O is a submersion
and therefore it is transverse to the rank stratification.
By the parametric transversality theorem for almost every B in Mat(k x r, C), the map

©: U\ S — Mat(r x r,C)
x+— A(z)B

is transverse to the rank stratification.

Hence we can choose a matrix B generic such that in each trivialization the map © is transverse
to the rank stratification.

Since B is generic and ¥y is a submersion over X \ S we have that

Supp(A) = {z € X\ S| det(AB) = 0}

has dimension equal to one, is smooth over X \ S and it is not contained in the exceptional divisor.
Now consider the exact sequence (2.2.1)

0—-0% = M— A =0 (2.2.1)

Dualizing the previous exact sequence we get

0= M — 0% = &y (A,05) =0, (2.2.5)
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dualizing the previous exact sequence we get

0 0% 5 M > &y (&b (A,05),0%) >0. (2.2.6)

Since M is locally free we have that M is isomorphic to M. Therefore by the exact sequences
(2.2.1) and (2.2.6) we get that A’ is isomorphic to @@z/é)i (é”x/%gx (A,0%), (’)5(). Finally since the
support of A" has dimension one we conclude that A’ is a Cohen-Macaulay sheaf of dimension one.

We have proved the following proposition.

Proposition 2.7. Let M be a reflezive Ox-module and denote by M = (71'*M)vv its associated
full sheaf. Suppose that rank(M) = r and take ¢1,..., ¢, generic sections, hence we obtain the
exact sequence given by the sections

0—=0% M= A —0. (2.2.1)

Denote by D the support of A'.
Under these assumptions we get:

1. The support of A’ intersects E in a finite set.

2. The sheaf A’ is Cohen-Macaulay of dimension one.
3. Allg\s = Obplg\s-

It is important to completely understand the sheaf A’. Later all the information about the sheaf
A’ will be used in the construction of the inverse correspondence. We have two more properties
about the sheaf A'.

Proposition 2.8. Let M be a reflexive Ox-module and denote by M = (77*M)Vv its associated
full sheaf. Suppose that rank(M) = r and take ¢1,..., ¢, generic sections, hence we obtain the
exact sequence given by the sections

0—-0% =M= A =0 (2.2.1)

Denote by D the support of A’.
The sheaf A’ is an Op-module. That is, the annihilator of D is contained in the annihilator of

A

PROOF. Since the support of A’ has dimension one and X is smooth of dimension two, we have
that locally the support of A’ is defined by the zero set of a function. This fact and Proposition 2.7
tell us that for any point « in X \ S we have that A/, is isomorphic to Ox ./(f).

Assume that there exists a section a of A’ such that f - a is different from zero. The previous
remark and the assumption implies that the support of f - a is contained in the finite set S.

Let us denote by (f - a) the sheaf generated by f - a. This sheaf give us the following exact
sequence

0= (f-a) A = A/(f a)—0.
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Dualizing the previous exact sequence we get

0 —— &b (A'/(fa),05) —— &t (A, 05) — &tb ((fa),05) .

X

(Alvo)?) - éyx/??;( ((fa)7o)?) —>0
(2.2.7)

By Proposition 2.7 we have that A’ is Cohen-Macaulay of dimension one, this implies that
gy/éj( (A’,O%) is equal to zero. By the exact sequence (2.2.7) and the last identification we get
that g’x/?gx ((f-a),0%) is equal to zero but this can not happen because the support of f - a is
finite.

Therefore f - a must be equal to zero. O

Now we have general proposition about reduced curves. In our situation this proposition gives
us information about the sheaf A’.

Proposition 2.9. Let (D,0) be a complex analytic germ of a reduced curve. Let A’ be a Cohen-
Macaulay sheaf of dimension one such that A'|p\toy = Oplp\{oy.- Denote by n: D — D the
normalization of D. Then there exists § a Op-module such that we have the inclusions

Op C B Cn.Op,
and A’ is isomorphic to B.
PrOOF. Consider the following map
h: A — A Rop OD’
a—a®l.

By hypothesis we have that A’| p\ {03 = Op|p\{0} and the support of A’ is smooth over D\ {0},
therefore the map h is injective over D\ {0}. This implies that the support of the kernel of & is the
set {0} and since A" does not have any section supported in the set {0} we get that the map h is
injective.

Now notice that n* A’ = A’ ®o,, Op. Again since A’ does not have any section supported in
the set {0}, we get that n*A’ is a torsion free Op-module of rank one and this implies that n*A’
is isomorphic to Op.

This tells us that the map

h: A" — O D
is injective. _

Now consider the irreducible decomposition of D,

DZElH"'HDu
where Op = C{t;}. This allows us to identify Op = &C{t;}.
Therefore for any section a of A" we get

h(a) = (...,Zci’jt?i‘j,...> .
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Let us denote by h(a); :== >, ¢ijt; .

For any section a of A’ we define

ord(h(a)) := (...,ordy, (h(a);),...),

where ordg; denotes the order with respect to the variable ¢;. Notice that ord(h(a)) belongs to the
set N,
Now for any generic A and p in C and a and a’ in A’ we have that

ord(h(Aa + pa’)) = min{ord(h(a)),ord(h(a’))},
where
min{ord(h(a)),ord(h(a’))} := (..., min{ordy, (h(a);),ords, (h(a);)},...).

For any section a of A’, we have that the vector ord(h(a)) belongs to the set N, therefore there
exists a section ag of A’ where ord(h(ap)) is the minimum. Denote by (ny,...,n;) = ord(h(ao)).
Consider the following maps

A —" e
\ lb
g _
SC{t;}[t; ]
where ¢(k1,..., k1) = (t7 " k1,...,t; "'Kk;) and g = v o h.

By construction the map ¢ is an Op-monomorphism and the image of g is contained in Op
because
min{ord(g(a)) | a is a section of A’} = ord(g(ao)) = (0,...,0).
Denote by (&1,...,&) = g(ao), by the previous discussion we have that each &; belongs to 0% ,
J
where as usual OF denotes the units of the local ring Op .

J
Finally consider the maps

& -2 0,
\ JU
f
Op
where o(k1,..., k1) = (6 k1, ... ,fl_lm) and f =o0o0g.
By construction we have that f(ag) = 1, this implies that 3 = f(A’) satisfy all the properties.

O

The propositions 2.8 and 2.9 tell us the structure of the sheaf A’. In the following subsection
we will use this ideas in order to construct the inverse correspondence.

Now we can construct the direct correspondence as follows: let M be a full sheaf of rank r.
Taking r generic sections we get the exact sequence

0=0% > M= A =0, (2.2.1)

and its dual is
0=>N—=0% = A=0, (2.2.8)



34 CHAPTER 2. ARTIN-VERDIER/ESNAULT CORRESPONDENCE

where N := M and A = @”’y/é;( (A, 0%).

As a consequence of Proposition 2.7 we have that A is Cohen-Macaulay of dimension one and
its support intersects the exceptional divisor in a finite set.

Applying the functor 7, — to the exact sequence (2.2.8) we get

0= N — 0% - mA— R'mN — R'm,0% — 0. (2.2.9)
The exact sequence (2.2.9) give us the exact sequence
0—-N—-0%—=C—0, (2.2.10)

where C is the image of O%.
This exact exact sequence give us r generators of C as Ox-module.
This give us the direct correspondence.

Proposition 2.10. Given a full sheaf M of rank r with r generic sections, we associate three
things:

1. A Cohen-Macaulay sheaf A of dimension one such that its support D intersects the exceptional
divisor in a finite set.

2. An Ox-module C contained in . A.
3. A collection of r generators of C as Ox-module.

The module C satisfies the following property: Denote by O, p the structure sheaf of n(D) and
n: D — D the normalization of D. Then we have the following inclusions

Oﬂ'*D cCcC W*n*Oﬁ.

PROOF. By the previous discussion we have proved almost everything, we just need to prove the
property about the module C.

By definition C is contained in 7,A and by Proposition 2.9 we know that A is contained in
n, 7.0 p, this give us the inclusion of C in 7.1, Op.

Now 1 belongs to m..4 and the image of Ox obtained by multiplying by 1 is exactly O, p. Since
dimc (7..A/C) is finite, we have that 1 belongs to C, hence O, p is contained in C. O

Remark 2.11. Let A and C be as in the previous discussion. Denote by D the support of A and
n: D — D its normalization. By Proposition 2.9 we know that C is contained in n.,m,.Op.

In our correspondence at the singularity, the Proposition 2.9 allows us to identify the Cohen-
Macaulay modules as submodules of a normalization.

2.2.2 Inverse correspondence

In this subsection we study the inverse of the previous correspondence: we want to associate to each
Cohen-Macaulay sheaf of dimension one such that its support is not contained in the exceptional
divisor, together with a system of r generators, a full sheaf with r sections. We will see that this
construction is obstructed but we understand all the conditions.

Following Esnault [13] we have the following definition.
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Definition 2.12. Let D be any curve on X. We denote by O, p the reduced induced sub-scheme
structure given to the set 7 (D).

Notice that given D any curve on X, we have that O, p it coincides with the image of Ox in
m.Op (for example [14, Lemma 2.5]).

Let D be any curve on X such that DN E = {p1,...,px}. Let n: D — D be its normalization
and 7|p: D — w(D) the restriction of the resolution map to D. Let C be an Ox-submodule of
m.n.Op verifying O, p C C and define A := (n|p)" C.

Consider {¢1,...,¢,} a minimal set of generators of C as Ox-module. We get the following
exact sequence

0=>N—=0% =+ A—0. (2.2.11)

Dualizing (2.2.11) and denoting by M := N and A = é}/}gx (A,O%), we obtain the exact
sequence
0—-0% =M= A =0 (2.2.1)

In this subsection we want to give conditions for the module C in order to guarantee that M is
a full sheaf. We will use Proposition 1.8 in order to establish these conditions.
Since A is Cohen-Macaulay of dimension one and X is smooth, by Theorem 1.4 we have

A= (Q@x/}g),( (é??"/}g)_{ (A, Of() 7OX) ,
therefore dualizing (2.2.1) we obtain the exact sequence

0—>J\/W—>O}(—>A—>0,

hence N is locally free.

Remark 2.13. It is important to notice that the previous discussion says that given the sheaf A
and r generators as Ox-module, then the sheaf of relations of the generators is locally free. We can
think this remark as the analogous of the Remark 2.4.

Since M is the dual of N, we get that M is locally free. In order to use Proposition 1.8 we need
to check two more conditions. First, the property to be almost generated by its global sections is
always true.

Proposition 2.14. The sheaf M given by (2.2.1) is almost generated by its global sections.
PRrOOF. Applying the functor m,.— to the exact sequence (2.2.1) we get
0— 0% = mM = 1A = R'1,0% — R'm,M — 0.
Denote by G the image of 7m,,M in m,A’, so we obtain the following two exact sequences
0—- 0% -1 M—G—0,

0—G—mA = R'n0% - R'n.M — 0. (2.2.12)

Since the support of A’ intersects the exceptional divisor in a finite collection of points, then we
can identify m,. A’ with A’. Therefore we can consider G as a subsheaf of A’.
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Denote by M’ the subsheaf of M generated by its global sections, therefore we have the following
diagram

Ll

0 o7, M g 0
l l l

0 o7, M A 0

J S
S

Hence it is enough to prove that the support of F’ is a finite set. This follows from (2.2.12) and
the fact that dimc (coker{G — A’}) is finite. O

We want to guarantee that M is a full sheaf, therefore we need to proof that it satisfies the
cohomology condition: the natural map Hy(M) — H!(M) is injective. By Serre duality this

condition is equivalent to the surjection of the natural map Hp, (Mv & W)"() — H! (Mv ® wX),

hence we will study this map.
Apply the functor — ® w¢ to the exact sequence (2.2.11),

0> Nouwg »uwi; - ARQwg — 0. (2.2.13)

Consider (2.2.13) and take the long exact sequence of cohomology and local cohomology
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We have H!(wg) = 0 by Grauert-Riemenschneider Vanishing Theorem and H%(A ®@ wg) = 0
because A ® wy has depth one and its support intersects the exceptional divisor in a finite set.
Therefore we have the following diagram of exact sequences

0 H}E‘ (N®w)~()
| Jo
HO w;) HO (A®wg) —2— H' (N @ wy) 0
! l@
) 2
0 LT 0 . - 1 . -
H (U,wX> L HO (U A®wy) — HY (U N @ wy) o11)
Lemma 2.15. The morphism
HLN ®wg) = HY (N @ wyg), (2.2.15)

is an epimorphism if and only if
Im~; C Imé.

PrOOF.
Assume that 6 is an epimorphism: Let f € H'(A®wy). Since 6 is a surjection, we have
kerp =Im6 = H'(N @wg),
therefore

Y2(m(f)) = ¢la(f)) = 0.
Hence v1(f) € kerv, and the kernel of 7, is equal to the image of 4.

Assume that Im~; C Imd: Let f € H' (N ®Qwyg) and g € H*(A® wy) such that a(g) = f. By
the hypothesis and since the image of ¢ is equal to the kernel of v,, we get

p(f) = elalg)) = 12(n(9)) = 0,
hence the image of 6 is equal to H* (N ® wy).

O

We can summarize all the previous results in the following proposition which gives us all the
conditions in order to guarantee that the sheaf M is full.

Proposition 2.16. Let D be any curve on X such that DN E = {p1,...,px}. Let n: D — D
be its normalization and m|p: D — w(D) the restriction of the resolution map to D. Let C be an
Ox -submodule of m.n.Op verifying Or.p C C and define A := (m|p)*C.
Consider {¢1,...,¢0,} a minimal set of generators of C as Ox-module, therefore we get the
following exact sequence
0N —=0% - A—0, (2.2.11)

and dualizing this sequence we get
0—-0% M- A =0 (2.2.1)
Also consider the diagram (2.2.14). Then the sheaf M is full if and only if Im~; C Im .
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Now we want to give an easier description of the last proposition. First notice that

l
H(U AR wyg) = @ODM'_\{O} o @C{t e,

therefore H%(A ® wy) is contained in @2:1 (C{tj}[tj_l]. Notice that the sections of H*(A ® wy)

are globally defined, therefore H?(A ® wy) is contained in EBé-:l C{t;}.
Now assume that the singularity is Gorenstein and denote by  the Gorenstein form. The

divisor of 2 is
where each ¢; is a integer.

The morphism ¢ is induced by the generators {¢1, ..., ®,} of C and recall that C is contained in
the normalization @221 C{t;} (see Proposition 2.16). Therefore the sections can be written as

nk' .
< E Ck,jt; J,-.->, fori=1,...,r.

By the previous identifications we have that

Q@:( ED)qTZcJ?’”7. ), fori=1,...,r.
Hence we can identify the image of ¢ with §(2)C where

5(@) = (.., B )

Now recall that C is contained in @321 C{t;} and it verifies that O, ,p C C. Since O, p is
the structure sheaf of the curve 7(D), it is well know that we can associate to the sheaf O, p a
semigroup contained in @221 N. Following the same idea we can associate to the sheaf C a subset

¢ of @2:1 N as follows: since C it is a submodule of @;:1 C{t;}, then any section s of C can be

written as
_ Nk, j
§ = <, g c;w-tj ,...>,
k

where 7, ¢ ;17" belongs to C{t;}.
Therefore to the section s we associate the vector give by the function

I
ord: C — @N

Jj=1

5 (...,ordt]. (chdt?k") ,) ,
k

where ord;; denotes the order with respect to the variable ¢;.
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Since C is just an Ox-submodule, the set € is not a semigroup. Notice that by construction the
set @ contains the semigroup associated to O, ,p. Now since O, p is the image of Ox in m.Op
and C is an Ox-module, then the semigroup associated to O, p acts on the set €.

Also it is well known that O, p has a conductor (see for example [1, (19.21)]). In our case we
define the conductor of C as follows (compare with [1, (19.21)]).

Definition 2.17. Let D be a curve over X and denote by n: D — D its normalization. Let C be
an Ox-module such that
Op C C Cn,Op.

The set
{seC|s-n.0p CC},

is called the conductor of C.

Since Oy, p is contained in C, we get that the conductor of C is a non-empty set. Applying the
function ord to the conductor of C we obtain a subset of the graph €, which we called the conductor
set of €. Any element of the conductor set of € is called a conductor of €.

Notice that the conductor set of € satisfies the following property: if ¢ = (¢1,...,¢) is a
conductor of € then for any vector w in @é.:l N we have that ¢ + w belongs to the set €.

Notice that the multiplication §(2)C is just the translation of the set € given by the vector

(... (B, Dj)ar,...).

This discussion gives us the following corollaries.

Corollary 2.18. Assume (X, z) is Gorenstein. Let C as in Propostion 2.16 and € as in the previous
discussion. Denote by ¢ = (c1,...,¢) a conductor of €.

Ife; <=3 . (Ey-Dj)g, for each j =1,...,1, then the sheaf M given by the Proposition 2.16
is full.

PROOF. Let n: D — D be the normalization of the curve D. We can identify

l
Op = P it}

Jj=1

By our previous discussion we have

5(Q)C = ( LB ) C.

Since ¢; < =) (E,-Dj)q, for each j = 1,...,1, then 6(2)C contains the ring @;Zl C{t;},
therefore it also contains v (H* (A®wy)). O

Corollary 2.19. Assume (X, z) is Gorenstein and that the Gorenstein form does not have zeros
over the exceptional divisor. Let D be a smooth curve such that DOE = {p1,...,p} andC = m.Op.
Then the sheaf M given by the Proposition 2.16 is full and special.

PROOF. Since D is smooth, the set € is a semigroup and the zero vector is a conductor. Now since
the Gorenstein form does not have zeros over the exceptional divisor we have that

5(Q) = ( N ,tJZr(ET'Df“T,...) :
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where each ¢, is a non-positive integer.

Therefore 0 < — " (E, - D;) gy for each j = 1,...,l. Hence by Corollary 2.18 the sheaf M is
full.

Now consider the exact sequence

0=N—=0% = 0p—0 (2.2.11)
Applying the functor m,— we obtain
0—mN = m0% = m.0p = R'mN = R'7,.0% =0

and since we take generators of m,Op as Ox-module, the last sequence says that R'7 N = R'm, (9;1(.
O

Corollary 2.20. Assume (X, ) is Gorenstein and that the Gorenstein form does not have zeros
over the exceptional divisor. Let D be a curve such that DN E = {p1,...,pr}, n: D — D the
normalization and C = m,n.Op. Then the M given by the Proposition 2.16 is full and special.

ProOOF. The proof is analogous to the last corollary, just identify m,n.0p = @ C{t;} and use the
same argument. O

As we see the Gorenstein form allows us to construct many examples. Now we have two lemmas
about the Gorenstein form that we will use in Chapter 5.

Lemma 2.21. Let (X,z) be a complex analytic germ of a normal two-dimensional Gorenstein
singularity and m: X — X be a resolution with exceptional divisor E = |J;_, E;. Then for any
component E; where the Gorenstein form has a pole and for any component Ej, where the Gorenstein

form has a zero, we have that E; N Ey, = 0.

PROOF. We use induction on the number of blow ups that are necessary in order to obtain the
resolution 7: X — X from the minimal resolution.

If the singularity is a rational double point, then in the minimal resolution the Gorenstein form
does not have any zero or pole. If the singularity is not a rational double point, then in the minimal
resolution the Gorenstein form has a pole in every component of the exceptional divisor.

Now assume that the proposition is true for some resolution 7 : X — X with exceptional divisor
E =J!_, E;. Take any point p in F and denote by o X’ — X the blow up of the point p and by
E’ the new exceptional divisor.

In order to complete the proof it is enough to study the following two cases:

1. The point p belongs to a unique component E;. In this case locally the Gorenstein form over
X is
Q= f¥(z,y)dx A dy
In the chart (z,2Y") of the blow up, we have that locally the Gorenstein form is
Q0 = gtamalte () fai (2 VY da A dy,

where fqi is the strict transform.

Hence in this chart we have that



2.2. THE CORRESPONDENCE AT THE RESOLUTION 41

(a) Near to the exceptional divisor E’ the Gorenstein form is ' +tem™ts(F gz A dy.

(b) Near to the exceptional divisor E; the Gorenstein form is f9 (z,Y)dz A dy.
This tells us that

(a) If g; is positive, then the Gorenstein form has zeros over both components.

(b) If g; is zero, then the Gorenstein form has zeros over the component E’ and is zero over
E;.

(c) If ¢; is negative, then the Gorenstein form has poles over E’' and has poles over F;.
The other chart is analogous.

2. The point p belongs to F; and E;. The idea is the same as before but in this case we use the
induction hypothesis. Locally the Gorenstein form is

In the chart (z,2Y") of the blow up, we have that locally the Gorenstein form is
7Q = gl ) tamaite (5) B (2 ) i (2, Y )da A dy,

where fi(h and ijj are the strict transform.

By induction hypothesis we know that the number g; - ¢; can not be negative. Hence in this
chart we have that

(a) If g; and g; are positive, then the Gorenstein form has zeros over all the components.
(b) If ¢; is positive and g; is zero, then the Gorenstein form has zeros over all the components.

(c) If ¢; and g; are zero, then the Gorenstein form has zeros over E’ and is zero in the
components F; and FEj.

(d) If ¢; is negative and g; is zero, then the Gorenstein form has poles or is zero over the
component E’, the Gorenstein form is zero over E; and has poles in the component E;.

(e) If ¢; and ¢; are negative, then the Gorenstein form has poles over all the components.

In general the point p belongs to a finite number of exceptional divisors, using the same ideas
we can finish the induction. O

Corollary 2.22. Assume (X, x) that is Gorenstein and let 7: X — X be a resolution with excepti-
onal divisor E. Assume that the Gorenstein form has zeros in the component Eq of the exceptional
divisor. Let D be a curve such that DN E = {p1,...,pr} and at least one point belong to Ey. De-
note by n: D — D the normalization of D and let C be any an Ox -submodule of mn. O p verifying
Or.p CC and define A := (n|p)" C.

Then the sheaf M given by the Proposition 2.16 is not full.
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PROOF. Let C be any an Ox-submodule of m,n.Op verifying O, p C C and define A := (7|p)*C.
Consider {¢1,...,¢,} a minimal set of generators of C as Ox-module and the exact sequence
given by the generators

0=>N—=0% > A—=0. (2.2.11)
Applying the functor m,— to the previous exact sequence we get the exact sequence
0— mN — 0% - mA— R'mN — R'm,0% — 0. (2.2.11)

Since we took generators of C as Ox-module, we get that the image of O% is C. Therefore C is

contained in m,.A.
Let D = D, ]]---]] D be the irreducible decomposition of D, hence we can identify

l
0p =Pt}
j=1

Without loss of generality we can assume that the point p; belongs to D;. This tells us that
ET(ET‘Dl) T Zr(Er'D') ”
5(Q)C:(t1 LR Jq,...)c.

where ¢; is a positive integer.
Since C is a submodule of 692:1 C{t;}, then any section s of C can be written as

Nk,j
s = <7 E Cr,jt; 77...>,
k

where 7, ¢ ;17" belongs to C{t;}.
Consider the following function

ord;: C — N,

s — ordy, (Z ck,lt;”"l> ,
%

where ord;, denotes the order with respect to the variable ¢;.

Since O, p is contained in C, we have that 1 belongs to C. Now notice that ord; (1) = 0, this
tells us that the function has a minimum in 1.

Since D intersect the exceptional divisor in a finite set, we get

TAZT(AQwg).

We have that C is contained in 7.4 and m. A = 1, (A ® wf(), this tells us that 1 belongs to
(AR wg).

Now assume that the sheaf M = A/ given by the Proposition 2.16 is full.

Since M is full we get that 6(Q2)C contains v; (H' (A ® wg)), this tells us that

E,-D1)gr (ED;)qr
1= (tlz:’( T ) v, (2.2.16)

P

for some section v of C.

By Lemma 2.21 we have that ) (E, - D1) g» is a positive integer, this and the equality (2.2.16)
tell us that ord; (v) is a negative integer, which is a contradiction.

Therefore M is not a full sheaf. O



Chapter 3

Specialty and the cohomological
condition

In this chapter we study the relation between the inverse correspondence given in the Subsection 2.2.2
and the condition of being special. In particular we prove that working in a particular kind of re-
solution, our inverse correspondence always gives us a full sheaf if the dimension as C-vector space
of the first cohomology group of the dual of the sheaf that we construct is equal to rpy, where r
is the rank of the sheaf and p, is the geometric genus. This will allow us to construct special full
sheaves.

In order to continue we need the following definition.

Definition 3.1. Let (X, ) denote a complex analytic germ of a normal two-dimensional Gorenstein
singularity and 7: (X, E) — (X, ) denotes a resolution with exceptional divisor E = |JI'_, F;. We
will say that the resolution is non-positive with respect to the canonical cycle if the coefficients of
the canonical cycle are non-positive.

From now on (X, ) denotes a complex analytic germ of a normal two-dimensional Gorenstein
singularity, 7: (X, E) — (X, z) denotes a non-positive resolution with respect to the canonical cycle
with exceptional divisor £ = U?:l FE; and Zk denotes the canonical cycle.

Proposition 3.2. Let D be any curve on X such that DN E = {p1,...,pr}. Let n: D = D be
its normalization and w|p: D — w(D) the restriction of the resolution map to D. Let C be an
Ox -submodule of m.n,Op verifying O, p C C and define A := (w|p)* C.
Consider {¢1,...,¢.} a minimal set of generators of C as Ox-modules, therefore we get the
following exact sequence
0=>N—=0% = A—=0, (2.2.11)

and its dual
0—-0% = M— A =0 (2.2.1)

If the dimension of R*m.N as C-vector space is equal to rpy, then M is a full sheaf.

PROOF. As in Proposition 2.16 consider

43
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0
HO (W) H(A®wg)

| .

)
HY(Uswh) —— HY(U; A® wy)

We are going to prove that the image of ;1 is contained in the image of 4.

Since we are working on a non-positive resolution with respect to the canonical cycle we can
consider the exact sequence

02wz =05 —= 0z, —0. (3.0.1)

Now apply the functor — ® — to the sequences (2.2.11) and (3.0.1),

0 0
00— NQuwyg W AQwg —— 0
0 N o A 0

N®Oz —— 0 —— A® Oz — 0

By the last diagram we get the following diagram of exact sequences

HO (X, H (X, A®wg)
0 (%,05 . m(xal 7 |
v H ((}, %) . i HO (U, A®wy)
o (0.07) (U ,4>/

We need to prove that
im(y;) C im(9) (3.0.2)
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Notice that the maps « and 6 are isomorphisms because the support of Oz, does not intersect
U. Since « is injective, the condition (3.0.2) is equivalent to

Im(ay;) C Im(ad).
Since the diagram is commutative and 6 is onto we get
im(ad) = im(6’0) = im(4")

Hence it is enough to prove that the image of («y;) is contained in the image of §’. Using again
that the diagram is commutative and p is onto because M is special, we get

im(ay1) = im(y}8) C im(y}) = im(y}p) = im(&'v) C im()
Therefore M is a full sheaf. O



46

CHAPTER 3. SPECIALTY AND THE COHOMOLOGICAL CONDITION



Chapter 4

Computation of the dimension of

R17T>|<M

Let M be a reflexive module and 7: X — X be a non-positive resolution with respect to the
canonical cycle. Denote by M the full sheaf associated to M. In this chapter our objective is to
compute the dimension as C-vector space of the group R'm, M.

The formula that we obtain depends on the resolution. In next chapter we will use this formula
to construct a special type of resolution where the full sheaf is generated by global sections, later
we will see that this property will allow us to obtain new results.

4.1 Dimension of R'wr, M

In this section we work with a non-positive resolution with respect to the canonical cycle and we
get a formula for the dimension of the first cohomology group of a full sheaf. We will see that this
formula depends on the resolution.

Recall (X, ) denotes a complex analytic germ of a normal two-dimensional Gorenstein singula-
rity, 7: (X, E) — (X, z) denotes a non-positive resolution with respect to the canonical cycle with
exceptional divisor E = JI_, E;.

4.1.1 Grothendieck’s duality

Since the singularity (X, x) is Gorenstein, the ring Ox is the dualizing module for the singularity
([12, Section 21.3]). In this case the Grothendieck duality for the map 7 [17, Ch. VII] establish the
isomorphism

R R Home (—,wg) = RHom o, (Rms—,0x). (4.1.1)

In this subsection we use this isomorphism and the Grothendieck spectral sequence in order to
get some results about full sheaves and Cohen-Macaulay sheaves of dimension one such that their
support is not contained in the exceptional divisor. In the following subsection we will use this
computations in a crucial way.

Recall that the dualizing complexes w; and Ox are concetrated in degree —2, and this is
reflected in the degrees that we use.

47
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Full sheaves
Let M be a reflexive Ox-module and M be the full sheaf associated to M. Denote by
N=M,
N=M.
First consider
R R Hom (M,wy) .

In order to obtain some information we use the Grothendieck spectral sequence. In this case
Eép D of the spectral sequence is

(4.1.2)

Notice that this spectral sequence degenerates at the E3*-term.
Now consider
RHom o, (Rm.M,Ox)

As before we use the Grothendieck spectral sequence to obtain some results. In this case Eép )
of the spectral sequence is

Q 1 2
-2 Homop, (mM,0x) 0 0
— 0 Xtéx (RIW*M,O)()
—4 0 0 0

In this case we have a differential, therefore we have the exact sequence

0,—2) 2,-3)

00— E?(, — Homo, (mM,Ox) — Ext (R'mM,0x) —> E:,()

(4.1.3)
This spectral sequence degenerates at the E5*-term, therefore we have

EO-D a g0,
B3 = p2-9),
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Now by Grothendieck duality (4.1.1) and the spectral sequence 4.1.2 we get

EQ™ =, (Nowg),
EZ3) = Rlr, (N owg).

Since N is isomorphic to Hom o, (m.M, Ox) (Lemma 1.11) and by the previous identifications,
we can rewrite the exact sequence (4.1.3) as

0— m(N®wg) — N —> Exty, (R'mM,0x) — Rlm, (N @wg) — 0. (4.1.4)

Cohen-Macaulay sheaves of dimension one

Let A be a Cohen-Maculay sheaf of dimension one such that its support it is not contained in the
exceptional divisor.
As before first consider

R R oo (Awg) .

We use the Grothendieck spectal squence in order to obtain some information. In this case

E;p D of the spectral sequence is

2 0 0 0
1| méry, (Awg) R'mérp (Awg) 0
0 0 0 0

—2 —1 0

(4.1.5)

Notice that in this case the spectral sequence degenerates in the second page.
Now consider

RHom o, (RmyA, Ox)

As before we use the Grothendieck spectral sequence to obtain some results. In this case Eép )
of the spectral sequence is

l 0 1 2

- 0 Ext bx (meA,Ox)  Ext %X (m A, Ox)

-1 0 0 Extg, (R'm.A,Ox)

-4 0 0 0
(4.1.6)
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In this case the spectral sequence again degenerates in the second page. This spectral sequence
give us the exact sequence

0 — Exty, (R'mA,Ox) — H™! — Ext g, (mA,Ox) — 0. (417)

The Grothendieck duality (4.1.1) allow us to compare the spectral sequences (4.1.5) and (4.1.6).
In this case taking in account the degrees we get

Ext %)X (me A, Ox) =0,
R'm, gﬂgk (Awg) =0,
Tty (Awg) = H L

Using the previous identification we can rewrite the exact sequence (4.1.7) as follows

0 — Extp, (R'mA Ox) — . &ty (Awg) — Ext o (mA, Ox) — 0. (4.18)

4.1.2 Computation of R'm, M

Recall (X, z) denotes a complex analytic germ of a normal two-dimensional Gorenstein singularity,
7: (X,E) = (X,z) denotes a non-positive resolution with respect to the canonical cycle with
exceptional divisor E = J!", E;.

The main objective of this section is to prove to following theorem.

Theorem 4.1. Let M be a refiexive Ox-module and M be the full sheaf associated to M. Assume
that M has rank r and specialty defect equal to d. Then

dim¢ (R'm. M) = rpy — [er(M)] - [Z3] + d.

This theorem will be very important in the following section. It will allow us to prove that a
full special sheaf is determined by its first Chern class in a specific resolution.

In order to prove the Theorem 4.1 we need to use the direct correspondence given in Sub-
section 2.2.1, the results of the previous section and some preliminary work.

Let M be a reflexive Ox-module and M be the full sheaf associated to M. Assume that M
has rank r and specialty defect equal to d. Take r generic sections and consider the exact sequence
obtained by the sections

0—=0% > M= A —0. (2.2.1)

and its dual
0=N—=0% = A=0, (2.2.11)
where A = @%/}QX (A, 0%).
By the direct correspondence we know that A’ is a Cohen-Macaulay sheaf of dimension one such
that its support it is not contained in the exceptional divisor. By Theorem 1.4 A’ is isomorphic to

é"x/%gx (éfx/%gx (A,05%), (9;(), hence we can write

A= &ty (A O%). (4.1.9)
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Applying the functor 7, — to the exact sequence (2.2.11) we get

0 N O% oA R'm N — R'm, 0% — 0,

where N is 7, and by Lemma 1.11 the module N is equal to the module M.
The last exact sequence can be split as follows
0 N O% C 0,
0 C e A D 0,

0 — D — R'7 N — RIW*O}{ — 0,

where lenght(D) = d.
Dualizing the first and second exact sequence we obtain

0 O% ML Ext o, (C,0x) — 0,

0 — Ext b, (m.d,0x) — Exth_ (C,0x) — Ext}_ (D, 0x) — 0.

Applying the functor 7,— to the exact sequence (2.2.1) we obtain

0 O M T A’ RIW*O}( — R'7aM — 0.

51

(4.1.10)

(4.1.11)

Use the identification (4.1.9) and compare the previous exact sequence with the exact sequence

(4.1.10)
h 1
0— O — M Extl, (C,0x) 0
l[d l]d la
00— Of — M~ w8ty (A,04) —> R'7.0% — Rimo M —— 0

where Id is the identity and 6 is the map that makes the diagram commute.
Since Ext %X (leA, OX) is zero, we have that the exact sequence (4.1.8) give us

s é&(bg (Awg) 2 Exty, (1A, O0x),

denote by g the last isomorphism.
Now consider the exact sequence

0 0% O)'( OZK — 0.

(4.1.12)

(4.1.13)

(3.0.1)
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Applying the functor 7 (é”x/o)} (A, —)) to map

C
w;( e OX'?

give us the map
T (6t (A, =) (0): T (Eto, (A wg)) = 7 (Eto, (A 0%)). (4.1.14)

Let us denote by ¢ to the previous map.
Now using (4.1.14),(4.1.11), (4.1.12) and (4.1.13) we have the following maps

mo el (A wg) — Bxth (mA, Ox) — Bxth (C,0x) — > m oy _(A,05)
| 1a | 1d
m. ey (A wg) m. oy (A,0%)
(4.1.15)

Denote by ¢ the map given by the composition # oo g.

Lemma 4.2. The maps ¢ and ¢ coincide.

PrOOF. Consider the following map
fi=(c—c¢):m, cg’y/%g}? (Awg) = s gf/}g}? (A,0%)

Since the map 7: X — X is an isomorphism outside the exceptional divisor, we have that for
any section s of , éfz;/}gx (A,wg), the section f(s) is supported in the exceptional divisor, hence

f(s) € HY, (6’%){ (A, (95()> but this cohomology group is zero.

Therefore for any section s of 7, é”x/}QX (A,wg) we have that f(s) = 0 which it is equivalent to
say that the maps c and ¢ coincide. O

By the previous lemma we get that the diagram (4.1.15) commutes.
The previous work allows us to prove the following proposition.

Proposition 4.3. Let M be a full sheaf of rank r with specialty defect equal to d. Take r generic
sections and consider the exact sequence obtained by the sections

0=0% > M= A =0, (2.2.1)

and its dual
0=>N—=0% = A—=0, (2.2.11)

where A = @‘fz/éx (A,O0%). Then

dim¢ (leM) = rpg — dimg (7‘('* éaz/éx (A, Ozk)> +d
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Proor.

Let M be a full sheaf of rank r with specialty defect equal to d. Take r generic sections and
consider the exact sequences (2.2.1) and (2.2.11).

Applying the functor #.(—, —) to the exact sequences (2.2.11) and (3.0.1) we get

0 0 0
0 W MRug —— &ty (Awg) —— 0
&
0 O’ M &ty (A, Ox) —— 0
0 O7Zk M@ Oz, —— @@Z/}D;( (A,0z,) — 0
0 0 0

Applying the functor m,— to the last commutative diagram we get

0 0 0
0 W' Ty MRuwg) — m, 51/}9)2 (,A,w)—() - >0 . 0 0
0 or, M— ke (4,05) % RImO% — R M —— 0
0 — m0y, — 1 (M® Oz,) — mburh _(A,0z) 0 0
By this diagram we get
dim¢ (R'm.M) = rp, — dime (Im(a))
. . ) (4.1.16)
dim¢ (Tl'* &«/}9}.{ (A, Ozk)> = dim¢ (71'* 5z/}9}2 (A, Ox) [mi bty (A, wX)> ,
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and
dime (Ima) = dime (w* oty (A, Ox) [ ker a) = dimg (w* ety (A, 0%) /Im h) L (4117)

Now by (4.1.12) we have
Imh =Exty, (C,0x).

Hence by the previous equality, (4.1.17), (4.1.11) and (4.1.13) we get

/Im h)

/Extb, (C,0x))
JExth, (7.A,0x)) -
. el (Awg)) —d

dim¢ (Im o) = dim¢ (7‘('* éfr/}gx
imc (. &orby
<7T* é{’f/ 0x

by
™
§\

(4.1.18)

(A, 0%)
(A, 0%)
(A4,0%)
= dimg (., &b _ (A,Ox)

Let ¢ and ¢ be the morphisms given in the diagram (4.1.15). Now by (4.1.18) and by Lemma
4.2 we have

( A,0%)
— dime (ﬂ*&/ L (A,(’)X)/Imc> —d
(4.1.19)
= (ﬂ*@@x{ X(A,C’)X)/Imc) —d
- (w* oty (A, Ox) [m oty (A wX)> —d
Therefore by (4.1.16) and (4.1.19) we get
dimg (M) = rp, — dim¢ (7'(* 6’%5{ (A, Ozk)) +d.
O

By the Proposition 4.3 to prove Theorem 4.1 it is enough to prove that
dimc (m oty (A, ozk)) = [er(M)] - [Z].

The following lemma gives us the previous equality.

Lemma 4.4. Let Ay and As be two Cohen-Macaulay sheaves of dimension one such that A; is
contained in Az, the dimension as C-vector space of As/A; is finite and the support of each sheaf
intersects the exceptional divisor in the same point p. Then

dime (w* ey (Ar, (’)ZK)) — dime (w* oty (As, (’)ZK)) .

Proor. Let A; and A, as in the statement.
By the hypothesis we have the exact sequence

0= A — Ay = A/ AL — 0.
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Applying the functor H#zx.0 . (—, Oz, ) to the last exact sequence we get

0—— %mo)} (.Ag/.Al,OZK) —_— e%ﬂamox (AQ,OZK) —_— %mof{ (AI,OZK) B

gM}QX (AQ,OZK) <

N gx%)} (./42/-/417021{) éf?;/%),{ (A270ZK)

gz/?g),( (Al,(’)ZK) — 0

(4.1.20)
Since A; and Ay are Cohen-Macaulay sheaves of dimension one and the support of each sheaf
intersects the exceptional divisor in a point p we have

%M?Z@X (.AQ,OZK) = f%@mog (AhOZK) =0,

4.1.21
ety (A2,0z,) = Eutyy (Ar,0z,) = 0. ( )

Since all the sheaves in (4.1.20) are supported in the point p we can work locally, therefore we
assume that O is Clz,y] and Z is O /(f) for some function f.
Now by (4.1.20) and (4.1.21) we just need to prove the following equality

dim(c ((g’x/}g).( (AQ/A17OZK)> = dim«; (gx/%),{ (./42/./41, OZK)) . (4.1.22)
Consider the following resolution of Oy,
f
0 O% Ox Oz, — 0.

(4.1.23)

Applying the functor #z».0 (A2/ A1, —) to the last exact sequence we get

0 —— Homoy (A2 A1, Ox) — Homoy (A2 A1, Ox) — Homoy (A2/A1,O0z,)

Tty (As) Ay, Ox) —— &ty (A2 A1, O%) Ertp, (As) A1, Oz)

ety (Az) A1, Oz, ) — 0

(4.1.24)
Now since the support of A3/ A; is zero dimensional, we have by Theorem 1.4

Ertp . (A2)A1,0%) =0
By the previous equality and the exact sequence (4.1.24) we get
0— (gff/});{ (AQ/A17OZK) — gx/gf)}z (AQ/A17OX) — (9(57”/20)? (Az/.AhOX-) — éax/%r)}_( (Az/.A1, OZK) —0
By this exact sequence we get

dime (&, (As/ A1, Oz, ) ) —dime (&b (Ao A1, Og) ) +dime (& (Az/ 1, O) ) —dime (&7d  (Az/Ar,Oz)) =0,
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therefore

dimg (&/}Qx (As/ A1, Oz, )) — dimg (&%X (As) A1, Oz, )) .

Finally Theorem 4.1 follows from Proposition 4.3 and Lemma 4.4.



Chapter 5

The minimal adapted resolution

Let M be a reflexive O x-module. In this chapter we use the Theorem 4.1 in order to construct a
special resolution where the full sheaf associated to M is generated by global sections. Working in
this resolution we can study how the specialty defect behaves under the blow up of a point in the
resolution, also this resolution allow us to start to study the deformation theory of the full sheaf as
a locally free sheaf.

It is important to say that this resolution will be very important in following chapter.

5.1 The minimal adapted resolution to M

Let M be a reflexive O x-module. In this subsection we give a resolution 7: X — X, where the full
sheaf M associated to M is generated by global sections. This resolution captures the information
about the dimension of R'7, M and the failure of M of being globally generated.

Recall that (X, x) is a complex analytic germ of a normal two-dimensional Gorenstein singularity,
7: (X, E) — (X, z) is a non-positive resolution with respect to the canonical cycle with exceptional
divisor £ = |J;_, E; and the geometric genus is p,,.

By Theorem 4.1 it is clear that the dimension of R'm,M has a relation with the number
[c1(M)] - Zk. In the following lemma we make clear this relation and how it behaves with the
property of being globally generated.

Lemma 5.1. Let M be a reflexive Ox-module and : X 5 Xbea non-positive resolution with
respect to the canonical cycle. Denote by M the full sheaf associated to M and suppose that M has
rank equal to v and specialty defect equal to d. Denote by c¢1(M) the first Chern class of M. Then
the following two conditions are equivalent:

1. dim¢ (Rlﬂ'*./\/l) =Trpy.
2. [et(M)] - [Zk] =d.
Moreover, any of the previous conditions implies the following

3. The sheaf M is generated by global sections.

o7
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PROOF. Let M be a full sheaf of rank r with specialty defect equal to d. By Theorem 4.1 we have
dime (le./\/l) =7rpg — [ca(M)] - [Zk] + d,

therefore the first two conditions are equivalent.
Now assume that the dimension as C-vector space of R'm, M is rp,. Take r generic sections of
M and consider the exact sequence obtained by the sections

0—-0% M= A =0 (2.2.1)

Applying the functor m,— to the last exact sequence, we get

0 0% M A —— R'1.0% —— R'r,M —— 0.

By the assumption and the last exact sequence we get

0 or, M A 0.
X " (5.1.1)

Since the support of A’ intersects the exceptional divisor in a finite set, we get that A’ is
generated by global sections. Now by the exact sequence (5.1.1) and since A’ is generated by global
sections, we get that M is generated by global sections. O

Let M be a full sheaf over X. By Theorem 4.1 we know that the specialty defect of M plays
an important role when we study the dimension of dimg¢ (leM). The following lemma gives us
some information about how the specialty defect behaves under the blow up of a point.

Lemma 5.2. Let M be a reflexive Ox-module. Let 7: X = X be a resolution and p be a point in
X. Denote by o: X' — X the blow up of the point p, therefore we have the following diagram

e

XI

™

b

where p:=moo.
Vv A%

Denote by M = (7*M)  and M’ = (p*M) . Then the specialty defect of M is less or equal
to the specialty defect of M’.

PROOF. Denote by
N =M
N=M

Since p = m o o, in order to compute R'p, N’ we use the Leray spectral sequence. In this case

the page Eép ‘D of the spectral sequence is given by
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1| (Rlo*/\f’) R'r, (Rla*J\f') 0

0 T (0 N7) Rim, (o N") 0

The spectral sequence degenerates, therefore we obtain the following exact sequence
0— R'm, (o.N') = R'pN' = 7. (R 0. N") — 0. (5.1.2)
Now by adjuction we have the following identification

R'7m, (0.N") = R'm, (04 Homo, (0"7°M,0%,))
= Rlﬂ'* %ﬂmox (ﬂ'*M, O'*OX,)

. (5.1.3)
=R'm. Ao, (7*M,0%)
=R'7. N
By (5.1.2) and (5.1.3) we get
0— R'mN = R'pN' = 7, (R'o.N") — 0. (5.1.4)
Therefore the specialty defect of M is less or equal to the specialty defect of M’. O

The previous lemmas allow us to give a resolution where the full sheaf associated to M is
generated by global sections. This is done in the following proposition.

Proposition 5.3. If M is a reflexive Ox-module, then there exists a unique minimal resolution
~ \a%
p: X' = X such that M' := (p*M) is generated by global sections.

PROOF. Let M be a reflexive O x-module, 7: X — X be the minimal resolution with exceptional
\aY%

divisor E and denote by M = (7*M) . If M is generated by global sections, then we are done.
If M is not generated by global sections, then there exists a finite set of points S = {p1,...,pn} C
E where M fails to be generated by global sections.
Assume that the rank of M is r. Take r generic sections of M and consider the exact sequence
given by the sections

0=0% > M—=A =0 (2.2.1)

where S C Supp(A’) (see the direct correspondence in Subsection 2.2.1).
Let & be the union of the components of the exceptional divisor where the Gorensteim form has
poles.
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Denote by ogne: X’ — X the blow up at the points S N & Therefore we have the following
diagram

where p = moogne.

By Lemma 2.21 we know that the resoilvltion p: X' = X is non-positive with respect to the
canonical cycle. Denote by Mgne = (p*M)  the full sheaf associated to M. If Mgne is generated
by global sections, then we are done.

If Mgne is not generated by global sections, then we repeat the process.

Since each blow up give us a non-positive resolution with respect to the canonical cycle, we can
use Theorem 4.1.

Recall that the dimension of R'7, M as a C-vector space always is less or equal to rp, (see for
example (2.2.12)). Now in each blow up the number [A’] - [Zk] decrease and by Lemma 5.2 the
specialty defect does not decrease. Therefore at some moment we will get two cases:

1. The number [A] - [Zk] is equal to d, then by Lemma 5.1 we can guarantee that this process
will finish.

2. We have a point p in a component E; of the exceptional divisor where the full sheaf fails to
be globally generated and Oy, is zero in the component E;. Let 0,: X’ — X be the blow up
at the point p with exceptional divisor E’. Therefore we have the following diagram

(oF ~

X . X%
Ne 7
X

where p = mo o).

Denote by M’ the full sheaf associated to M in the resolution X’ and by r the rank of M.
By our direct correspondence (Proposition 2.10) we know that taking r generic sections we

get the exact sequence
0— 0% = M — A; =0, (2.2.1)

and its dual is
0= N = 0% — Ay — 0, (2.2.8)

where N := M'", Ay := gx/%ox/( 0,O0%,) and A is a Cohen-Macaulay sheaf of dimension
one. Denote by D the support of Ag.

Applying the functor p.— to the exact sequence (2.2.8) we get

0— N'— 0% = p.Ag — R'p.N" = R'p, 0%, — 0. (2.2.9)

Denote by C the image of O’ .
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Since we took the blow up in a point where the full sheaf failed to be globally generated we get
that D intersects the exceptional divisor E’. Therefore we can use our inverse correspondence
(Proposition 2.16) with the curve D, the module C and the same generators given by (2.2.9),
this correspondence gives us the full sheaf M’ but by Corollary 2.22 we know that M’ is not
a full sheaf, which is a contradiction.

Hence this case does not happen.

O

Remark 5.4. It is important to notice that the process given in the proof of the last proposition
could finish and [A'] - [Zk] # d.

The Proposition 5.3 allows us to give the following definition.

Definition 5.5. Let M be a reflexive Ox-module. The resolution given by Proposition 5.3 is called
the minimal resolution adapted to M.

Given M a reflexive Ox-module, the minimal resolution adapted to M allows us to obtain new
results. In the following sections we study the relation between the minimal resolution adapted to
M and the properties of the full sheaf associated to M.

5.2 Specialty Lemma

Let M be a reflexive Ox-module and consider 7: (X ,E) — (X, x) the minimal resolution adapted
to M. In this subsection we study how the specialty defect of the full sheaf associated to M behaves
under the blow up of a point of the minimal adapted resolution. Later in this thesis this result will
be important.

First we have a general result.

Proposition 5.6. Let M be a reflexive Ox-module and 7: X — X be resolution with E the
exceptional divisor. Let p be a point in E such that M is generated by global sections in the point
p. Denote by o: X' — X the blow up of the point p and E’ the exceptional divisor of o, therefore

we have the following diagram
o

X/

™

b

where p:=moo.
Denote by M := (7*M) and M’ := (p*M) . Then the specialty defect of M and M’
concide.

PROOF. Denote by
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By exactly the same arguments as in the proof of Lemma 5.2, we get the exact sequence
0— R'mN = R'pN" = 7, (R'o.N") — 0. (5.1.4)

Therefore we need to prove that m, (Rla*./\/") =0.
Now consider the exact sequence given by the natural map from 7*M to its double dual

0—T — 7'M M S 0,

where T is the kernel and S is the cokernel. Notice that the support of S is the set S.
The last exact sequence can be split as follows

0 T ™M — 7*M/T — 0,

0 — 7" M/T M S 0.

Applying the functor o*— to the last two exact sequences we obtain

0 K, o*T p*M o*1t*M/T — 0,

0 — Ky —> o*1m*M/T o*M o*S 0,

where K7 and K5 are the modules that make the last sequences exact. Remember that o*— is just

a right exact functor.
Hence we split the previous exact sequences as follows

0 K, o*T H, 0,
0 H, p*M o*m*M/T — 0,
0— Ky —> o*n*M/T Ho 0,
00— Hy ——— c*M o*S 0.

Dualizing the first, second and third exact sequences we get

Vv
H, =20, because c*T is supported in the exceptional divisor,

\%
(o*n*M)T) = (p*M)v, by the previous identification,
\%
sz & (o*n*M/T) , because K is supported in the exceptional divisor.

\
Hence as N7 = M’ = (,0"‘M)v we get N/ & (o*m*M/T) .
Finally dualizing the fourth exact sequence and using the previous identifications we get

0— (0"M) —— N —— &by (675,05,) — 0.
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Since the point p does not belong to the support of S, we get that the support of o*S is zero
dimensional, therefore (5?@/}9)2/ (0*S8,0%,) is equal to zero. Hence we get

Rlo, (a*/\/l)v =~ R'o N

Since M is locally free and we obtain X’ taking the blow up in the point p we get
1 * v 1 * T v 1 T
Rlo. ((0"M) ) = Rlo. (a (0%) >—R 7, 0%, =0

Hence R'o, N is equal to zero. O

Now we understand better how the specialty defect behaves. The following two results give us
more information on the specialty.

Corollary 5.7. Let M be a reflexive Ox-module. Denote by m: X — X the minimal resolution
adapted to M and M = (7*M)  the full associated to M. If M is special, then the full sheaf
associated to M in the minimal resolution is special.

PROOF. Let Tmin: Xmin — X be the minimal resolution of X. Let dy be the specialty defect of
the full sheaf associated to M in the minimal resolution and d be the specialty defect of M. By
Lemma 5.2 we have that dy < d and by hypothesis d is equal to zero, therefore dj is equal to zero.

O

Theorem 5.8. Let M be a reflexive Ox-module. Denote by 7: X — X the minimal resolution
adapted to M and M = (7*M)  the full associated to M. If M is special, then M is a special
reflexive module.

Vv

PROOF. We need to prove that for any resolution p: X — X, the full sheaf M = (p*M) s special
(Definition 1.14).

Let mmin: Xmin — X be the minimal resolution of X. If the minimal resolution coincides with
the minimal resolution adapted to M, then by Proposition 5.6 we are done.

Suppose that the minimal resolution and the minimal resolution adapted to M do not coincide.
Let p: X — X be a resolution. By taking a finite succession of blowing ups in different points we
obtain a resolution p: X — X such that it satisfies the following diagram

x % .x
b
Y op .

X — Xonin

where v and o are a composition of blowings up in points and p = pov.

By Proposition 5.6 the full sheaf associated to M in the resolution X is special. By Lemma 5.2
the specialty defect of the full sheaf associated to M in the resolution X is less or equal to zero,
hence M is special. O

Corollary 5.9. Let (X,x) be a complex analytic germ of a normal two-dimensional Gorenstein
singularity. Then there exist special reflexives modules.
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PROOF. Let 7: (X, E) — (X,z) be the minimal resolution of (X, z) with exceptional divisor E =
U?:l E;

Suppose that there exists a component E; such the canonical cycle is zero in this component.
Let D be a smooth curve transverse to the exceptional divisor E;. By Proposition 3.2 taking
C = m,Op we can construct a special full sheaf M. Denote by M = 7w, M the reflexive O x-module
associated to the full sheaf M. By construction the minimal resolution is the minimal resolution
adapted to M, therefore by Proposition 5.6 the module M is a special reflexive module.

If the canonical cycle is different to zero in any component of the exceptional divisor, then by
taking some blowing ups in different points we can obtain a resolution 7’: X’ — X where there
exists a irreducible component of the exceptional divisor such that the canonical cycle is zero in
this component. Now we use the same idea as in the previous case. O

Now let us say something about special modules. They will be very important in the following
chapter, in this moment we just give one property that they satisfy.

Proposition 5.10. Let M be a special reflezive Ox-module and 7: X — X be a non-positive
resolution with respect to the canonical cycle. Denote by M the special full sheaf associated to M
and assume that the rank of M is r. Take r generic sections and consider the exact sequence given
by the sections

T /
Dualizing the exact sequence (2.2.1) we get

0N —=0% -+ A—0, (2.2.11)

where A = x4y (A, 0%), D is the support of A and n: D — D its normalization.
X
Applying the functor m.— to the exact sequence (2.2.11) we get the exact sequence

0— mN — 0% - mA— R'mN — R'm,0% — 0.

Denote by C as the image of O%.
Then the modules C, T, A and m,n.Op are equal.

PROOF. By the direct correspondence given in Subsection 2.2.1 we know that the support of A’ is
a curve D that intersects the exceptional divisor in a finite set.

By Proposition 2.8 and Proposition 2.9 we get that A is contained in 1.0 p.

Applying the functor m.— to the exact sequence (2.2.11) and taking in account that M is a
special full sheaf, we get the exact sequence

0—-N—=0% »>mA—0, (2.1.1)
this tells us that C is equal to m,A.

The exact sequence (2.1.1) give us r generators of the Ox-module 7,..A. Since 7,4 is contained
in mn,Op, then we can add to the previous set of generators a finite collection of sections of
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mn+Op such that they generate it. Hence we obtain the following diagram of exact sequences

0 0 0
0 N o mA 0
0 N’ 0% T Op —> 0
0—> H—> 0% K 0
0 0 0

By Corollary 2.20 or by our direct construction at the singularity we get that the module N’ is
reflexive.

The support of K is zero dimensional, therefore dualizing the last row we get that H " s
isomorphic to O% ". Now dualizing the first column and using the previous identification we get

0—O0%" SN SN 0. (5.2.1)

The exact sequence (5.2.1) is an element of the group Ext ¢, . (N v, O;‘r) which is zero because

N is reflexive. This tells us that N’ is isomorphic to N ‘o ox".
Since N and N’ are reflexive, dualizing the previous identification tell us that N’ is isomorphic
to N @ O ". Hence the previous diagram is

0

Now the last row of this diagram is an element of the group Ext bX (K , (’)i{’”) which is zero
because the support of K has dimension zero. This tells us that O% " is isomorphic to O " & K.
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Notice that
Exty, (0%, 0x) =0,
Exty, (0% @ K,0x) =Exty, (K,0x).
Since the modules O% " and O " & K are isomorphic we get that Ext ?QX (K,Ox) must be

equal to zero. By this identification and Theorem 1.4 we get that K must be equal to zero.
This tells us that m..A is equal to m.n.Op. O

5.3 Dimension of R!r, (/\/l ® /\/lv)

Let M be a special Ox-module and consider 7: (X, E) — (X, ) the minimal resolution adapted
to M. In this section we use the minimal resolution adapted to M to compute the dimension as

C-vector space of R'm, (M ® Mv).

It is important to notice that the sheaf M ® M s isomorphic to the sheaf #zs0 (M, M),
hence if we want to study the deformations of M as a locally free sheaf, then our formula is giving
us the dimension of the tangent space of the deformation functor (see for example [19, Section 19]).

The main objective of this section is to prove to following theorem.

Theorem 5.11. Let M be a special Ox-module and consider : (f(,E) — (X, x) the minimal

resolution adapted to M. Denote by M the full sheaf associated to M, N = M and assume that
M has rank r. Then

dim¢ (R'm. (M ® N)) = rdimc (R'm,. M) = r’p,.

In order to prove the theorem we need some previous work. Take r generic sections of M and
consider the exact sequence given by the sections

0-0% M- A =0, (2.2.1)
dualizing the previous exact sequence we get

0N —=0% =+ A—0, (2.2.11)

where A = (g:@/%gx (A, 0%).
Applying the functor M ® — to the exact sequence 2.2.11, we get

0> MIN > M - M®A—0. (5.3.1)

Applying the functor m, to the previous exact sequence we get

0 —— m (MRN)

T (M") —— 1, (M ® A)

(5.3.2)
Since the intersection of the support of A and the exceptional divisor is a finite set we get that
Rim, (M ® A) is equal to zero.
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Lemma 5.12. The map from m, (M") to m, (M ® A) is a surjection.

PROOF. Applying the functor 7, tho the exact sequence (2.2.11) and taking in account that M is
special we get
0— mN = 0% = mA— 0. (5.3.3)

Applying the functor (7. M) ® — to the previous exact sequence we get the surjection
o (mM) @ O% — (M) ® (m..A) — 0.

Also we know that (m,.M) ® O% is isomorphic to (m,.M)".
Now consider the natural map

a: (mM)@me (A) 5> T (MR A).

Since the support of A intersects the exceptional divisor in a finite set, we can identify 7, (M ® A)

with M @ A.

Let m ® a be section of M ® A. Since M is generated by global sections there exist global
sections 1, ..., ¢, of M and sections fi,..., f, of O% defined near of the support of A such that

Denote by m’ ® a’ = > (¢; ® f; - a). By construction we get that a(m’ ® a’) is m ® a, therefore
the map « is a surjection.

Now consider the following diagram.

(r M) 8 0%~ (M) © (1, A)

lo Je

(r M) — s (oM A)

By construction this diagram commutes and since ¢, a and p are surjections, we get that 6 is

also a surjection. O

By the previous lemma and by the exact sequence (5.3.2) we get that R'7, (M ® M) and R'M"

have the same dimension.
Now by Theorem 4.1 we get that

dimg¢ (R'm, (N ® M)) = dimg (R*M") = r®p,. (5.3.4)

This prove Theorem 5.11.
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Chapter 6

The classification of special
modules

Let M be a reflexive O x-module. In the previous chapter we constructed a special type of resolution
where the full sheaf associated to M is generated by global sections. In this resolution we were able
to study some aspects of the full sheaf.

In this chapter we study in detail the case when the full sheaf is special in the minimal resolution
adapted to M. Notice that by Theorem 5.8 we can assume from the beginning that M is a special
module.

The first thing that we prove is that in the minimal resolution adapted to M, the full sheaf
associated to M it is determined by its first Chern class in the Picard group of the resolution. We
are going to use our previous work and some results given by Artin-Verdier [4] and Esnault [13].

At the end of the chapter we use the minimal adapted resolution to M in order to define the
combinatorial type of M.

6.1 The first Chern class of a special sheaf

Now we want to use the the minimal adapted resolution in order to obtain new information. In
particular in this section we want to study the case of a special full sheaf and its first Chern class
in the Picard group.

From now on, we will denote by M a reflexive Ox-module, 7: (X, E) — (X,z) the minimal
adapted resolution to M, M the full sheaf associated to M and r the rank of M.

Take r generic sections of M and consider the exact sequence given by the sections

0-0% > M—= A =0 (2.2.1)

By the direct correspondence (Subsection 2.2.1) we know that A’ is a Cohen-Macaulay sheaf of
dimension one and its support it is not contained in the exceptional divisor.
Following Artin-Verdier [4] we have the following proposition.

Proposition 6.1. The sheaf A’ is equal to a direct sum of Op, where each D; is a curve transverse
to the exceptional divisor and each curve intersects the exceptional divisor in a different point.

69
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PROOF. It follows by Lemma 1.2 of [4] and from the fact that M is generated by global sections.
O

Recall that by Proposition 5.10 the O x-module 7,Op is the normalization of the curve m(D).
Now following Esnault [13, Lemma 2.4] we have the following result.
Lemma 6.2. If M is special and does not have O% as a direct summand, then the Ox-module
(me M) is the module of relations of a minimal set of generators of m.A'. In this case the module

m A" determines M up to isomorphism.

ProOOF. By Proposition 6.1 we can identify A" with Op, where Op is the direct sum of Op,, each
D; is a curve transverse to the exceptional divisor and each curve intersects the exceptional divisor
in a different point.

Therefore the exact sequence (2.2.1) can be written as follows

0—0% > M—0Op—0. (2.2.1)
Dualizing the previous exact sequence we get

0N = 0% = &y (Op,0x) = 0. (2.2.11)
Since &r/}% (Op,0%) = Op, the previous exact sequence can be written as follows
0N —=0% = Op—0.
Apply the functor m,— to the exact sequence (2.2.11) and by the hypothesis of specialty, we get
0= N— 0% - m.0p—0, (6.1.1)

where 7,0p = @ 7.Op, and N is m,N.

By Lemma 1.11 the module 7, is isomorphic to the module (mM) . Notice that the module
M does not have free submodules if and only if the module N does not have free submodules and
by (2.1.1) this is equivalent to say that the minimal number of generators of m.Op as Ox-module
is r. This proves the first part of the proposition.

The second part follows from Esnault [13, Lemma 2.4]. O

By the previous work a natural question is: when the condition of being globally generated
implies any of the first two conditions of Lemma 5.17 The following proposition gives a partial
answer: if the module is special then the condition of being globally generated implies any of the
first two conditions of Lemma 5.1.

Proposition 6.3. Let M be a special Ox-module, 7: (X, E) — (X,z) the minimal adapted reso-
lution to M, M the full sheaf associated to M and r the rank of M. Take r generic sections and
consider the exact sequence given by the sections

0—-0% =M= A =0 (2.2.1)

Then the support of A" does not intersect the support of Oz, .
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PROOF. By Proposition 6.1 we can identify A" with Op, where Op is the direct sum of Op,, each
D; is a curve transverse to the exceptional divisor and each curve intersects the exceptional divisor
in a different point.

Therefore we have to prove that D does not intersect the support of Oz, .

Denote by

N=mM),
N =7m.N.

By Lemma 6.2 the module N is the module of relations of a minimal set of generators of 7, Op.

Let D = D[] -] D: be the irreducible decomposition of D. Denote by C; := m(D;), we have
that C; is a curve and by Proposition 5.10 we get that 7,Op is the normalization of O, p.

Assume that there exists p € D N Supp(Zk) and without loss of generality we can assume that
pc D1~

Consider o: X’ — X the blowup in the point p with exceptional divisor E’. Therefore we have
the following diagram

X 2%
el
X

where p=moo. R

Since p € D N Supp(Zk), we get that the resolution p: X’ — X is non-positive with respect to
the canonical cycle. 3 ~ )

Denote by D; the strict transform of Dy and denote by D = Dy [[ D2 [[--- ]I D; € X'. Observe
that p(D) = (D), therefore p,Op is the normalization of O, p.

Take {s1,...,s,} a minimal set of generators of p,Op as Ox-module and consider the exact
sequence given by the generators

0N = 0% = Op—0. (6.1.2)
Applying the functor p,— to the last exact sequence we get the sequence
0— pN' = O% — p.Op — 0. (6.1.3)

This sequence is exact because we took generators of p.Op. This tells us that the dimension as
C-vector space of R'p, N is rp,.

By Proposition 3.2 we have that M’ is a full special sheaf and by the exact sequence (6.1.3) we
conclude that p, N is the module of relations of p,Op.

By Lemma 1.11 we have p N’ = (p*/\/l’)v7 therefore the Ox-modules (p*./\/l’)v and N are
modules of relations of p.Op. By Lemma 6.2 we get p, M’ = M.
Now we compute ¢; (M) in two differents ways.
First consider the exact sequence (6.1.2) given by the election of a minimal set of generators of
p+Op as Ox-module,
0N = 0% = Op—0. (6.1.2)
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Dualizing this exact sequence we get
0= 0%, = M = & (0p,0%) = 0. (6.1.4)

This tells us that the class [D] of D in PicX is the Chern class ¢;(M’) of M.
Now notice that M = 7, M = p,M’. Now choosing another sections of M such that their set of
degeneracy does not contain the point p we conclude that the class of ¢; (M) in the Picard group

does not intersects E’, which is a contradiction because we said that the class of ¢; (M) is [D].
Therefore D does not intersect the support of Oz, . O

Corollary 6.4. If M is special, then all the conditions of Lemma 5.1 are equivalent.

Now we study when a full sheaf is determined by its first Chern class in Pic(X). Recall that M
is a special reflexive Ox-module, : (X, E) — (X, z) is the minimal resolution adapted to M, M
is the full sheaf associated to M and r is the rank of M.

Take s1,...,s, generic sections of M and consider the exact sequence given by the sections

0—-0% > M= A —0.

By Proposition 6.1 we can identify A’ with Op where Op is the direct sum of Op, where each
D; is a curve transverse to the exceptional divisor and each curve intersects the exceptional divisor
in a different point.

Locally in a trivialization U of M we have that the sections can be written as follows

q11 q12 --- qir
qr1 4912 --- Qrr

where each ¢;; is an element of O ¢ (U).

Therefore p belongs to D if and only if the determinant of Q(p) is equal to zero.

Since D is smooth, the matrix ) must have at least 7—1 columns linearly independent. Therefore
we can choose r—1 sections linear independent everywhere. These sections give us the exact sequence

0207 > M—L—0.

where L is the line bundle det(M).

Lemma 6.5. The dimension as C-vector space of R'm. L is p,.

PRrROOF. Consider the exact sequence
0=+04—=L—=-0p—=0 (6.1.5)

Since Op and Oy, have disjoint support, we obtain

Tor{ ¥ (Op, 0z, ) =0,
Op® OZK =0.
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By the previous equalities applying the functor — ® Oz, to the exact sequence (6.1.5) we get
Oz, Z2LROg,. (6.1.6)

Now applying the functor 7.— to the exact sequence (6.1.5) and using the last isomorphism we
obtain

0

0 T 0% L — 7,0Op —— Rlﬂ*(’)X Ri7.C

| l

R17T*OZK —_— Rlﬂ'*£ ® OZK — 0

Since the diagram commutes and R17r*(95( and RIW*OZK are isomorphic we conclude that
R'7,.0 ¢ and R'7,. L have the same dimension. O

Proposition 6.6. If M is a special full sheaf, then M is determined by its first Chern class in

Pic(X).
Proor. Take si,...,s,—1 generic sections of M and consider the exact sequence given by the

sections
00T M= L0, (6.1.7)

where L is the line bundle det(M).
Applying the fuctor m,— to the exact sequence (6.1.7) we get

00— m@}{l M T L Rlﬂ*(’)§~<_1 — R'7% M —— R, L —— 0.

(6.1.8)

Since

dim¢ (le/\/l) =rpy by Corollary 6.4,
dim¢ (Rlﬂ'*ﬂ) = dimc (Rlﬂ'*o)"() by Lemma 6.5,

we get that the exact sequence (6.1.8) split as follows

0—— m(’);{l T M m L 0.

Therefore 7, M € Ext %9 < (W*E, (9;{1) and 7, M is reflexive. We conclude the proof by Lemma 1.9.ii
in [4]. O

Let M be a special Ox-module, 7: (X, E) — (X, ) be the minimal adapted resolution to M,
M be the full sheaf associated to M and r the rank of M. Take r generic sections and consider

the following exact sequence
0-0% = M—= A =0 (2.2.1)

By Proposition 6.1 we can identify A’ with Op, where Op is the direct sum of Op,, each D; is
a curve transverse to the exceptional divisor and each curve intersects the exceptional divisor in a
different point.
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Dualizing the exact sequence (2.2.1) and using the previous identification, we get the exact
sequence
0N = 0% = &rp_ (Op,0x) = 0. (2.2.11)

Since éfr/}gx (Op,0%) = Op, the previous exact sequence can be written as follows
0N —0% = Op—0. (6.1.9)

Applying the functor 7. — to the exact sequence (6.1.9) and taking in account that M is a special
module, we get the exact sequence

0—>N— 0% - m0p—0.

Applying the inverse correspondence (Section 2.2.2) to the curve D and the module C = 7, Op,
we recover the sheaf A/

Now applying the inverse correspondence to the curve D, and the module C; = 7,.Op,, we obtain
a full sheaf M; and its dual V.

We know that Op = ®!_,0p,, hence 7.0p = @&!_,7.0p,.

Since the inverse correspondence commutes with direct sums and 7,.0p = ®!_,;7.Op,, we have
that V' = @®!_ | N;.

We have proved.

Corollary 6.7. Let M be a special Ox -module, 7: (X, E) — (X, z) the minimal adapted resolution
to M, M the full sheaf associated to M and r the rank of M. Take r generic sections and consider
the exact sequence given by the sections

0-0% > M- A =0 (2.2.1)

Denote by D the support of A’. Consider
1. M = @;1 M;, where each M; is indecomposable,
2. D =11;_, D;, where each D; is a irreducible component of D.

Then there ezists a bijection between the indecomposable modules M; and the irreducible components
D;.

In order to guarantee that a full special sheaf is determined by its first Chern class we need the
following lemma.

Lemma 6.8. Let 7: (X, E) — (X, x) be a non-positive resolution with respect to the canonical cycle
such that for some irreducible component E; of the exceptional divisor we have E; € Supp(Zk). If
Dy and D; are two curves, each one transverse to E;, then O ¢(—D1) = O (—D>).

PRrOOF. We want to prove that O¢(—D; + D) is isomorphic to O¢.
Consider the exponential exact sequence
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Applying the functor m, to the previous exact sequence we get

L HY(X,Z) —— HY(X,04) =2, g1z, 0t) 2 52X, 7) —— 0
' ’ X X ’ (6.1.10)

We know that the Picard group of X is H' (X , (’)}() and the morphism 4 is given by taking the
first Chern class.

By hypothesis we know that 6(O ¢ (—D1+ D2)) = 0. By the exact sequence (6.1.10) we get that
there exist an element f in H 1(X' ,O%) such that the line bundle given by exp(f) is isomorphic to
O4(=D1 + D3). Let us denote by £ the line bundle given by exp(f).

Since we are working in a non-positive resolution with respect to the canonical cycle, we have
the exact sequence

02wy =05 =0z, —0. (3.0.1)

Applying the functor 7,— and by Grauert-Riemenschneider Vanishing Theorem we get that
H'(X,04) is isomorphic to H'(X,0z,).

Now we use Cech cohomology. Since f is an element of H' ()~( ,O%), we have that f is represented
by a 1-cocycle.

Taking in account £ is isomorphic to O ¢(—Dq + D3), we construct an open covering {Uy} of
X where f is represented by the 1-cocycle fi; defined over O¢(U; NU;) such that f;; is equal to
zero if U; N U; N Supp(Zk ) is non-empty.

This tells us that f is zero in Hl(f(, Oz, ), hence the line bundle £ must be trivial. O

The previous lemma give us the following theorem.

Theorem 6.9. Let M be a special Ox-module. Denote by w: X — X be the minimal resolution
adapted to M and M the full sheaf associated to M. Then the full sheaf M is determined by its
first Chern class in the Picard group of X.

6.2 The classification of special reflexive modules

In this section we use all the previous work in order to construct the combinatorial classification of
special modules. This classification uses the information given by the minimal adapted resolution.
Let M be a special, indecomposable Ox-module, 7: (X, E) = (X,z) be the minimal resolution
adapted to M, M be the full sheaf associated to M.
We construct a graph as follows:

1. Let &, be the dual graph of X.

2. In each vertex v;, add as many arrows as the first Chern class of M intersects the exceptional
divisor Fj;.

Definition 6.10. The graph &), is the combinatorial type of M.
Now we need a definition (see [22, Definition 2.24]) and a lemma.

Definition 6.11. Let 7: X — X be a resolution with exceptional divisor E = U, Ei. Any
irreducible component F; is called a divisor over X.
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Lemma 6.12. Let E}, ..., E!, be a collection of divisors over X. Then there exists a unique minimal
resolution m: X — X with exceptional divisor E = Uizl E; such that for any i € {1,...,n} we
have that E] = E; for some j.

PRrROOF. Starting from the minimal resolution we can construct the minimal resolution for the
divisors over X by taking a finite collection of blows up in different points. O

Now we present the principal theorem of this part of the thesis.

Theorem 6.13. Let (X,x) be a complex analytic germ of a normal two-dimensional Gorenstein
singularity. Then there exists a bijection between the following sets:

1. The set of special Ox -modules up to isomorphism.

2. The set of finite pairs (E7,n1),...,(E],m) where each E! is a diwisor over X and n; is a
positive integer, such the minimal resolution given by Lemma 6.12 is a non-positive resolution
with respect to the canonical cycle and the Gorenstein form does not have any pole in the
components E1, ..., EJ.

PrOOF. Let M be a special Ox-module and 7: X — X be the minimal resolution adapted to
M with exceptional divisor E = Uézl FE;. Denote by M the full sheaf associated to M and by
n; = (M) - E; for j =1,...,1. We associate to the module M the pairs (E1,n1),..., (Ek,ng)
such that n; is different form zero.

Now consider (E{,n1),...,(E],n;) where each E is a divisor over X and n; is a positive integer
and denote by 7: X — X be the resolution given by Lemma 6.12. By hypothesis we know that
7: X — X is a non-positive resolution with respect to the canonical cycle. Now for each positive
integer n; take a smooth curve D; with n; irreducible components such that D; intersects only the
irreducible component E; and the intersection is transverse. Denote by D = D [[---[[D;. By
Proposition 3.2, taking C = w,Op we construct a special full sheaf M, denote by m, M = M. Now
since each curve D; intersects only one component of the exceptional divisor where the canonical
cycle is zero, by Lemma 5.1 the resolution 7: X — X is the minimal resolution adapted to M.
Finally by Corollary 5.8 we get that M is a special module.

The bijection between both sets follows from Theorem 6.9. O

Corollary 6.14. Let (X, x) be a complex analytic germ of a normal two-dimensional Gorenstein
singularity. Then there exists a bijection between the following sets:

1. The set of special, indecomposable O x-modules up to isomorphism.

2. The set of pairs (E{,1) where E} is a divisor over X, such the minimal resolution given by
Lemma 6.12 is a non-positive resolution with respect to the canonical cycle and the Gorenstein
form does not have any pole in the component Ej.

ProOF. It follows from the Theorem 6.13. For the inverse just take a smooth irreducible curve Dy
such that intersects only the component F; and the intersection is transverse. O

Notice that if (X, z) is a rational double point, then the Corollary 6.14 is the McKay correspon-
dence given by Artin and Verdier [4].

Corollary 6.15 ([4]). Let (X,z) be a rational double point and denote by w: X — X the minimal

resolution with exceptional divisor E = U§:1 FE;. Then there ezists a bijection between the following
sets:
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1. The set of reflexive, indecomposable Ox -modules up to isomorphism.

2. The set of pairs (E;, 1) where E; is an irreducible component of the exceptional divisor E.

PROOF. Since the singularity is a rational double point we know that in the minimal resolution the
canonical cycle is equal to 0. This tells us that there exists a bijection between:

1. The set of pairs (E;,1) where E; is an irreducible component of the exceptional divisor F.

2. The set of pairs (E1,1) where Ej is a divisor over X, such the minimal resolution given by
Lemma 6.12 is a non-positive resolution with respect to the canonical cycle and the Gorenstein
form does not have any pole in the component F.

By Corollary 6.14 and the previous discussion we know that there exists a bijection between:
1. The set of pairs (E;,1) where E; is an irreducible component of the exceptional divisor E.
2. The set of special, indecomposable O x-modules up to isomorphism.

Now let M be a reflexive Ox-module, M the full sheaf associated to M and r the rank of M.
Take r generic sections and consider the exact sequence given by the sections

0—-0% =M= A —0. (2.2.1)

Applying the functor 7m,— to the previous exact sequence and since the singularity is a rational
double point, we conclude that R'w, M = 0. Now by Theorem 4.1 and taking in account that the
singularity is a rational double point we have that dimc¢ (Rlﬂ*./\/l) = d, where d is the specialty
defect. Hence d = 0 and this tells us that M is a special full sheaf.

Finally by Lemma 5.1 we know that the minimal resolution is the minimal resolution adapted
to M and by Theorem 5.8 we conclude that M is a special module. Hence any reflexive module is
special and this give us the bijection between

1. The set of pairs (E;,1) where E; is an irreducible component of the exceptional divisor E.

2. The set of reflexive, indecomposable O x-modules up to isomorphism.
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Part 11

Classification and properties of
some classes of real singularities
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Chapter 7

Background

7.1 Mixed function

Consider C" with coordinates z1,...,z,. Let Zz; be the complex conjugate of z;. We will write
zj = x; +iy; with z;,y; € R. To simplify notation we shall write z = (21,...,2,), 2= (Z1,..., Zn),
x = (21,...,2,) and y = (y1,...,yn). We also denote by 0 the origin in C", by C* the non-zero
complex numbers and by R* the positive real numbers.
Definition 7.1. Let pp = (g1, ..., pn) and v = (v1, ..., vy,) with 1, v; € NU{0}, set z* = 2" ...zl
and z¥ = z{* ...z,

We call f a mized analytic function if f is a complex valued function f: C* — C such that f
has a convergent power series of variables z and z,

f(z) = Zcu,yz“i” .
W,V
We call f mized polynomial, if f is a complex valued function f: C* — C such that f is a

polynomial in the variables z and z.

We consider f as a function f: R?" — R? in the 2n real variables (x,y) writing f(z) = g(x,y)+
ih(x,y), taking z; = z; + iy; where g, h: C" 2 R?" — R are real analytic functions. Recall that
for any real analytic function k: R?" — R we have

Ok 10k Ok\ ok _1(0k 0k
aZj N 2 8:1:j ﬁyj ’ 82} N 2 (9£Ej 5yj '
So we have
of _0g O 0f 99 .0y
82’]‘ N 625]‘ 82’]‘ ’ 85]‘ B 823' 82]' '
As usual, we define the real gradients of g and h by
oty (20 P9 0a 0y
RIX,Y) = ax17"'7axn7ayla"'7ayn )

oh oh  0Oh oh
drh ==\ . =, — ] .
R (X7 Y) <8$1 ) ) 8x” ) 6y1 ) 9 6yn,)
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Following Oka [27] set

- (420, ) - (2, 242).

The following proposition is an useful criterium to determine whether a point z € C" is a critical
point of a mixed function f.

Proposition 7.2 (Oka’s Criterium [27, Proposition 1]). Let z € C™. The following two conditions
are equivalent,

1. The vectors drg(z) and dgh(z) are linearly dependent over R.

2. There exists a complex number a € St such that df(z) = adf(z).

We need the following condition which will be automatically satisfied by the family of polar
weighted homogeneous polynomials that we will consider later.

Condition 7.3. If the monomial z; appears in f, then the monomial Z; does not appear in f.
The following lemma is a generalization of [3, Proposition 11.1] by Arnold.

Lemma 7.4. Fizi € {1,...,n}. If f is a mized polynomial with isolated singularity at the origin of
C™ satisfying Condition 7.3, then there exist a,b € NU {0} with a +b # 0, such that the monomial
282%x appears in f, with x € {21,721, ..., 2Zn, Zn}-

PROOF. Assume that for all a > 0, b > 0 there are no monomial z¢z?z. By Condition 7.3, f does
not have a linear term, if so, f = 0 has no singularity at the origin. Consider df and df on the
axis z; = -+ = 2;_1 = 2j11 = +-- = 2, = 0. This axis is a subset of f~!(0) and we have that both
gradient vectors vanish simultaneously. This means that the axis is included in the singular locus,
which contradicts the fact that f has an isolated singularity at the origin. O

Following Oka [27, §2.3] we have the following definition.

Definition 7.5. Let p1; = (¢4j,1,- .-, ftj,n) and v; = (51, ..., ;) be multi-indices and let f: C"* —
C be a mixed polynomial written as

m

f(z) = chzﬂjzl’j ’
j=1

where ¢y, ..., ¢, are non-zero. Consider the following matrices
pi1tria . pintVin H1,1—V1,1 - H1n—Vin
P= ( : : : ) , Q= ( : : : ) .
/—Lm,l:‘rl’m,l ltm,njrl/m,n )u'm,l;V'm,,l lu'm,n;um,n
We say that f is simplicial if m < n and the rank of the matrices P and @ are equal to m. We say
that f is radial full (respectivelly angular full) if n = m and P (respectively, Q) has rank n. If f

is radial and angular full, then we say that f is full. We call the matrix P the radial matriz and Q
the angular matriz of f.
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Define the associated Laurent polynomial f: C*" — C by
flw) = Z c;wHITVi
j=1

Theorem 7.6 ([27, Theorem 10]). Let f(z) be a full mized polynomial and let f(w) be its associated
Laurent polynomial. Then there exists a diffeomorphism ¢: C*™ — C*" such that f o ¢ = flcsn.
Corollary 7.7. The associated Laurant polynomial f: C*™ — C has no critical points.

PROOF. Let @ be the angular matrix. As in [25, page 68| define the map ¢g: C*™ — C*" by
'I)ZJQ(W) = (w’lfl’l_yl'l L. wzl,nfyl,n’ o ’wi“n‘l_ywt,l . wz-m,anvn,n)’

and define h: C*™ — C by h(w) = ciw; + - - - + Emwy,. Then we have that f(w) = h(yg(w)). By
[25, Assertion (1.3.2), page 109] v is a det(Q)-fold covering and clearly h has no critical points.
O

An useful property of a radial full or angular full polynomial is that we can have more control
on the coefficients c;.

Lemma 7.8. Let f be a mized polynomial and suppose that k rows of the radial matrix P are

linearly independent. Then under a change of coordinates we can assume that k coefficients are on
St.

Lemma 7.9. Let f be a mized polynomial and suppose that k rows of the angular matrix @ are
linearly independent. Then under a change of coordinates we can assume that k coefficients are on
RT.

Corollary 7.10 ([29, Lemma 8]). If f is full, then under a change of coordinates we can assume
that all the coefficients are 1.

We are just going to prove Lemma 7.8 (actually it is just an adaptation of the proof of [29,
Lemma 8]).

PROOF. [Proof of Lemma 7.8] We have f(z) = Z;n:l ¢;z"iz . We can apply a change of coordinates

Zj = Zg(;) With o a permutation of {1,...,n} so that the matrix
pia1+via oo MgtV
Pl — . . .
U1+ Ve1 oo Mkk T Vkk

is invertible.
We are going to construct a change of coordinates of the form z; — e%z; where t; € R with
j=1,..., k. Write ¢; = "6, and notice that we want some numbers e’/ € Rt such that

(ja +via)t+ -+ (g +vik)te = —a;

then we have the system
P/(tl,. . ,tk)T = (—0,1,. . .,—ak)T .

Since P’ is invertible we can solve this system. O
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7.2 Polar weighted homogeneous polynomials

Let p1,...,pn and g1, - . ., g, be non-zero integers such that ged(ps, ..., p,) = 1 and ged(q1, ..., qn) =
1. Let w € C* written in its polar form w = t7, with t € Rt and 7 € S*. A polar C*-action on C"
with radial weights (p1,...,pn) and angular weights (qi,...,q,) is given by:

trez = (tP' 18z, ..., tPr7iz,) . (7.2.1)

Definition 7.11. A mixed function f: C"* — C is polar weighted homogeneous if there exists
P1, - .., Pn POsitive integers, qi, ..., g, non-zero integers, a, ¢ positive integers, and a polar C*-action
given by (7.2.1) such that f satisfies the following functional equation

fltrez) =t*1¢f(z) . (7.2.2)

We say that the polar weighted homogeneous function f has radial weight type (pi,...,pn;a) and
angular weight type (q1,...,qn;C).

Sometimes it is more convenient to consider the normalized radial weights (p},...,p),) given by
p; = B and the normalized angular weights (q1,...,q,) given by ¢j = 4.

We will say that f is generalized polar weighted homogeneous if it satisfies (7.2.2) with p1, ..., p,
and q1,...,q, integers, i.e. some p; or g; can be zero or negative.

Remark 7.12. The definition of polar weighted homogeneous functions follows the original definition
given in [10] but allowing the ¢;’s to be negative. Other authors (for instance [27, 8]) call polar
weighted homogeneous functions to more general notions allowing the p;’s or ¢;’s to be zero; we call
this more general definition generalized polar weighted homogeneous functions to emphasize the
difference. Originally, the angular weights were called polar weights and this has caused some con-
fusion in the literature because some authors (for instance [28, 8]) call polar weighted homogeneous
to mixed functions which are weighted homogeneous with respect to the angular weights and not to
both radial and angular weights. To avoid this ambiguity in [5] the authors propose to use the term
mixed weighted homogeneous instead of what we call polar weighted homogeneous. We think it is
better to keep the term polar weighted homogeneous for the original definition given in [10] and use
the term angular weights instead of polar weights and respectively angular weighted homogeneous;
the reason is that the polar coordinate system on the plane consists of two coordinates: the radial
coordinate and the angular coordinate, and polar C*-actions are defined writing the acting element
w € C* in its polar form.

Example. As examples of polar weighted homogeneous polynomials we have:

1. Complex weighted homogeneous polynomials are a particular case of polar weighted homoge-
neous polynomials with no z; for j =1,...,n and with p; = ¢; and a = c.

2. A mixed polynomial in C" of the form

f(2z) = 121" Zo1) + - + 23" Zo(n). (7.2.3)
is called a twisted Brieskorn-Pham polynomial of class {a1,...,a,;0}, where each a; > 2,
j=1,...,n, the ¢; are non-zero complex numbers and o is a permutation of the set {1,...,n}

called the twisting.
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Twisted Brieskorn-Pham polynomials were the first examples of polar weighted homogeneous po-
lynomials and they appeared implicity in the work of Seade [35] and later were defined and studied
by Ruas, Seade and Verjovsky in [34].

Notice that given a polar C*-action on C", we get a radial R*-action on C" given by

txz = (P2, ..., tP"2,).

Sometimes we will be interested in the general case of real analytic maps f: R” — R¥, so we
also consider the following definition.

Definition 7.13. Let pi,...,p, be integers with ged(py,...,pn) = 1. Let f: R® — R™ be an
analytic map and consider an RT-action on R™ given by

txx = (tPray, ..., tP"x,) .
Let a be a positive integer. We call f a radial weighted homogeneous map of type (p1,...,pn;a) if
fltxx)=t"f(x),

where p; is a positive integer for j = 1,...,n. We say that f is a generalized radial weighted
homogeneous if p1,...,p, are arbitrary integers.

Proposition 7.14 ([10, §3],[27, §2]). Let f(z) be a generalized polar weighted homogeneous function
with radial weight type (p1,...,pn;a) and angular weight type (q1,...,qn;c). Then it satisfies the
following properties:

1. Euler identities:

- 0 - 0
of(5) =Y pagt @+ Yo nig @),
=1 =1
- 0 - 0
bi(e) =3 a7 g (a) ~ D a1 g (7).
j=1 J 1 J

2. The maps % and % are also generalized weighted homogeneous.
J J

3. The only critical value of f is 0.

4. Let a # 0. The fiber F,, := f~(a) is a manifold of real dimension 2(n—1) and it is canonical
diffeomorphic to Fy = f~1(1).

5. If the weights p1,...,pn are positive, then

(a) The function f is indeed a polynomial.

(b) The zero-set V.= f=1(0) is contractible to the origin.

(c¢) The restriction f: (C"\ V) — C* is a locally trivial fibration.
(d) The map

¢ = S S\ K. —» S, (7.2.4)

|/

is a fiber bundle, for any € > 0.
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(e) The fibration fsi := fly-1s1): f~1(S') = S! is equivalent to the fibration (7.2.4).
Furthermore, if the origin is an isolated singularity of V'

(f) V\ {0} is smooth.
(9) The sphere S2"~ of radius € around O is transverse to V for any € > 0.

(h) Let K. :=VNS2~1. Then for any €',e > 0, Ko and K. are S'-equivariantly diffeomor-
phic (Compare with [31, Proposition 3.1.3]).

Remark 7.15. If f: R™ — R™ is a radial weighted homogeneous map analogous to item 2 of
Proposition 7.14 we have that % is also radial weighted homogeneous.

In this thesis we restrict to the case when the radial weights are positive and non-zero angular
weights, that is, we are only interested in polar weighted homogeneous polynomials.

Lemma 7.16. If f: C" — C is polar weighted homogeneous and z is a critical point of f, then
t\ ez is a critical point for all th € C*.
The analogous statement is true for a radial weighted map.

ProoF. We will prove it for polar weighted homogeneous polynomials, the other case is analogous.
Since z is a critical point of f, by Lemma 7.2 there exists o € S' such that

/() _ _0f(2)

aZj o 323' ’

je{l,...;n}.

Since g—gj and a%fj are also polar weighted homogeneous, for any t € RT and )\ € S*

Of(t\ e z) _ ja—py \—b+a; 0f(z) _ ja—p; yb+a; @ 0f(z) ﬂ@f(t)\oz)

(9Zj 6Zj 20 82j T2 82j ’

therefore t\ @ z is a critical point of f. O

Finally let us say something about the Condition 7.3 and the property of being polar weighted
homogeneous polynomial.

Lemma 7.17. Let f: C* — C be a mized polynomial. If f does not satisfies Condition 7.3, then
it cannot be weighted homogeneous with respect to the S'-action.

PRrOOF. Since f does not satisfies Condition 7.3, then for some j we have that the monomials z;
and Z; appear in f. This tells us that we can write f as follows

f(2) = 2z +2z; + g(2),

where g is a mixed function.

Suppose that f is weighted homogeneous with respect to the S'-action, therefore there exist
q1,-..,qn non-zero integers and c a positive integer such that ged(qi,...,¢n) = 1 and f satisfies
the following functional equation

f(rez)=7f(z). (7.2.5)

where 7 € S! and
Toez=(T%z,..., 7"z, .
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Now we have that
f(rez)=71Yz+77YZ;+g(rez).

The previous equiality and (7.2.5) tell us that ¢; = ¢ = 0 but this is impossible by definition.
Therefore f cannot be weighted homogeneous with respect to the S'-action. O
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Chapter 8

The classification of polar weighted
homogeneous polynomials

Let f: C> — C be a complex weighted homogeneous polynomial with isolated critical point. Let
V = f71(0) be its zero-set and consider its link given by K = V N S°. It is now a classical result
by Orlik and Wagreich [31, §3.1] that the link of such polynomial is equivariantly diffeomorphic to
the link of a polynomial in one of six classes given explicitly in the aforementioned paper.

In this chapter we generalize Orlik and Wagreich classes for polar weighted homogeneous poly-
nomials with isolated critical point. The organization of this section is as follows. In Section 8.1
we prove that polar weighted homogeneous polynomials with isolated critical point at the origin
under small perturbation of their coefficients remain with isolated critical point (Corollary 8.7).
In Section 8.2 we give the classes of mixed polinomials which generalize Orlik and Wagreich clas-
ses. In contrast to the complex case, these classes of mixed polynomials are not automatically
polar weighted homogeneous, so we compute the explicit conditions for these families to be polar
weighted homogeneous with isolated singularity at the origin (Theorem 8.12 and Theorem 8.17).
As a result of these computations we list the classes which are full polar weighted homogeneous
polynomials (Corollary 8.14). In Section 8.3 we prove that the diffeomorphism type of the link of
a polar weighted homogeneous polynomial with isolated singularity at the origin does not change
under small perturbation of the coefficients of the polynomial (Theorem 8.20).

8.1 Isolated critical point under perturbation of coefficients

The aim of this section is to prove that given a polar weighted homogeneous polynomial with
isolated critical point, with a small perturbation of its coefficients it still has isolated critical point.

Definition 8.1. Let f = (f1,..., fm): (R",0) = (R™,0) be a map where m <n and f;: R® - R
is a polynomial for j € {1,...,m}. Suppose that

k;

£ = euPulx)

=1

where c;; € R* and P;; are monomials with coefficient 1.

89
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We can identify the set of coefficients ¢;; of f (up to a permutation) with a point in RE1+-+hm,
Let € > 0 and B(0,€) be the open ball in R¥1++km centered at the origin with radius e and let
p € B(0, ¢) with coordinates p = (p;;), j=1,...,mand l=1,... k;.

We can consider the polynomials

k]
fip(x (¢ji +pj)Pja(x)
=1

and the map
fo=frpr-- s frp): R* = R™. (8.1.1)

Suppose that f has an isolated critical point at the origin. We say that f is stable under a small
perturbation of its coefficients, if there exist € > 0 small enough such that f,, has an isolated critical
point at the origin for all p € B(0, ¢).

Remark 8.2. Suppose that f has an isolated critical point at the origin, let x € R™ be a regular
point of f and let My, ..., My be all the minors of size m x m of the Jacobian matrix of f.
Each minor M; is a polynomial on the variables x1, ..., z;, and if we fix the variables and allow to
change the coefficients of f, we have that M; is also a polynomial on the coefficients ¢y 1, ..., ¢m k., -
Therefore we think M; as a polynomial

M;: R™ x RFvHFhm R (8.1.2)

That f is stable under a small perturbation of its coefficient is equivalent to say that there exist
€ > 0 such that for any x € R™ \ {0} we have M;(x,p) # 0 for some j € {1,...,k} and every
p €B(0,¢) C RFFFhm,

The following lemma is a direct consequence of Lemma 7.16.

Lemma 8.3. Let f: R” = R™ be a radial weighted homogeneous map with m < n, (z},...,2,) €
R™ a regular point of f and M (x1,...,x,) be a m X m minor of the Jacobian matriz of f such that
M(zy,...,z)) #0, then M(to(zl,...7 xl)) #0 for allt € RT.
PROOF. Suppose that

0fin Ofin

89%1 e aibkm

M(zq,...,x,) = det : : : . (8.1.3)
afjnl afjnl
(’)xkl tee c’)zkm

Let (p1,...,pn;a) be the radial weights of f. The partials derivatives of f are radial weighted
homogeneous and they satisfy

Ofi(te (@1, o)) _ 1a=p; Ofi(x1, ... xn)
6:6]' 893]' ’

(8.1.4)

Therefore by (8.1.3) and (8.1.4) we have
Mte(xy,...,@y)) =t Per ™ Phm M (2q,...,2,) .

Therefore M(t e (z,... ) = ™ Pea=Prm M (2, ..., 2) #0 for all t € RT. O

n
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Corollary 8.4. Let f be a polar weighted homogeneous polynomial and zg € C a regular point of
f- Let M(z) be a 2 x 2 minor of the Jacobian matriz of f, seen as a real analytic map, such that
M (zg) # 0, then M(t ezg) # 0 for all t € RT.

PROOF. Since any polar polar weighted homogeneous polynomial is a radial weighted homogeneous
map, the proof follows from Lemma 8.3. [

Proposition 8.5. Let f: R® — R™ be a radial weighted homogeneous map. If f has an isolated
critical point at the origin, then f is stable under a small perturbation of its coefficients.

Proor. Let x € S?_l. By Lemma 7.16 the origin is the only critical point of f, therefore x is
a regular point of f and there exist a minor My of size m x m with My (x) # 0 and an open set
Uyx C R™ such that x € Uy and

[ M ()|

|Mx(x) _MX(Y)| < 2 )

for every y € Uy.
Therefore we have a cover of S7~! consisting of {Ux}xesn—1 and since it is compact, we have a
1

finite subcover {U;}. Denote by M; the minor corresponding to the open set U; and consider M;
as in (8.1.2). Now consider the following function D;: U; — R*

Dj(y) = sup {e > 0| M;(y,p) # 0 for every p € B(0,¢) C RFH+rmy |

where U is the closure of U; and take ¢; = min{ D;(y) | y € U; }. Consider ¢ = min{ey,...,€;},
therefore for every 0 < € <€,y € ST~ and p € B(0,¢) we have M;(y,p) # 0, for some minor M;.

Now using Lemma 8.3 we have that the same holds for any y € R™\ {0} and any p € B(0,¢’)
for every 0 < ¢’ <e. O

Corollary 8.6. Let f, = (fip,. -, frp): R" = R™ be a family of radial weighted homogeneous
maps as in (8.1.1). Then the subspace U of RF1++km of parameters p for which fp has an isolated
singularity is an open set.

Corollary 8.7. If f is a polar weighted homogeneous polynomial with isolated singularity, then f
is stable under a small perturbation of its coefficients.

8.2 Classification of polar weighted homogeneous polynomi-
als in C3

In this section we want to study polar weighted homogeneous polynomials f: C? — C with isolated
singularity at the origin. We do it in four steps:

First step We define families of mixed polynomials which contain terms which are necessary in
order to have isolated singularity.

Second step We give conditions on the exponents of the elements of these families to be polar
weighted homogeneous polynomials.

Third step Under a suitable change of coordinates we simplify the coefficient of these families
taking them to a special form.
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Fourth step In the special form we give conditions to have isolated singularity.
Following Orlik and Wagreich [31, §3.1] we have the following definition.

Definition 8.8. A mixed function f(z) is said to be of class I (respectively II,..., V) if there is a
permutation o of the set {1, 2,3} and non-zero complex numbers a1, az, az such that f(z,(1), 20(2), 20 (3))
is equal to

al —bl az —b2 as —bg
Lo oo 20" 2) + 0025?25 + agz3® 257,

aj =b as =b as =b
II. o 21" 27" + anzy® 2y 4 a323° 23° go,
IIL. 2820 + 0222202 g5 + 3223283
- Q12 2y 229722793 323723792,
IV. a2 2% 4+ 9222382 g; + 3283308
.22 229729701 323723702,
Vv ay 5b1 az bz a3 =bs
. 0121 2 g2+ QereT 257 g3 + 323" 257 g1,
where g; € {z;,%;} and, a; and b; are non-negative integers.

Remark 8.9. By Lemma 7.17 if a mixed polynomial does not satisfies Condition 7.3 it cannot
be weighted homogeneous with respect to the S'-action, therefore polar weighted homogeneous
polynomials satisfy Condition 7.3. Definition 8.8 lists all possible polynomials that one can get
applying Lemma 7.4 to a mixed function with isolated singularity. Notice that taking b; = 0
and g; = z; for i = 1,2,3 in classes I to V we recover Orlik and Wagreich classes I to V of
irreducible complex weighted homogeneous polynomials, their class VI corresponds to class III
taking as = a3 = 1.

In contrast with Orlik and Wagreich the classes in Definition 8.8 are not necessarily polar
weighted homogeneous, for example,

f(2) = |21l + |2l + |25

is a mixed function of class I but it is not polar weighted homogeneous. For this reason one has to
find the conditions that the a; and b; should satisfy in order to get a polar weighted homogeneous
polynomial.

Remark 8.10. Using the change of coordinates z; — Z; we can always assume that g; = z; but in
this case a; — b; can be positive, negative or zero. Hereafter we assume that g; = z;.

We will frequently use the following basic lemma.
Lemma 8.11. Let z € C and t € R. If z 4+ tZ belongs to R, thent =1 or z € R.

Theorem 8.12. Let f be a mized function of one of the classes of Definition 8.8. Then the
following conditions must be satisfied in order to f be polar weighted homogeneous:

Class I a; —b; #0 with j =1,2,3.
Class 11

a) aj —b; #0 with j =1,2,3 and ag £ by # 1.
b) al—bl#O, ag—b2:1, b27£0 andagzbg.
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Class III a; — by # 0 and as — by, a3 — bz are not both —1. Also:

a) as by and ag £+ b3 are not 1.
b) (a2 +b2)(as +b3) > 1, a2 —ba =1 and az — bs = 1.
C) agzagzlandbgzbgz().
Class IV
a) a; —b; £0 fori=1,2,3, a1 £by # 1 and (a1,a2) # (by — 1,by + 2).
b) a2:b2,a1—b1:10ndb17&0.
C) a3 =0b3, a1 — b1 #0, a1 +by >1 and (al,ag) = (b1 —1,by +2).

Class V (a1 — b1)(a2 — ba)(az — bs) # —1 and

{(aihaiﬂ) # (bi—1 + 1,bi41),

1=1,2,3.
(@i—1,ai11) # (biz1 — 1, bjq1 +2),
PROOF.

Class I Suppose that

f(z) = @128 20 + 925225 + (325258

In this case the radial and angular matrices are

ai+by 0 0 ai—b; 0 0
P = 0 as+bs 0 s Q = 0 as—bo 0 .
0 0 asz+bs 0 0 az—bs

In order to f be polar weighted homogeneous we want to find solutions to the system
P(p17p27p3)T = (]-7 ]-7 ]-)T ) Q(Q1aCI27QS)T = (17 ]-7 1)T )

with p; € Q* and ¢; € Q )\ {0}.
If some a; — b; = 0, then we can not solve the system, therefore a; — b; # 0 for j =1,2,3.

The solution of the system give us the normalized radial and angular weights so we need to
take m, m/, M and M’ to get the weights.

Class II Suppose that
f(2z) = a120" 20 4 928225 + 3253258 2y

In this case the radial and angular matrices are

ai1+by 0 0 a1 —b; 0 0
P = 0 astby 0 , Q= 0 az—by O .
0 1 as+bs 0 1 a3z—b3

We have two cases:
a) The easiest case is that P and @ are invertible. In this case we have that
aj—bj;é07 j:172,3.

The weights are just the solution of the system given by P and ) as in the previous case.
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By construction, P is always invertible, so suppose that () is not invertible but the system
has solution. In this case we have that a; — by, ao — by # 0 and a3 — b3 = 0. Therefore

we have
a1—b1 0 0
Q= ( 0  ax—bs o) ,
0 1°0

and since we want Q(q1,q2,q3)" = (1,1,1)7, therefore we have ¢ = 1 and as — by = 1.
Under this assumptions we have
ar+by 0 0
P:( larlzazq 0 > ,
0 1 2a3
although the matrix is invertible, if by = 0 (i.e. ag = 1), then ps = 1, so p3 must be 0 but
we do not allow this kind of solutions. Therefore by # 0. If f satisfies the aforementioned

conditions, then it is polar weighted homogeneous and the weights are just the solutions
to the systems given by P and Q.

Class III Suppose that

f(z) = alz‘fléll“ + 04225223223 + agz§3Z§322 .

In this case the radial and angular matrices are

ai1+b 0 0 ay—b; 0 0
P = 0 as+bo 1 s Q = 0 as—bo 1 .
0 1  asz+bs 0 1 az—bs

We have basically two cases:

a)

b)

If P and @ are invertible, then we have

det P = (a1 + bl) ((CLQ + bQ)(CL;g + bg) — 1) 75 0,
det @ = (a1 — b1) ((a2 — b2)(az —b3) — 1) #0

and since we always have a; + by # 0, then the conditions are

(ag +b2)(az +b3) # 1,
(a1 — bl) ((Clg — bg)(a;; — b3) — 1) 7é 0.

Suppose @ is not invertible but P it is invertible. Since a; — b; must be different from
0, then suppose that (az — b2)(ag — bs) = 1.
We have two cases, the first one is ag — by = a3 — bg = —1, then
alfbl 0 0
= 0 -1 1
@ ( 0o 1 —1> ’

but in this case we can not find ¢» and g3 such that go — g3 = 1 and g3 — g2 = 1, so we
do not have to consider this case.
The second case is ag — bo = a3 — b3 = 1. Under this assumption, we have

al—b100
Q= 0o 11]) .

0 11

The angular weights are deduced from this matrix and the additional condition comes
from the requirement to have non-zero integers.
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c)

d)

Suppose P is not invertible but @ it is invertible, therefore as + by = az + b3 = 1 and
the only solutions to this equation are:

as = a3z = 1 and by = b3 = 0,

as = bz =1 and by = a3z = 0,

az = by =1 and ay = b3 = 0,

as = a3z =0 and by = b3 = 1.
and since (as — ba)(as — bs) # 1, then the solutions are

as =bs =1 and by = a3 =0,

ag =by =1 and ay = b3 =0,
consider the equations

as =bg=1and by = a3z =0,

a1+b1 00 a;—b1 0 0
P (P - 0= (41).

0 11

therefore

but in this case g; = 1 and g3 = 0 but all the angular weights must be non-zero rational
numbers, therefore this case does not happen. The case a3 = by = 1 and a; = b3 =0
does not happen by an analogous argument.

Suppose P and @ are not invertible. Using the last ideas we have that the only solution
(up to a change of coordinates) is

agzagzlandbgzbgzo,

therefore b 00 b 00
al 1 a1 —01
P:( 0 11)7 Qz( 0 11),
0 11 0 11

therefore f is polar weighted homogeneous.

Class IV Suppose that

f(2z) = @128 20 + 0282252 2 + 325375 2

In this case the radial and angular matrices are

a)

ai1+bi1 0 0 a1 —b; 0 0
P = 1 as+bo 0 s Q = 1 as—bo 0 .
0 1 a3+bs 0 1 az—bg

Suppose P and @ are invertible, then a; — b; # 0.

Now if a; + b = 1, then p; = 1 but this gives us that po = 0 and this can not happen.
Using the same idea we can check that a; — by # 1.

Consider the system Q(q1,q2,93)" = (1,1,1) T, solving this system we get that

(a1 — bl)(ag — bg — 1) + 1
(a1 —b1)(az — b2)(as — b3) ’

q3 =

and since g3 can not be 0, then (a3 —b1)(as — by — 1) # —1. Since P is always invertible,
hence we just have to consider the following cases:
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b) Suppose ay = by, then the angular matrix is
a1—b1 0 0
o= ("1"1,0,)
hence a; — by must be 1. Notice that if b; = 0, then the radial matrix is
EAY
0 1 as+bs
but this implies that ps = 0 but this can not happen.
c) Suppose ag # bs and az = b3. Then the angular matrix is
ai—=b1 0 0

Q:( 1 aerO),
0 10

therefore g = 1 and since ¢; = ﬁ, then we have 1+ (ag — b2)(a; — b1) = (a1 — by).
The radial matrix is

a1+bqy 0 0
P = 1 az+by 0 5
0 1 2a3

notice that if a; + b7 = 1, then again p; = 0 but this can not happen.

Class V Suppose that
b _b b
f(z) = anz2] 2] 20 + 2252 252 25 + 325 Z5° 21 .

In this case the radial and angular matrices are

ar+by 1 0 ay—b; 1 0
P = 0 as+bs 1 s Q = 0 as—bo 1 .
1 0 asz+bs 1 0 az—bs

We have that

det P = (a1 + b1)(az + b2)(as + b3) + 1,
det @ = (a1 — b1)(az — b2)(az —b3) + 1,

hence P is always invertible. Suppose that @ is invertible, therefore

1 1 (az+b2)(az+b3) —(az+b3) 1
-1 _ ( 1 (a1+b1)(az+bs)  —(a1+b1) ) ,
det P\ —(az+b2) 1 (a1+b1)(az+bo)
Q—l 1 <(a2—b2)(a3—b3)( —(ai(—bs) ) ( 1 : )
= 1 a1 —b1)(as—bs —(a1—b1 s
det @ —(az—b2) 1 c (a1—b1)(az—bz)

and since the normalized weights satisfy

(p1,p2,p3) " =P (1,1,1)"
(qlaq27Q3)T = 71(1’1,1)T7

hence

_(ajoai+bj1)(ajp1 +bjp1 — 1) +1
Py = det P ’
(aj—1—bj—1)(aj+1 —bjp1 —1) +1

4= det Q ’
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for 5 =1,2,3 mod 3.
Since ¢; must be non zero, then
(@j—1 = bj—1)(aj41 —bjy1 —1) # —1,
for 7 =1,2,3 mod 3.
If det @ = 0, then the only solutions (up to a change of coordinates) are
al—b1:—1 andag—bgzag—bgzl,
al—bl :ag—bgzag—bgz—l.

In both cases the system given by @ has no solutions.

O

Corollary 8.13. Let f: C3> — C be a polar weighted homogeneous polynomial belonging to some

class of Theorem 8.12 and n € Q\ {0}. Then its normalized radial and angular weights are given
by:

1 /. 1

ClaSS I p; = m7 qi = m
Class I1.a
/. 1 r._ 1 ;o +by—1
b= ay+by ? P2 = az+by ’ D3+ (u2izl72)(2(13+bs) )
. 1 A | . —by—1
Q= a = o 4= az—by 7’ g3 = (a2i252)(2113—bs) :
Class I1.b
. 1 /. 1 /. b
pl T ar+by p2 C T 142by 0 p3 C T (1+2l2)2)b3 )
1 n
e =1 b= .
q1 a; — by’ g2 , qs a1 — by
Class IIl.a
r. 1 ;. 1—(as+bs) ;o 1—(az+b2)
P1s= Gt o P2 = {T(az+b2)(as153)) ’ P3 = [T (az+b2)(as+03)) °
. 1 ’ L 1—(a3—b3) ;oL 1—(az—b2)
G = a=p P2+ = T=(a2—b2)(as—bs)) ’ P3 = T=(a2—b2)(as—b3)) -
Class IIL.b The radial weights are the same as in Class III.a but
1 a1 —b;—n n
= — y 1= —— h = , mFa;— by
a4 a1 — by 43 ag — by a3 a1 — by #a 1
Class IIl.c The angular weights are the same as in Class IIl.a but
1 ai+by—n n
= — o 1= —————, = , 1<n<a;+b —1.
7 ay + by P2 ay + by Ps ay + by =TT
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Class IV.a
ro_ 1 I a1+b1—1 /. _ _(a1+bi)(az+ba—1)+1
b= ay1+by ? by = (a1+b1)(az+b2) b3+ = (a1+b1)(az+b2)(as+b3)
r._ 1 . a1—by—1 . (a1—=b1)(ag—ba—1)+1
@ = o= 92 ° = Tar—b1)(az—b2) ° 93 * = Taz—b1)(az—b2)(as—bs) °
Class IV.b

= /AP V— /. _az(142b1)=by
pl T 142by 0 p2 T (1+21)1)a2 ’ p3 T (1+2b1)a2(a3+b3) ?

=1, ¢y:=1—gq3(az—bs), ¢5€Q withqs#0 and q3(asz —bs) # 1.

Class IV.c
A | ’._ a;+b;—1 7. (a14b1)(az+ba—1)+1
D= oy o Py = (a1+b1)(az+bz2) P3 = (a1+b1)(az+b2)2bz
1 n
! ! !
P = , =1, = .
q1 ag — by D) q3 a1 — by

Class V Define

ri = (14 (a; + bi)(@it1 + bix1) — (ai—1 + bi—1))
s; = (14 (a; — b)(air1 — biy1) — (ai—1 — bi—1)),

fori1=1,2,3. Then

/o Ti /. S
b; = 1+(a1+b1)(az+b2)(as+b3) q; = 1+(a1—b1)(az—b2)(az—b3) *

PRrROOF. Solving the systems appearing in the proof of Theorem 8.12 for each of the classes. O

Corollary 8.14. Let f: C3> — C be a polar weighted homogeneous polynomial belonging to some
class of Theorem 8.12. Then

1. f is full if it is of one of the classes: I, Il.a, IIl.a, IV.a, V.
2. f is radial full if it is of one of the classes: IL.b, II1.b, IV.b, IV.c.

Corollary 8.15. Let f: C3> — C be a polar weighted homogeneous polynomial belonging to some
class of Theorem 8.12. Then there exists a change of coordinates such that we get:

Class I
b b 3 b
2PTE 4 252757 + 253 Z5°.
Class I1.a
b b b
21BN 4 252297 + 255 25% 2.
Class I1.b

=b _b b 1
21BN 4 29225 + T25% 2% 20, T €S
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Class IIl.a
ai b az =b asz =b:
21020+ 252 2y 23 + 257 Z23% 29,
Class IIl1.b
ay b az =b a3 =ba 1
2R F 22 2 T3 B 2, T EST.
Class IIl.c
220 4 292
Class I'V.a
aj b az =b asz =b:
21020 252 2y 21 + 250 230 20
Class IV.b
b b 3 5bs 1
2P 4 T292 2% 2 + 25° 2% 20, T €S
Class I'V.c
b b b 1
2N+ T252 2 0 + 25° 2520, T ES
Class V

2By 4 20275225 4 233258 2.
Proor. By Corollary 8.14 the polynomials in classes I, I1.a, ITI.a, IV.a, V are full, so just apply
Lemma 7.8 and Lemma 7.9. Also by Corollary 8.14 the polynomials in classes II.b, IIL.b, IV.b,
IV.c are only radial full. Applying Lemma 7.8 we can assume that all the coefficients are in S'.
Now, consider for instance Class IV.c. Its angular matrix has rows pairwise linearly independent,
hence, applying Lemma 7.9 we can make any two coefficients equal to 1. Suppose a1 = ay = 1,
taking the change of coordinates (z1, 22, 23) — (21, G329, 23) we get

ay $by bo—az az 5bo ag b3
21 21 tag 29" 2o 21 + 237 23" 22.

. : 0
For ap = a3 =1, let a1 = €*? and let 7 = e'=1-%1. Taking the change of coordinates (21, 22,23) —
(721, 22, Z3) we get the expresion we want.
The other classes which are radial full are analogous. O

Definition 8.16. Each of the polynomials given in Corollary 8.15 are called the special represen-
tative of its corresponding subclass.

Theorem 8.17. Let f: C> — C be the special representative of some subclass. Then

1. If f is of one of the classes I, Il.a, IIl.a, IIl.c, IV.a or V, then f has an unique singularity
at the origin.

2. If f is of one of the classes I1.b, II1.b or IV.b, then f has an unique singularity at the origin
if and only if T # —1.

3. If f is of the classe IV.c then f has an unique singularity if and only if T # 1.

PROOF.
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Class I We have

_ sa1—1_by saz2—1 b —az—1 _bs
(z) = (a127" 27", 022577 297, a325° " " 23%)

(8.2.1)
(z) = (brey 20 71 bozg? 2027 b3z§P el

a
< &

Suppose that (21, 22, 23) is a critical point of f, then by Proposition 7.2 there exist a € S*
such that

df(z) = adf(z) .
The previous equality and (8.2.1) give us the following system

704171 b1 _ ai *bl*1
a1Z) " et =abi 2T
agz52 1 2h2 = abyzi2 bt (8.2.2)

a3z53 7125 = abgz§aEh Tt

Suppose z; # 0 for some j € {1,2,3}, then by (8.2.2) we have

za;—1_b; ajzbj—1
a;jz;’ Tz =abjz’z; ,
computing the norm we have

ajlzj| %t = byl

so aj = b; which can not occur. Then 0 is the only critical point.

Class IIl.a We have that a; — b; # 0 with j = 1,2,3 and az 4+ by # 1. Again, computing df (z),
df(z) and using Proposition 7.2, there exist o € S' which gives the following system

—a1—1 b1 . ail —bl_1
a1 27T = ab 22T (8.2.3)

—agfl b2 =as b3 _ a —bz*l
2Z5% "2y + Z5°25° = abozg?Zy° (8.2.4)
a3Z53 12537y = abg2§3Ek T, (8.2.5)

Using the ideas of the previous case, it is clear that z; = 0. Now suppose that z5 # 0, we
have two cases:

1. If z3 # 0, considering equation (8.2.5) and using the norm we get that az = bs which
can not occur.
2. If z3 = 0, considering equation (8.2.4) and again using the norm we get as = bo.

We conclude that zo = 0 and using equation (8.2.4) we get that z3 = 0. Therefore the only
critical point is 0.

Class II.b We have that a; # b1, as — by = 1, a3 = b3 and by # 0. By Proposition 7.2, there exist
a € St such that

aZ TN = aby At (8.2.6)
—as—1 _bo ——a3 by __ as =ba—1
2%y 25" + TZ5° 23" = abazy? 257", (8.2.7)
—1 b3— ag—bg,*l

TasZg® 2370 = aTb325%Z5° 2o . (8.2.8)
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Again, we have that z; = 0 and we can simplify the equations to get

a2|z2|2(a271) + f|z'3\2a3 = afas — 1)2‘21223272 ,

(8.2.9)
fa3|z3|2(“3_1)z;322 = a7a323|23|2(“3_1)22 .
If z3 =0, then
aslzal2 ) = afay - 1)25225 72,
therefore zo must be 0.
If zo = 0, then
f|Z3‘2a3 =0,
therefore z3 must be 0.
Now suppose z3, z3 # 0. We can simplify equations (8.2.9) to the following equations
a2|zQ|2(a271) + 7|23)%* = aag — 1)z§22‘21272 ,
TZo = T2y ,
so we get
Ta2|22|2(a2_1) + 7'7"|,23|2“3 =T(az — 1)|22|2(“2_1) ,
therefore
220 (ras = 7(az = 1)) + [z = 0, (8210)
in particular Tas — 7(az — 1) must be a real number and by Lemma 8.11 we have that 7 € R,
hence 7 = +1.
We can simplify equation (8.2.10) to
2242707 4 [z52% =0, (8.2.11)
so we have that:
1. If 7 # —1, then the only critical point is the origin.
2. If 7 = —1, then f does not have isolated singularity, for instance the point (0,1,1)
satisfies (8.2.11) and by Lemma 7.16 all the points of the form (0, tP2,¢P3) for t € RT are

singular.

Class IIl.a Suppose that (21, 22, 23) is a critical point of f. We have that a; — by # 0 and ag — bo,
a3 — bz are not both —1, also as + by and a3 & b3 are not 1. By Proposition 7.2, there exist
a € St such that

a2 = by 2 E T
2701252 25 + 253258 = ab2? 25 2 (8.2.12)

2’212232 + agigS_lzé’SEg = ab3z§32§3_1z2 .
As before, we have that z; = 0. Since as + by and ag + b3 are not 1, then zo = 0 if and only
if z23 = 0.

For z; = 0 and 2923 # 0 by Theorem 7.6 and Corollary 7.7 the point (0, 22, 23) is not a critical

point of z5? 232 23 + 25° 233 2.
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Class III.b We have a; — by # 0 and as — ba, a3 — by are not both —1, also as + ba, a3 + b3 are
not 1 and as — bs = ag — bg = 1. The set of equations given by Proposition 7.2 is also given
by (8.2.12). As before, the first equation implies that z; = 0.

Suppose that (0, 22, z3) is a critical point of f, we can simply equations (8.2.12) to get

a2Z52 128 2y 4 23825 = alag — 1)252252 22y, (8.2.13)
=a2 a2—1 —ag—l a3—1— _ as —a3—2
Z5%292 7 + a3z 25 2y = alag — 1)25° 257 "2y . (8.2.14)

It is clear that zo = 0 if and only if z3 = 0.
Suppose 22, z3 # 0. Now we have that
f(O, 22, 23) = 2223(2(212_12(212_1 —+ 721313—12;3_1) 5

= 2923(|22|?@2 7D 4 a)zg[H @ Y) = 0.

Just as for the class II.b we have that if & = —1, then (0, tP2,P3) are singular points of f.
Therefore f has an isolated singularity if and only if 7 # —1.

Class IIl.c It is immediate.

Class IV.a We have that a; —b; # 0, a1 £b1 # 1 and (a1 — b1)(ag — ba — 1) # —1. We have the
following equations

—al—l b1 =a2 bz . al —bl—l
a2 22y = abiat 2T (8.2.15)

—as—1 by = —asz bz __ az by —1
2%y 257 7% + Z5° 257 = abezy?Zy° T 2y, (8.2.16)
37012852, = aby23P 2 Tz, (8.2.17)

If z; =0, then by (8.2.15) and (8.2.16)

a2 b2

2572y =0,
za3 bs _
23°23° =0,

therefore zo = 23 = 0.
If z5 = 0, then by (8.2.15)

a2 = by 2 2T

which implies
a1|Z1‘a1+b1_1 _ b1|21|a1+b1—1

and this only happens if z; = 0.
If z3 = 0, then by (8.2.16)

—as—1_bs = “bo—1
2725?2527 = abozd? 297 Tz

therefore
ag|z2| P27 2| = bylag| 2T 2y

so z1 =0or 29 =0.
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Finally suppose z1, 29, 23 are not 0, then by (8.2.17)
ag|zs|* P za] = bza| "0 T 2]

but this implies ag = b3.

Therefore f has an isolated singularity at the origin.

Class IV.b We have that as = by, ag — b3 # 0, a1 — by = 1 and b; # 0. Using the ideas of the

previous cases, we have

sa1—1_b —zaz b ay zb1—1
a1 27T T2y 29t = abiz{ 2T, (8.2.18)
Fapz32 12527 4 20020 = arbez827h2 Tz (8.2.19)
a32§371z§322 = abgzgg’égrlzg . (8.2.20)

Let (z1, 22, 23) be a critical point of f.
If 21, 29, 23 are not 0, then by (8.2.20)

aslzs|*® TP zg| = by|ag|®3 T3 2y

so az = bg but this can not happen.

Suppose z; = 0, then by (8.2.18)

—zaz by _
TZy%zy" =0,

s0 zo = 0 and by (8.2.19)

z32b =0,
therefore z3 = 0.
If 25 = 0, then by (8.2.18)

_a1—1_b “bi—1
a Z7 T2 = ab 2 2T

hence

a1|21‘a1+b1—1 — b1|Zl|a1+b1—1 )

but this only happen if z; = 0 and therefore z3 = 0.
If z3 = 0 and 23, 29 # 0, then by (8.2.18) and (8.2.19)

ap|z1 207D 4 72|02 402 = aby 22|z 2@ (8.2.21)

21 . (8.2.22)

azfl) =

7_—22|22|2( Z = OZTZQ|Z2|2(G‘271)

We have using (8.2.22)
TZ1 = QT2 ,

therefore by (8.2.21) and since a; — by = 1,
|21\2(“171)(a17' —aT+7T)+ |22|2a2 =0

and by Lemma 8.11 this only happen if 7 = £1.
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|Zl|2(a1_1) + |22|2a2 =0

but this can not happen.

If 7 = —1, then all the points of the form (¢,

tP2 () are singular points.

Therefore f has an isolated singularity if and only if 7 # —1.

Class IV.c We have that ag = b3, 1+ (a2 — b2)(a1 —

are not 0. The system is

bl):al—bl,a1+b1 751and al—bl,ag—bg

—a1—1_b —zaz b ay b1 —1
a1 Z7t T A F T2y 207 = abiztZ T, (8.2.23)
Fagzy? 12527 4+ 70920 = arbe2§272 T sy (8.2.24)
a3Ze3 12052, = abs 2322 Tz, (8.2.25)

If z; = 0, then by (8.2.23)

—za2 b

TZy 25" =0,
therefore zo = 0 and by (8.2.24)
smh g,
so zg = 0.
If zo =0, then by (8.2.23)
a1 270 = by 20 E T
computing the norm
a1|21 ‘a1+b1—1 _ b1|21|a1+b1—1

this only happen if z; = 0.
If z3 = 0, then by (8.2.24)

Fagzer 12lrz =

using the norm

a2|22‘a2+b2_1|21‘ = b2|2’2

az —bz—l

atbazy?Zy” " 21,

|a2+b2—1|zl| ,

hence if z5, z3 are not 0, then as = by but this can not happen, therefore z; = 0 or z5 = 0.

If 21, 29, 23 are not 0, then the equation (8.2.25)

a35g3712’3352

give us

zZ2

Using the polar action we can assume that 2z
and we can simplify equation (8.2.24) to

asw + 1 = baw

as+bo—1
2

where w = 72 z; and 7 = |z3]%%.

as —bgfl

ab3z3® 25 2z,

azo .

€ R™, therefore the last equality give us a =1

(8.2.26)
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Therefore agw — bow must be a real and by Lemma 8.11 this only happen if w € R, so 721 € R.
We can simplify the equation (8.2.26) to

w(ag —be) +7r=0. (8.2.27)

Notice that 1+ (ag — b2)(a1 — b1) = a1 — by only has the solutions

agzbg, al—blzl, or
ag—b2:2, Cl,l—blz—l7
but ag # be, therefore ag — by = 2 and ay — by = —1.

So we can simplify (8.2.27) to
2w+r=0,

this only happen if 727 € R™.
Multiplying equation (8.2.23) by z; we get

a1 29 4 72N = by

a2+b2—1 =
2

since w = Tz Z1,

_ai1 b a; =b
12y 200 + zow = b1271 2"

and b; = aq + 1, therefore
ali‘flz?lﬂ + zow = (a1 + 1)2‘1“21““ ,

SO
217 (@121 = (a1 +1)21) + 20w = 0, (8.2.28)

but |z1],2z2w € R, so by Lemma 8.11 the only solution is z; € R\ {0} and since w =
725270271z € R, then 7 must be 1.

If 7 = —1, equation (8.2.28) becomes
—|21|2a121 — z;2+b2z1 =0,

hence
2 b
Z1a1 +Z§2+ 2 =0,

but this can not happen since z; and zo are real numbers different from 0.

If 7 =1, equation (8.2.28) becomes
—zf‘“ + 2‘212%2 =0,

therefore (—1,1, Qﬁ) is a singular point.

Then f has an isolated singularity if and only if 7 # 1.
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Class V. We have 1+ (a; — b1)(az — b2)(as — bs) # 0. The system is

a1 7 T 0 2 4 253258 = aby 20 Eh T 2y (8.2.29)
Z 70 222 = b 2?2l s (8.2.30)
79220 4 azzg Tl = abz2$PE T ey (8.2.31)
If z; = 0, then by (8.2.31)
z922hr =0,
50 zz = 0 and by (8.2.29)
soash 0,
therefore z3 = 0.
If zo =0, then z3 = 0 and by (8.2.30)
s,

so z1 = 0.

For z12923 # 0 by Theorem 7.6 and Corollary 7.7 the point (21, 29, 23) is not a critical point
of f.

Therefore the origin is the only singularity. O

8.3 Diffeomorphism type of the link under perturbation of
the coefficients

In Section 8.1 we proved that given a polar weighted homogeneous polynomial with isolated critical
point, with a small perturbation of its coefficients it still has isolated critical point. In this section
we prove that under such perturbation the diffeomorphism type of the link does not change. We
follow the proof of [31, Theorem 3.1.4] by Orlik and Wagreich.

Proposition 8.18. Let f: C? — C be a polar weighted homogeneous polynomial of radial weight
type (p1, p2, p3;a) and angular weight type (q1, gz, q3;b) with isolated singularity at the origin. Then
f can be written as

f(z) = h(z) + g(2),
where h belongs to one of the classes of Definition 8.8, h and g have no monomials in common
and both are also polar weighted homogeneous polynomials of radial weight type (p1,p2,p3;a) and
angular weight type (q1, 42, q3;b)-

PRrROOF. Applying Lemma 7.4 several times we obtain that f must contain a polynomial h in one
of the classes. O
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Definition 8.19. Let f: C2 — C be a polar weighted homogeneous polynomial. By Proposi-
tion 8.18 it can be written in the form f(z) = h(z) + g(z) where h belongs to one of the classes of
Definition 8.8, h and g have no monomials in common and both are also polar weighted homoge-
neous polynomials. We say that f corresponds to that class.

Let f: C> — C be a polar weighted homogeneous polynomial with isolated singularity at the
origin. Let V = f71(0) and K = V NS®. By Proposition 8.18 we can write f(z) = h(z) + g(z). Let

f= Z%‘Mj ;
j=1

where M; is a monomial on the variables z;, Z; for ¢ =1,2,3 and

3 T
h:ZOéij, g:Zaij.
j=1 j=4

Given w = (w1, ..., w,) € C" consider the mixed function
T
Jw(@) = w;M;(2)
j=1

and let Vi = f1(0) C C3 be its zero-locus and Ky, = Vi N'S® its link. Notice that for a =
(a1,...,0.) € C" we have f, = f, Vo, =V and therefore K = K. Hence we have a family of polar
weighted homogeneous polynomials fy, : C™ — C where the parameter w belongs to the parameter
space C".

We want to construct a manifold M with a S'-action, an open set U C C" and a map ¢: M — U,
such that the action leaves ¢~1(w) invariant for all w € U, ¢~ (w) = K, equivariantly and ¢ is a
locally trivial fibration.

Consider the function k: C™3 — C given by

k(z,wq,...,w,) = ijMj(z) ,
=1

let

N=k'(0)= | | Vwx{w}cC*?,
weCr

C:=S°xC",

let ¢g: C™3 — C” be the projection onto the last r coordinates and set ¢; := ¢o|n-
Define
U:={wecC"|¢; (W) = Vi x {w} has an isolated singularity at 0} ,

M:=Cn¢ ' (U)= | | Kwx{w}cCt?,
welU
d:=d1|lpy: M —U.
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Notice that for any w € U we have that ¢~ !(w) = Ky x{w } and by Corollary 8.6 and Corollary 8.7
U is an open set. If fy, is a family of polar weighted homogeneous polynomials, another way to see
that U is open (pointed out to us by the referee) is the following: the singular locus

_ ont1 + | Jw(z) =0 is singular at (z,w)
W= { (z,w) €8 xC | as a mixed variety in {p} x C"

is a real algebraic set as it is defined by the vanishing of 2 x 2 minors of the Jacobian matrices
of the real and imaginary part of f,(z). In particular it is a closed set. So the projection of the
complement of W onto C” is open and it is precisely U. We have that

1
To(21,22,23, W, ..., wp) = (T8 21, 7229, 7B 23, w1, ..., wy) Tes
is the required S!'-action on M.

Theorem 8.20. The map ¢: M — U is a locally trivial fibration.
PROOF. The proof is a generalization of the proof of [31, Theorem 3.1.4] by Orlik and Wagreich.
Step 1: The map ¢: M — U has no critical points.

Let m = (z,wy,...,w,) € M and w = (wy,...,w,). Let kj,ky: C"T3 = R2("#3) 5 R be the
real and imaginary parts of k respectively. Consider the matrix of partial derivatives at m

12} 12} )
oo (f g
Twi(m) Tyf(m) . Oyriz (m) ’
we are taking coordinates z; = x; +1y; for j = 1,2,3 and wj_3 = x; +ay; for j =4,...,7.

Since m € (;Sfl(U), the point z € C? is a regular point of f,, and the six first columns of A are
precisely the Jacobian of fy at z € C? therefore the rank of A is 2 and m is a regular point of k.

Let T, N and T,,C denote the tangent spaces at m to N and C respectively. We know that
T,,C is the real hyperplane orthogonal to (z,0,...,0).

Using the radial action given by f, we have an action on C"*3 given by

tx(z,w1,...,w,) = (tez,wy,...,w)

for any t € RT.
With this, we have that k(¢ * (z, w1, ..., w,)) = t*k(z, w1, ..., w,), therefore if we denote by

d
V= @(t*m)|t:1 = (p121,p222,P323,0,...,0)
then v € T, N and v ¢ T,,,C, therefore T,,, N and T,,C intersect transversely at m.
So we can denote by T,, M the tangent space at m to M and we have that T,,M = T,,NNT,,C.
We need to prove that
ker ¢o + Ty M = C"3 .

Since T,,C = {(v1,v2,v3) € C3|R(z, (v1,v2,v3)) = 0} x C" and T,,M = T,,N N T, C, then it is
enough to prove that
ker ¢g + T}, N = C"*3.
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Denote by {e1,...,ez(r43)} the canonical basis of R2(r+3) >~ €3 50 we have that e;j € ker ¢g for
j=1,...,6.
Notice that

ok Ok T ok Ok T
T (g gh2 T (&M g2
Aegj_q = <8xj (m), oz, (m)) , Aey, (Byj (m), a9, (m))

for 7 =1,2,3.

Since m € ¢; ' (U), then there exists two vectors ej,,e;, such that Ae] # 0, Ae], # 0 and
AejT1 + tAejT2 # 0 for all t € R. Therefore we have two vectors e;,, e;, € ker ¢y such that e;,,e;, &
T,,N and

span {e;,,e;, } NT,,N =0,

therefore the intersection is transversal.

Step 2: The map ¢: M — U is proper.
Let L be a compact subset of U C C". We have that

M=(S*xC)NNN(C*xU),

and
dHL)=(S>xCHYNNN(C*xL)= (S x L)NN c C*>".

Since S° x L is close and bounded and N is closed in C3*" hence ¢~1(L) is compact in C3*",
therefore ¢ ~1(L) it is also compact in M with the subspace topology. This proves that ¢ is proper.

Since ¢: M — U is a proper submersion, by Ehresmann Fibration Theorem it is a smooth fibre
bundle over it image. O

Corollary 8.21. Let ¢: M — U be as in Theorem 8.20. Let w € U and consider the polar weighted
homogeneous polynomial with isolated critical point f. Then there exist a ball B(W,€) centred at
w such that for any w € B(W, €) the link Ky of fw is diffeomorphic to the link Kg of f.

Remark 8.22. Recall that we considered f: C3 — C being a polar weighted homogeneous polynomial
with isolated singularity at the origin written as f(z) = h(z) + g(z) by Proposition 8.18 and such
that

[= Z%‘Mj )
j=1

where M; is a monomial on the variables z;, z; for i = 1,2,3 and

3 T
h:ZOZij7 g:Zaij.
j=1 j=4

By Theorem 8.17 the vector wo = (1,1,1,0,...,0) € U (except for the class IV.c for which we
take wo = (1,-1,1,0,...,0) € U), and also a € U. It may happen that the set U C C" is not
connected, in this case we cannot conclude that Ky, = ¢~ (wy) is diffeomorphic to K, = ¢~ ()
as in the complex case. If this is the case, one has to study the connected components of U.

This phenomenon is shown in two variables in an example given by Oka in [28, Example 59] or

[5, §3.2].
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Corollary 8.23. Let f be a polar weighted homogeneous polynomial with isolated singularity at the
origin and let K be its link.

e In the classes II.b, II1.b IV.b or IV.d, the diffeomorphism type of the link K of f is the
same for any T # —1. In particular, we can take T = 1.

e In the classe IV.c, the diffeomorphism type of the link K of f is the same for any 7 # 1. In
particular we can take T = —1.

PROOF. Let f be a special representative of each of the aforementioned classes. If we vary 7
in C by Theorem 8.17 for classes IL.b, IIL.b IV.b or IV.d the locus where f has non-isolated
critical point is the non-positive real ray. Also by Theorem 8.17 for class I'V.c the locus where f

has non-isolated critical point is the non-negative real ray. Therefore in these cases U is connected.
O

The word classification in the title is meant in a coarse sense: by Proposition 8.18 every polar
weighted homogeneous polynomial with isolated singularity corresponds to one of the subclasses of
Corollary 8.15. By Remark 8.22 the parameter space can have several connected components, so
the natural step to follow is to study the topology of the Milnor fibre (Milnor number, characteristic
polynomial, etc.) for the special representatives of each subclass and then study how this topology
change when we change connected component. This will appear in a future work.



Chapter 9

The embedding method

Given a mixed function a natural question is: Is it possible to find a holomorphic function such
that both zero set are topological equivalent?

The first example of a mixed function which is topological equivalent to a holomorphic function
was given by Ruas, Seade and Verjosky in [34], they proved that the zero set of the polynomial

_b an—1=bn— n =bn .
f(z) =212+ -+ 2,"7'2," 7 + 2oz, witha; >b; > 1

is homeomorphic to the Brieskorn variety defined by the polynomial z‘frbl + -+ 2977 hence
the corresponding links are also homeomorphic, and that the corresponding Milnor fibrations are
topologically equivalent [34, Theorem 4.1]. Later Oka generalized their result to the family of
simplicial polynomials [29, 20] and proved that the Milnor fibrations are diffeomorphic.

In this chapter we will introduce “the embedding method” which will allow us to give a different
proof of the result given by Oka and later will be used in order to define the mixed GSV index.

9.1 Oka’s isotopy theorem
9.1.1 The real embedding

Consider the map given by
cp: C" — C™,

9.1.1
Z +— Z. ( )
Let id,, : C™ — C" be the identity map and consider the following embedding
en = (idp,cp): C* = C" ® C",
( ) (9.1.2)

z— (z,2).

Remark 9.1. Notice that the image H = €,(C") is a 2n-dimensional real subspace of C” & C™.
We are going to generalize the map e,. Set n = {1,2,...,n}, so the cardinality |n| of n is n.
Let K be a subset of n, such that |K| = k. Define the projection
pr: C" — CF,

9.1.3
(215 s 2n) = (Zigy Zigy -+ 5 Zig, )s where i, € K, forr=1,... k. ( )

111
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Let K,L C n such that |K| =k and |L| = [. Define the map

ex,r = (pr,cropr): C" = CF @ C!
(z1y. .y 2n) — ((Zi1,2¢2,-~-,Zik),(5j175j2,~-.753‘,,)).
So we have that e, = e, p.
Let f: C* — C be a mixed function. We define the following two subsets of n
K = {i € n | the variable z; appears in f },
L = {j € n | the variable z; appears in f }.
We also ask that K U L = n, otherwise, let J be the complement of K U L in n and suppose
|J| = 4, hence we can consider the function f defined on C"~7 instead of C" using the coordinates
with indices in K U L. Suppose that |K| = k, |L| = [ and consider the complex space CF @ C!
with variables 21, ...,z ,w1,...,w;. Define a function F: C* & C' — C by replacing in f each
variable z;  with j, € L by the corresponding complex variable w;, . The function F' is called the

holomorphic function associated to the mized function f. It is easy to see that the following diagram
is commutative

cr kgl

so we have that
f:FOGKyL. (914)

Set

Vf:f_1(0)7 Vf*:Vf_{O}7
Vi =F(0), Vi = Vg — SingVr.

Let z € V. As usual denote by T,V{ the tangent space of Vi at the point z. We use the
analogous notation for the points in V.
As before, denote by H the image ek 1,(C™). Notice that

V; = VpNH. (9.1.5)

Lemma 9.2. Letz € V. Then ek 1(z) € Vj.

PROOF. Sincez € V' we have that rankg D f, = 2. Suppose ek,r(z) € SingVr, then rankg DF,, | (z) <
2. By (9.1.4) and the chain rule we have that Df, = DF,,. , () © ek . Hence

2 =rankg D f, = rankg(DF,, , (z) © ex,) < rankg DF,, (5 <2,

which clearly is a contradiction. O

Lemma 9.3. Let z € Vy such that ex,1.(z) € Vi:. Then, z € V' if and only if Te, (o) Vi th H.
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PROOF.  Suppose z € Vi, then dimp T,Vy = 2n — 2. Since eg,r(z) € V3 we have that
dimg T, yVi = 2(k +1) — 2. We also have that dimg 4 = 2n. On the other hand we have
that

k,L(z

TV} =T, Vi H. (9.1.6)

x,L(

Hence, codimg T¢,. ,(»)Vp N H = codimg Tt , (-)Vp + codimg H, and this is the case only if
Ter(z)Vr M H.

Conversely, suppose that Tt () VF M H. We have that f = F o ek, and by the chain rule
Df, = DF,; ,(2) © ex,z- The rank of the map ek 1 is 2n, since ek 1(z) € Vp, we have that
dimg Toye () Vit = 2(k +1) — 2. Since Toye , (Vi M H we have that dimg Ty , () Vi 0 H = 20— 2,
Hence, by (9.1.6)

K,L(z ,L(

dimg TZVJZ" =kerDf, =2n — 2.
Therefore the rank of Df, is 2 and z € V. O

Consider the standard Hermitian product { , ) on C™; the Hermitian inner product on the direct
sum CF @ C! gives also the standard Hermitian product

(,):CtpcCl =,
k l
((z,w), (2, W) = %2 + > w;i).
j=1 j=1

Recall that the Euclidean inner product on C™ is given by the real part of the Hermitian inner
product.

Denote by S2"~1 the (2n — 1)-sphere in C" of radius € > 0 with centre at the origin. Let z € C"
and consider the following tangent spaces:

8™ = {v € C" | R(z,v) = 0},

Izl

Ten(z)Sﬁ;—é)” ={weC"®dC" | Ren(z),w) =0}.
We have the following proposition:

Proposition 9.4.

. 2n—1 4n—1
€n - TZSHZH — Te"(z)SHen(Z)H' (917)
Proor. Forwv e TzSﬁ:\Tl we have R(z,v) = Z?:l zj; = 0, then
Rie(z), e(0) = R{(2,2), (0,0)) = R(Y 2505 + > 2707) = 20> 237) = 0
j=1 j=1 j=1

9.1.2 Oka’s isotopy theorem

Following [29, 20] consider the following families of mixed polynomials
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Let a = (a1,a2,a3) and b = (b1, by, b3), with a;,b; e Nand a; > b; >0,i=1,...,n..

fa(z) = 2020 + 257257 + 2572, (9-1.8)
fB(z) = 28120 2 + 252202 25 + 293753 (ag,a3) # (ba + 2,b3 — 1), (9.1.9)
(a1 —b1)(az — b2)(as — b3) # —1,
(@i—1,ai41) # (bi—1 + 1,bi41),

(ai—1,ai41) # (bim1 — 1,bi41 +2),
i=1,2,3.

fo(z) = 22 20 + 25725 23 + 25225 2, (9.1.10)

With the given conditions on the exponents, these correspond respectively (up to a change
of coordinates) to classes I, IV.a and V of polar weighted homogeneous polynomials given in
[11, Theorem 4.5], which generalize Orlik and Wagreich classes of complex weighted homogeneous
polynomials with isolated critical point, given in [31, §3.1]. These mixed polynomials are simplicial
full [11, Corollary 4.7] and have isolated critical point [11, Theorem 4.10].

Now define
N Zj if a; — bj >0
h] (Z]) o { 2]‘ if a; — bj < 0.

for 7 = 1,2,3 and consider the maps

ga(2) = h(20)! ™70 B (29) 2021 ()07,
gB(z) = hy(21)1 78112y 4 ho(29)192 702l 25 4 hg(z5)lea el
go(2) = hy(21)1 970 2 + ho(29)192 7520 25 4 hg(23)la87bsl5

Consider the map f;;: C* — C given by f1+(z) :
the family V;; = fljtl(O) where [ = A, B, C.

(1—t)fi(z)+tgi(z) for 0 <t <1 and consider

Lemma 9.5. The function fi4(z): C* — C has an isolated critical point for any 0 <t < 1 and
l=A,B,C.

PrROOF.
Case [ = A Under a change of coordinates we can assume that
ga(e) = 20170 #2527 20
and this case was proved by Oka [29, Lemma 1].

Case [ = B Under a change of coordinates we can assume that

95(2) = 21" 2o + ha(z0)1%2 702 25 + hy(zg)lea sl

The case ag > by and ag > by was proved by Oka [29, Lemma 9].
Suppose that as < by and az > b3, then

ay—b sba—a az—b,
gB(z) = 21" 2o + 252 g + 250 2.
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For ¢t = 0,1 the assertion is true by [11, Theorem 4.10], therefore suppose ¢t € (0,1). We have
that

fei(z) = (1 - t)(zi“éi’lzg + 23223223 + zggigg) + t(z?l_blzg + 232—@23 + zga_b'“").

Suppose that (21, 29, 23) is a critical point of fp, then by Proposition 7.2 exist a € S' such
that

dfp.+(z) = adfp (z).

This equality gives us the following system

T (L= a2+ tar — b)) = a(l = b R (6.1.11)

A =Dl 1) + (1= 1)aaz5? T 2325 = a2 T as((1 - balal**? + t(b2 — a2))
(9.1.12)

21 = ag|z ™ + tag = bs)) + 2377 (1= D]z +1) = a1 = )(bs25" 27 ).
(9.1.13)

Suppose z3 # 0 and let s = min{j |z #0, k > j}.
If s = 1, multiplying (9.1.11) by z; we get
Etllliblzg((l - t)a1|z1|2b1 + t(a1 - bl)) = Z?libIZQ(Oé(l - t)b1|2’1‘2b1) y
computing the norm and since |z1], |22| # 0 we have
(1 — t)a1|21|2b1 + t(a1 — bl) = (1 — t)b1‘2’1|2b1 ,
therefore
(a1 = b1)((1 = t)]1]* +1) =0
and this can not happen since (a; —by) #0, t € (0,1) and |z1| > 0.
If s = 2, using (9.1.12) we get a contradiction in the same way as in the previous case.
If s = 3, using (9.1.13) again we get a contradiction using the same idea.
Finally, suppose that z3 = 0 and define k = min{j |z, =0, k > j}.
If k=3, by (9.1.13) and the fact that as — bs # 1 (see conditions of family I'V.a)

(1—1t)|z|**2+t=0,

and this can not happen.
If k=2, by (9.1.12)
(1—t)]z* +t=0,
but again, this can not happen.
Therefore k = 1, so the origin is the only critical point.

The cases as > bs, az < bz and as < ba, a3z < bz are analogous.
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Case | = C For t = 0,1 the assertion is true by [11, Theorem 4.10], therefore suppose ¢t € (0,1). If
a; > b; for j =1,2,3 then,

fou(z) = (1 —t)(z zi’ 29 + 25 zg z3 + 23323321) + (2]t b1 + zgz_b223 + z§3_b3zl).

Suppose that (21, 22, 23) is a critical point of fo s, then by Proposition 7.2 exist o € S such
that

dfc+(z) = adfc(z).
This equality give us the following system

Z T (1 = t)ay |z |2 + t(ar — b1)) + 25270 (1 — t)|z3]%2 + 1) = a1 — t)by 281 20 1 2y

(9.1.14)
=a2— b2 1= a1 b1 2b1 — a b2 1
Z Z3((1 = t)az|22** + t(az — bo)) + 2 7" (1 = 1) 21" + 1) = a1 — 1)b225225" 125
(9.1.15)
=a3— b3 1- _ _ ag b2 _ 2b2 _ _ as bg 1
zs z1((1 — t)as|z3|** + t(as — b3)) + (1 —#)|z2]*2 +t) = (1 — t)b325°25° " =
(9.1.16)

If z; =0, then by (9.1.16)
292702 (1 — ) |29|®2 +- 1) = 0,

therefore zo = 0 and then by (9.1.14)
25270 (1 — )]z +t) = 0,

hence z3 = 0.
Suppose that z3 = 0, then by (9.1.15)

zlflfal((l —t)|z1|* +t) =0,
therefore z; = 0.
Finally suppose that z; # 0 for j = 1,2, 3. Here is were we use the embedding method.
Consider the function He;: C5 — C given by
He,i(w) = wi ™" wp (1=t)wi w)’ +1)+ws? ™ 2wy (1=t wy?wg? +1)+w§* ™ wy (1t wgwg? +1)
and the map
e: C* = C°
z — (z,%),

therefore

foi(z) = Hoy(e(z)) .
Since e is a R-linear embedding, its differential is e itself. Let z € C3 and consider v € C3 as
a real tangent vector of C3 at z, hence we have that

d(fot)z(v) = VHc(e(z)) - e(v) .
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Notice that even though VH¢ (e(z)) is C-linear, the map d(fc )z is only R-linear since e is
only R-linear. Now we have that
VHe(w) = (1= B)(arwd ~wftw; + w§ul?) + (@ = bw =" s + wp ™),

wi* w4 + asws?” 1w22w3)+t(w?1 —b + (ag — by)ws?~ b= 1’[1}3),

(
(w§2w5 + azwg®” w6 Swy) + t(wsy? b2 + (a3 — bg)wg®~ b3~ ly),

Therefore
VHc,(e(z)) = (Zi”_bl 2o ((1 = tar|zn|™™ + t(ar — b)) + 2577 (1 = £)]z3* + 1),
2927027 o0 (1 = B)ag| 2?2 + t(ag — b)) + 2070 (1 — ) |21 [P + 1),
2357057 (1 — t)as|z3]®* + t(az — b)) + 252722 (1 — t)|22]?2 + 1),
(1= )bz 2z,
(1= t)ba25? 22 2,
(1-

b3—1
t)bgz53 2% zl).

Since z; # 0 for j = 1,2,3, then e(z) is a regular point of the holomorphic map Hc
and the kernel of VH¢(e(z)) is a complex subspace of complex codimension 1, that is,
of real codimension 2. In order to prove that z is a regular point of fc: we need to find
a 2-dimensional real subspace in the image e¢(C?) which is complementary to the kernel of
VHc(e(z)).

Consider the following real basis of C3:
v = (21,0,0) 5 Z"Ul = (i21,070) s
Vo = (O,ZQ,O) s iUQ = (0,i2270) y
V3 = (0, O, 23) 3 7;’03 = (O, 0, iZg) 59

and define
Py = (1= t)(a; + b))l +t(a; — by)
Qj = (1 —t)(a; — bj)|z[*" +t(a; — b)) . (9.1.17)
Ry = (1 —t)|z_1[? +t.

We have that

VHe(e(z) e(vy) =207 2P 4 25372 Ry, VHe(e(z)) - e(ivy)
VHei(e(z)) - e(va)| = 252723 P + 20" " 23Ry, VHei(e(2)) - eivg) "
VHc,(e(z)) - 6(’1]3)T = 233" bs o Py + z‘;?*b?zgRg, VHc,(e(z)) - e(ivg)T

Z( a1= b1Z2Q1+Z(15 b521R1)7
(252" b223Q2+zl blZQRQ),

i(z§37b321Q3 + zgrbzzgRg) )
(9.1.18)
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We want to check that e(v;) and e(ivj), j = 1,2, 3, are not in the kernel of VHc ;(e(2)).

Suppose that
VHei(e(z) e(v1) = 207" 2Py 4 2537 %2 Ry = 0. (9.1.19)

Multiplying equations (9.1.14), (9.1.15) and (9.1.16) by z1, Z2 and Z3 respectively we get

2702 ((1 = t)ay |z [ + t(ar — b)) + 252752 Ry = a1 — t)by 28 P 221 [ (9.1.20)

292702 25((1 — t)an| 22?2 + t(ag — by)) + 28 " 2Ry = (1 — t)bp252 2 23] 25|22 (9.1.21)

2;371)321((1 — t)a3|23|2b3 + t(a3 — bg)) + 222 b22’3R3 = Oé(l - t)b3233 b321|2’3|2b3 (9.1.22)
using equation (9.1.20) and the conjugate of (9.1.19) we have

(1 — t)blz‘“ b ‘21|2b122 = Ztlll blZQ((l — t)a1|z1|2b1 + t(a1 — bl) Pl)

= 217015 (1 — t)by| 21 |?™,

therefore
ity = —z g,
Now multiplying (9.1.21) by 287" 2, we get
@z 70 25 (1 — £)bg222 702 | 29|22 25 = — 28270225201 7012, (1 — 1) bg |2 |22

= 2527022590701 50 (1 — t)ag|22|*? + tlag — ba)) + |21 70|25 Ry

Hence we get
— R(252 P 2520 P 2) (1 — £)ba20]
= R(257 722320 M 22) (1 — taz|22™™ + t(az — b)) + 21> ") | 22| Ry
= R(252 2320 " ) (1 — t)az|22*™ + t(az — ba)) + 212 70 | 20| Ry

" R(252702 2320 701 25) Py 4 |21 |2 70| 25| Ry = 0. (9.1.23)
Also
— (292" bzzgz‘l“ “biz Z2)(1 — t)by| 20|
S (Zgz P2 2520 Mz ((1 — t)ag|z2[* + t(as — b)) + |21|2(a17b1)|22|R2)
= (252252 " 2) (1 — t)al 22 + t(az — b2))
SO

(25> 23z M 2)Q2 = 0

and since Q3 # 0, then 252722379 7% 2, ¢ R and using (9.1.23) we get

202 b2, Py + 20 b1 Ry = 0. (9.1.24)



9.1.

OKA’S ISOTOPY THEOREM 119

Using equation (9.1.21) we get
2;271)223((1 - t)a2|22|2b2 +t(ag — ba)) — 53271)223]32 =al — t)b22527b22’3|22|2b2

hence

—25“2_[’2 Z3 = ozerb2 23.

Therefore equation (9.1.21) is just
0= 5;271)253((1 — t)a2|22|2b2 + t(a2 - bQ) + (1 — t)b2|Z2|2b2) + EflibligRg
= Eg2ib253P2 + 2;1171)122}32
= Zgg_bQngz + Zill_blzgRQ
= VHc(e(z)) - e(va) "
In the same way we get
VHe(e(z)) - e(vs)" =0.
This give us the system
Z?l_blzgpl + ng_b321R1 =0
zgz_bzngg + lell_bIZQRQ =0

az—b as—b
2’33 S21P3+ 2’22 223R3 =0

therefore
Z§3_b321(R1R2R3 + P1P2P3) = 0

but this can not happen since z§37b3z1 #0and R;,P; >0 forall j=1,2,3.
Using a similiar argument we can deduce that
VHec(e(z)) e(vy)T #0 VHe(e(z)) - e(iv;) T #0 (9.1.25)
for all j =1,2,3.
Finally suppose that for all j = 1,2, 3, there exists s; € R such that
VHc(e(z)) - e(vj + s;iv;) = 0.
this gives us the system
ZtlllibIZQ(Pl + iSlQl) + Z§37b321R1(1 + i81) =
Z;Zﬁb22’3(P2 + iSQQg) + Ztlllibl 22R2(1 =+ iSQ)
Z§3ib32’1(P3 + i83Q3) + ZgzibQZgRg,(l + ’L'S3) =

0
0
0

therefore

Zg3_b32’1 (Rl(l + iSl)RQ(l + iSQ)Rg(l + ng) + (P1 + iSlQl)(PQ + iSzQQ)(P3 + ngQg)) =0,
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and since z; # 0 for all j = 1,2,3, then
Ri(1+is1)Ra(1 4 isg)Rg(1 +is3) + (Pr + i51Q1) (P2 +i52Q2)(Ps + is3Q3) = 0,
and using the norm we get

|R1(1 + iSl)Rg(l + ng)Rg(l + i83)| = |(P1 + iSlQl)(PQ + iSQQg)(Pg + iS3Q3)|. (9.1.26)

We have that 0 < Rj;1 < Q; < P; therefore
(1 +isj)Rja|* = Ry + 7R3 < P} +55Q5 = | Py +is;Qy°
hence
|R1(1+is1)Ra(1 +is2)Ra(1 +is3)|> < [(Pr+i51Q1) (P2 + is2Q2)(Ps + is3Q3)|?

and this can not happen by (9.1.26).

Therefore for some j € {1,2, 3} we have that VH¢ ¢ (e(2z))-e(v; +siv;) # 0 for all s € R. Thus
we have found a 2-dimensional real subspace in the image e¢(C?) which is complementary to
the kernel of VH¢ ((e(z)) and therefore z is a regular point of fc .. So the origin is the only
critical point.

Using the same method we can prove the assertion for the rest of the cases.

O

Again consider the map f;: C3 — C given by fi+(z) := (1 —t) fi(z) + tgi(z) for 0 < ¢ <1 and

the family Vi, = f,,'(0) where I = A, B,C.

Proposition 9.6. For any 0 < t < 1 and r > 0, the sphere S intersects transversely Vi, for
l=AB,C.

PROOF.

1. The case [ = A was proved by Oka [29, Lemma 2].

2. Let | = B. Under a change of coordinates we can suppose that a; > b;.

The case ag > by, az > bz was proved by Oka [29, Lemma 10].
Suppose that as < be, ag > b3, then

fBi(z) =(1— t)(zflzi’lzz + 25223223 + z§3z§3) + (21t 10 + 232_‘”23 + z§3_b3).

For ¢t = 0,1 the assertion is true since fp and gp are polar weighted homogeneous with
isolated singularity. Therefore suppose ¢ € (0, 1).

Consider the function H;: C% — C given by

Hp . (w) = wi ™ wo (1—t)wd wh +1) +wl2 ™ 2wz (1 —t) w2 w?? +4) +ws> % (1 —t)wiwl +1)
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and the map
e: C* >
z — (z,2),

therefore

[B,1(z) = Hp +(e(2)).

Now we have that

VHB,t( w) = ((1 t)alw‘lll Ly w2+t(a1—b1) a3 —by— 1w2’
(1= t)(wi'w§® + agws*™ 1w5 ws) + w0,
(1 t)(w2 w5 -l-agwg?» 1 )—|—t( bo— a2+(a3_b3) a3 —bs— 1)’
(1 t)blw blilwg,
(1 t)(waQ wg2 ! 3)+t(b2—a2)w22_a2_1w3’
(1 —t)bsws® wg3 1).

Therefore
VHp (e(2)) = (Zi“_bl_IZQ((l —tag|z[* + 1),
(1= 1)(aaz5* ' 2223) + 27 (L= D)]aa[* + 1),
2% b= 1((1 - t)a3|23|2b3 -I-t(ag —b3))+z *bZ a2 ((1 — t)|22|2a2 + 1),
(1= )bz 2" "z,
27 g (1= )bal 22 + (b2 — a2)),
(1 - )by 2.

By Proposition 9.4 we have that

. 5 11
¢: ToSjja) = Te(@)Sjeca)- (9.1.27)

Let z = (21, 22,23) € Vg, with ¢t # 0,1. We want to find a tangent vector to e(Vp,) at e(z)
which is not in T, Z)SH

Consider the following \(/e(ls‘tors in C3
vy = (21,0,0) vy =(0,22,0) wv3=1(0,0,z3),
and define
Py = (1= t)(a; + b))z " +t(a; —b;)  Pr=(1—t)(az+b2)|2a]** + t(bo — as)
Rypr = (1= 1)z +1 Ry = (1= )]z +1

for j =1,3.
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We have that
VHp,(e(z) e(v)| = 20" 2P
VHg(e(z)) - e(vg)T = 2327‘1223P2 + z‘flfbleRg
VHp(e(z))-e(vs) " = 2537 Py 4 25272 23Ry
Let 71,72,73 € R, then
VHg(e(2)) - e(riv1 + rovg 4 r3v3) "
= 200 sy Py 1o (B2 T2 23 Py + 20 TP 29 Ry) + 13(252 7% Py 4 2527 %2 23 Ry)
= 2070 2o (Piry + roRy) 4 222 7% 23(ro Py + rgR3) + 28 g Ps,
also we have
fB.i(z) = 20 " 29 Ry + 75272 23 Ry + 2537 Ry = 0.
Consider the system
Piri +1r3Re = Ro
roP +r3fR3 = R3
r3Py = Ry

whose solution is given by

RQ(].—’I"Q) - Rd(l—’l’d) o R1
—— = pp =" 3= —,

P P, P
Since 0 < Rj41 < Pj, we have that ry, 72 and r3 are all positive real numbers.

Therefore using (9.1.28) we get that

(9.1.28)

r =

VHth(e(Z)) : 6(7’1’01 + r2U2 + ’)"3’()3)—r = 07

and also

Rz, (r1z1,roz2,1323)) = r1]21]? + 12| 2z|® + r3l232 # 0
therefore we have that rivi +rove+713v3 € TZSﬂZH, so the intersection with Vg ; is transversal.
The other cases are just analogous.

Suppose [ = C. For t = 0,1 the assertion is true since fo and go are polar weighted
homogeneous with isolated singularity. Suppose t € (0, 1).

If a; > b; for j =1,2,3 then,
foi(z) = (1 =) (29120 2 + 252202 25 4 253253 21) + t(280 P 2g 4 2527025 4 2837035
Using again the definitions given in (9.1.17) we obtain the first three equations in (9.1.18)
VHc,(e(z)) - e(vl)T = z‘frblzzPl + z§37b32:1R1
VHc(e(z)) - e(vg)T = 2512—17223132 + zfl_blzgRg

VHcq(e(z)) - e(v3)T = z§3_b3zlP3 + Zgz_b223R3.
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Since
fC,t(Z) = Ztlllibl zo Ry + Z;27b223R3 + Z;37b321R1 =0,

then usign the same idea as the previous case we can prove that there exist r1,72,73 € RT such
that

VHc(e(z)) - e(rivr + vz + r3v3)T =0,
R(z, 101 + ravs + T303) # 0,

therefore the intersection is transversal.
The other cases are just analogous. O

Remark 9.7. The last case was conjectured by Oka in [29] and we gave this demonstration in the
congress “Brazil-Mexico 2nd meeting on Singularities” held in Salvador, Bahia, Brazil in 2015 using
the embedding method. Later this result was proved in [20] using different ideas.

Fixe > 0andlet [ € {A, B,C}. Since f; has isolated singularity at the origin, there exist § > 0
such that for any € C such that || < § the fibers f;;' (1) and the sphere S? intersect transversely.
Let

N(e,0) = {(z,t) € C* x I||fi4(2)| = 8, |lz] <}
Ni(e,8) == {z € C*|| fre(2)| = 4, ||z]| < r}.

Note that f;¢: Ni(e,8) — Ss is the Milnor fibration of f;; on the Milnor tube. Applying Ehre-
smann’s fibration theorem to the projections

m:SEx T =T 7:N(d) =T,
we obtain:

Theorem 9.8 (Isotopy Theorem). Let € > 0 small enough. Choose 6 > 0 sufficiently small such
that for any n € C with |n| <4, the fibre fl_tl(n) and S? intersect transversely. Then,

1. There exists an isotopy hy: (S2, Ko.) — (S2, Kyi.) such that fi1,(hi(z)) = fio(z) for any z
with |fl’0(Z)| S 0.

2. The Milnor fibrations

fl,OZ ./\/'0(5‘,(5) — S(lg N
fl,t: M(&,(S) — S% )

are C* equivalent for any t € [0,1] and with ] = A, B, C.

Corollary 9.9. The Milnor fibrations of fi(z) and g;(z) are C* equivalent.

9.2 The mixed GSV-index

The GSV index was defined by Gémez-Mont, Seade and Verjovsky for vector fields on an isolated
complex hypersurface [15].
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The idea of the construction is the following: Let f: C™ — C be a holomorphic function with
an isolated critical point at the origin and denote by V := f~1(0). Consider also v a continuous
vector field on V' with an isolated singularity at the origin.

Since V has an isolated singularity, the vector field V f is normal to V* := V' \ {0} for the usual
hermitian inner product in C™. Therefore the set {W, v} is a 2-frame at each point in V*, and up
to homotopy, it can be assumed to be orthonormal.

Let K be the link of V', then we have a continuous map

¢o = (Vfv): K= W(2,n) (9.2.1)
where W(2,n) is the Stiefel manifold of complex orthonormal 2-frames in C™

Definition 9.10 ([6, Definition 3.2.1]). The GSV index of v at 0 € V}, Indgsv (v, 0) is the degree
of the map ¢,.

In this section we will generalize the GSV index for some mixed function under a hypothesis.

9.2.1 The complex embedding

Given a complex vector space V we can define its conjugate V', which is again a complex vector
space, which as an abelian group, V is the same as V, but C acts by scalar multiplication on V in
anew way: A € C acts on V as ) used to act on V; so if we denote by - the scalar multiplication
on V we have

A= .

Let C™ be the conjugate of C". Consider the map given by

C,: C" — C™,

9.2.2
Z — Z. ( )
it is an isomorphism of complexr vector spaces, since it is C-linear:
en(M2) =Xz =2 =\-Z = \-Cyn(2). (9.2.3)
Consider the following embedding
én = (idn,cn): C* = C" @ C",
( ) (9.2.4)

z — (z,2).

Remark 9.11. Notice that the embedding e, is C-linear, since both coordinate maps are C-linear.
Hence, the image H = €, (C") is an n-dimensional complex subspace of C™ @ C".

As before, let K, L C n such that |[K| =k and |L| = [. Define the C-linear map

éx,r, = (pr,copr): C" — CrkaCl
(21, 2n) = ((Ziys Zigs - 20 )s (s Zggs - -2 Zj))-

So we have that €, = €, .
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Consider the conjugate Hermitian product { , )gn: C* — C on C™:
n
(2,2 )gn = Zz}z;
j=1

The Hermitian inner product on the direc sum C* @ C gives the Hermitian product

(, y: C*oC - C,

() s = () + (o) = 32+ 3y, 29
j=1 j=1
9.2.2 All the variables
As in Subsection 9.1.1, consider the complex space C"™ @ C™ with variables
(2, W) = (21,22, .+« y Zn, W1, W, . .., Wy ),
and the complex embedding B
én = (idp,c,): C" = C" @ C", (9.2.6)

z— (2,2);

For i =1,2,...,n, define the vectors n; € C* @ C™ with coordinates

1 if j =1, -1 ifj =1,
Zj = L X wj; = P .
0 ifj#i, 0 if j #£ 1,

that is, we have

n+1
ng =(0,1...,0,0, —=1,...,0),
n+2
n; = (0, o1 0 ...,0,0..., =1, ,0),
(2 n+1
np=1(0,..., 1 ,0,..., —1).
n 2n

Also define its corresponding orthogonal complex subspaces H; with respect to the Hermitian inner
product on C™ @ C™ given in (9.2.5)

Hi ={(z,w)eC"®C" | z;=w; } ={(z,w) €C"DC" | ((z,W),n;)pn =0}.
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Remark 9.12. Notice that the image H of the embedding €, is precisely the intersection of the
subspaces H;, that is,

&n(C") = H =) H,.

Moreover, H is the orthogonal complement with respect to the Hermitian inner product (, ), of
the complex subspace (ny,...,n,) of C* @ C" generated by the vectors {ny,...,n,}.

Let f: C* — C be a mixed function and let F': C* @ C* — C be its associated holomorphic
function. We have that the following commutative diagram

cr—ncoreCr (9.2.7)
F
C.
Set
Vf:f_1(0)> Vf*:Vf_{O}v
Ve = F~10), Vi = Vi — SingVp.
Notice that
V2 VrNH. (9.2.8)

Let VF be the gradient of F at (z,w) € C" @ C" given by

oF oF oF oF
VF(z,w)= (a—Zl(z,w), cey a(z,w), Twl(z,w), cee %(z,w)).
Let f: C* — C be a mixed function such that
1. All the variables z; and Z;, for ¢ = 1,...,n appear in f.

2. It has an isolated critical point at the origin.
3. For every z € V' we have that €,(z) € V.

Let S2"~1 C C" be a sphere of suficiently small radius € > 0 with centre at the origin and let
Ly =V;NS2"~! be the link of f at 0. We have that Ly is a compact oriented smooth manifold of
dimension 2n — 3.

Let v be a continuous vector field on Vy with isolated singularity at 0, or goal is to define an
integer-valued index for v.

Proposition 9.13. Let v = (v1,...,v,) be a continuous vector field on Vi C C™ with isolated
singularity at 0. Then, the vectors

{n1,...,n,, VF(&,(2))} (9.2.9)

are C-linearly independent for every z € V.
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PROOF. By condition 3, the vector VF (€, ,(2z)) is not zero. Suppose that
VF(énn(z)) =ains + -+ apny, with a; € C.

Then we have that (remember the scalar product on C* & C™)

oF oF _ .
%(en’n(z)) = o, a—w(en’n(z)) =—q;, fori=1,...,n.

By the definition of F' or the commutative diagram (9.2.7) we have that
of oF ,_ of oF

. = 5_ Enn y A= = —(enn s f ,=1,...,n. 9.2.10
B (2) o7, (€n.n(z)) 95, (2) B, (€n.n(z)), fori n ( )
Hence o
0 0
ai(z = _8§¢(Z)’ fori=1,...,n,
but by Proposition 7.2, this implies that z is a critical point of f, which is a contradiction. O

Now it is important to assume the following hypothesis

Hypothesis 9.14. The vectors {n1,...,ny, VF(€,,(2)),nn(v(z))} are C-linearly independent for
every z € V.

By Hypothesis 9.14, the set {n1,...,n,, VF(€yn(2)), €nn(v(z))} is a complex (n + 2)-frame in
C"™ @ C™ at each point z in Ve, and up to homotopy, it can be assumed to be orthonormal. Hence
we have a continuos map from V} to the Stiefel manifold W(2n,n + 2) of complex (n + 2)-frames
in C?", which restricted to the link L gives a continuos map

¢u: Ly = W(2n,n+2).
The Stiefel manifold W (2n,n + 2) is 2n — 4-connected (see [36]), that is,

0 fori<2n-—4,

(W (2 2)) =
m( (2n,n+ )) {Z for s = 2n — 3.

By Hurewicz Theorem we have that

Hop—3(W(2n,n+2);Z) = Z. (9.2.11)

Hence the map ¢, has a well defined degree deg(¢,) € Z defined by considering the homomorphism
induced in homology

(0)u: Hon_s(Ly3Z) 2 7 — Hyp_s(W(2n,n+ 2);Z) = Z,
and taking the image of the fundamental class [Ly] € Hon_3(Ly;Z) of Ly, that is, deg(¢y) =
(¢0)([Ly])-

Definition 9.15. Given a continuous vector field v on V; with isolated singularity at 0, we define
the mized GSV-index of v by

IndeSV (’U, O) = deg(qﬁu).
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9.2.3 Not all the variables

Let f: C" — C be a mixed function.
As in Subsection 9.1.1, set n = {1,2,...,n } and define the subsets K and L of n

K = {i € n| the variable z; appears in f },
L ={j € n| the variable z; appears in f }.

with K UL = n. Suppose that |K| =k, |L| =1 and |K N L| = m (it can be zero), then we have
that

n=k+Il—m. (9.2.12)

Consider the complex space C* @ C! with variables
(z, W) = (21,..., Zifp, W1, . . ., Wj,),
and the complex embedding

ex.r = (pr,copr): C* — CF g C!
<Z17-..7Z’n) — ((Zimziw"'?Zik)’(zjuzjz?"'72j1))~

For i € K N L, define the m vectors n; € C* & C! with coordinates

1 if j =1, -1 if j =1,
zj = e wj = e
0 ifj#i, 0 ifj#i.
that is, we have

ni=(1,...,0, =1,...,0),
~—

n+1
ny = (0,1...,0,0, —1,...,0),
~~
n+2
ni:(oa"'a. 1 R ,0,0 , —1 . 70)3
% n+i
n,=(0,..., 1 ,...,0,0..., —=1,...,0),
i n4+1i
p=(0,..., 1 ,0,..., —1).
n 2n

Also define its corresponding orthogonal complex subspaces H; with respect to the Hermitian inner
product on C" & C™ given in (9.2.5)

Hy={(z,w)eCraC'|zi=w}={(z,w) eCFaC"| ((z,w),ni)r;, =0}
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Remark 9.16. Notice that the image H of the embedding €, is precisely the intersection of the
subspaces H;, that is,

éK’L((Cn) =H= m H;.

Moreover, H is the orthogonal complement with respect to the Hermitian inner product (', Yy of
the complex subspace (ny,...,n,,) of C¥ @ C! generated by the vectors {ni,...,n,}.

Let f: C* — C be a mixed function and let F': C¥ @ C! — C be its associated holomorphic
function. We have that the following commutative diagram

cr —55ck g Ck (9.2.13)
F
S
C.
Set
Vf :f71(0)7 Vf* :Vf7{0}7
Ve = F~10), Vi = Vp — SingVp.
Notice that
Vi = Ve N H. (9.2.14)

Let VF be the gradient of F at (z, w) € C" @ C" given by

oF oF oF oF

Do, (z,w),..., 37i,€(z’W)’ ale(z,w)7 el aTﬂ(z,w)).

VF(z,w)= (

We also ask that the mixed function f: C® — C satisfies
1. Tt has an isolated critical point at the origin.
2. For every z € V" we have that ek 1(z) € Vj.

Let S2"~! C C" be a sphere of suficiently small radius ¢ > 0 with centre at the origin and let
Ly =VyNS2~! be the link of f at 0. We have that Ly is a compact oriented smooth manifold of
dimension 2n — 3.

Let v be a continuous vector field on Vy with isolated singularity at 0, or goal is to define an
integer-valued index for v.

Proposition 9.17. Let v = (v1,...,v,) be a continuous vector field on Vi C C™ with isolated
singularity at 0. Then, the vectors

{01y, VF (G (2))} (9.2.15)

are linearly independent for every z € V.
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PROOF. By condition 2, the vector VF(éx, (z)) is not zero. Suppose that
VF(ek,(z)) = aing + - + iy, with o; € C.
Then we have that (remember the scalar product on C" @ C")

g—F(éK’L(z)) =q; forie KNL, g—F(éK’L(z)) =0, forie K-1L,
Zi Zi

gi(éK,L(z)):*@iv forie KNL, g—i

(9.2.16)
(EK7L(Z)):0, forie L — K.

By the definition of F' or the commutative diagram (9.2.13) we have that

of . OF of
Bzi (Z) o 821 Bzz
af . OF of
9z “ = dw; 0%;

Hence combining (9.2.16) and (9.2.17) we get

ar of
0z; _821'
oFf OF )
(,f (@) = 5@ = 0= 5L(a)

@)= 0= o (encnla) = 5

ow; - 0z;
but by Proposition 7.2, this implies that z is a critical point of f, which is a contradiction. O

(z) =0, fori¢K,

(ex,r(z)), forieK,
(9.2.17)

(er,r(z)), forielL, (z) =0, forié¢ L.

(z) =a; = (z), forie KNL,

forie K —L,

(z) forieL—-K.

Now as before we need an hypothesis.
Hypothesis 9.18. The vectors {n1,...,n,, VF(€, n(2)),&nn(v(2)), ek, (v(z))} are C-linearly inde-
pendent for every z € V.

By Hypothesis 9.18, the set {ni,...,nm,, VF(€x (2)), €k (v(z))} is a complex (m+2)-frame in
Cka C! at each point z in Vi, and up to homotopy, it can be assumed to be orthonormal. Hence we
have a continuous map from V' to the Stiefel manifold W (k +1,m + 2) of complex (m + 2)-frames

in C**!, which restricted to the link L # gives a continuous map
G Ly = W(k+1,m+2).

The Stiefel manifold W (k 41, m + 2) is 2(k + ! — m — 2)-connected (see [36]), thus, by (9.2.12),
it is 2(n — 2)-connected, that is,

0 fori<2(n-2),

7TZ.(W(2n,n+2)) - {Z for i = 2n — 3.

By Hurewicz Theorem we have that

Hap s (W (2n,n +2);Z) = Z. (9.2.18)
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Hence the map ¢, has a well defined degree deg(¢,) € Z defined by considering the homomorphism
induced in homology

(¢v)*: H2n*3(Lf;Z) =7 — H2n*3(W(mv k)7Z) = Za
and taking the image of the fundamental class [Lf] € Hop—3(Ls;Z) of Ly, that is, deg(¢,) =
(o)« ([Ls])-

Definition 9.19. Given a continuous vector field v on V; with isolated singularity at 0, we define
the mized GSV-index of v by
Ind,,gsv (v,0) = deg(ey,).

Remark 9.20. We are working in order to eliminate the Hypothesis 9.18 and 9.18. This will appear
in a future paper.
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