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Introduccion

Nuestro principal objetivo es estudiar invariantes de 3-variedades hiperbdlicas de volumen
finito M. Estas variedades son cocientes del espacio hiperbélico H? por un subgrupo
discreto y libre de torsién I' del grupo PSLy(C) de isometrias de H?® que preservan la
orientacién. El espacio H? es el cubriente universal de M ya que H? es contraible; més
aun, el grupo fundamental 71 (M) es I' por lo que M = BT es el espacio clasificante de T'.
A tales variedades hiperbdlicas les podemos asociar una representacién p: I' — PSLy(C)
inducida por la inclusién. Denotemos por G al grupo PSL,(C). La representacion p es
canénica salvo equivalencia a la que le corresponde una aplicacién Bp: BI' — BG, donde
BG es el espacio clasificante de G. En el caso en que M es cerrada y orientada, hay un
invariante [M] bien conocido de M en el grupo H3(PSLy(C);Z), dado por la imagen de
su clase fundamental bajo el homomorfismo inducido por Bp en homologia.

Otro invariante bien conocido para las 3-variedades hiperbdlica de volumen finito, fue
definido por Neumann y Yang [30]. Este invariante estd en el pre-grupo de Bloch P(C)
generado por clases de congruencia de tetraedros ideales y cierta relacion. El pre-grupo
de Bloch estd relacionado con PSLy(C) en la siguiente sucesién exacta

0 Q/Z H3(PSLy(C); Z) —2—> P(C) —“> A2C — Hy(PSLy(C): Z) — 0,

El nicleo de v es el grupo de Bloch B(C). Por lo que la sucesién se reduce a

0 Q/Z H3(PSLy(C); Z) — B(C) —0,

estas sucesiones se deben a Bloch y Wigner. Si M es no compacta y tiene una triangulacion
ideal, se puede definir un elemento en el grupo de Bloch B(C). Neumann y Yang probaron
que este elemento no depende de la triangulacion, por lo que es un invariante de M que se
conoce como el invariante de Bloch S(M). No se sabe si toda 3-variedad hiperbdlica tiene
una triangulacion ideal, pero todas tienen una triangulacion de grado 1, que es suficiente
para definir S(M) incluso en el caso en que M sea compacta.

En el caso en que M es una variedad de volumen finito no compacta, también tenemos
un invariante en H3(PSLy(C);Z): Neumann introdujo el grupo extendido de Bloch B(C)
como una generalizacién del grupo de Bloch B(C) (28], [29]). Neumann da la definicién
del grupo extendido de Bloch para resolver la discrepancia Q/Z en la sucesién exacta

de Bloch—Wigner. El teorema principal de Neumann en este contexto es que g(C) =
H3(PSLy(C);7Z). Neumann prueba que la sucesién

0 —— H3(PSLy(C); Z) — H3(PSLy(C), P; Z) — Ho(P; Z) —0

vil
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se escinde, donde P = ((1] (1’), b € C. Con esto, Neumann da un invariante para una

3-variedad hiperbdlica M en B(C) que generaliza al invariante de Bloch B(M), en el
sentido de que este nuevo invariante es mandado a (M) € B(M) a través de un ho-
momorfismo g(@) — B(C) dado por el mismo Neumann. Zickert [43] también da un
invariante en g((C): Zicker define una clase F'(M) en la homologia relativa de grupos
de Takasu Hs(G, P;Z) := H3(BG,BP;Z). Esta clase F(M) depende de la eleccién de
una “decoracién”. Zickert dio un homomorfismo Hs(PSLs(C), P;Z) — B(C) que escinde
a la sucesion de Neumann, y bajo el cual las clases, asociadas a las diferentes decora-
ciones, van a un mismo elemento [M]ps;, € B(C) = H3(PSLy(C);Z). En [29), Neumann
también introduce el grupo mas extendido de Bloch EB(C) y hace la pregunta de la
relacién de éste con H3(SL2(C);Z); Dupont, Goette y Zickert ([12], [14]) prueban que
H3(SL2(C);Z) = EB(C).

Otra manera de construir invariantes en el caso no compacto, es la de Cisneros-Molina
y Jones [7]. Ellos usaron que tales variedades no compactas M tienen el mismo tipo de
homotopia que una variedad M, con frontera M,; esta variedad tiene clase fundamental
relativa a la frontera. Por otro lado, Cisneros-Molina y Jones consideraron el espacio
By B)(@) que es el espacio clasificante para la familia generada por el subgrupo B =
(¢,2) donde @ € C* y b € C. Se puede dar una aplicacion My/OMy — Bgy)(G),

0a?!
con lo que se tiene una situacion similar al caso en que M es cerrada: la aplicacion

induce un homomorfismo entre Hz(Mo, 0Mo;Z) y H3(Bgp)(G);Z). Asf pues, la imagen
de la clase fundamental relativa es un invariante para M al que llamamos Sz(M), como

~ ~

H3(Bgp)(G); Z) = P(C), Cisneros-Molina y Jones probaron que S5(M) es el invariante
de Bloch B(M). El invariante S5(M) es homotépico, esto prueba que (M) no depende
de ninguna triangulacién.

Siguiendo la idea de Cisneros-Molina y Jones, en esta tesis definimos el invariante
Bp(M) asociado a la variedad no compacta, orientada y de volumen finito M. Sélo hay que
remplazar B por P en dicha construccién para obtener una aplicacién M /0y — By p)(@).
Ast, Bp(M) es la imagen de la clase fundamental relativa de My en H3(Bgyp)(G); Z).

En este trabajo, probamos que la homologia simplicial H,(Bg ) (G);Z) es isomorfa
a la homologia relativa de grupos de Adamson H,([G : H];Z), de esta manera podemos
hacer cédlculos algebraicos o topoldgicos segin nos convenga. En 1954, en el articulo
de Adamson [I] se define la cohomologia relativa de grupos H™(|G : H]). El articulo
de Hochschild [18] interpreta la teoria de Adamson en términos de algebra homolégica
relativa y también define la correspondiente teoria de homologia H,, (|G : H]). En la
literatura, hay muchos articulos relacionados con esta cohomologia relativa, por ejemplo,
[34], [35], [5], [15], mientras que la correspondiente teoria de homologia es tratada en [26],
17, [27].

La homologia relativa de Adamson H. (|G : H];Z) no es la misma que la homologia de
Takasu H.(G, H;Z), como probamos en esta tesis. La clase fundamental de Zickert F'(M)
est4 definido en la homologfa relativa de Takasu Hs3(G, P; Z). En 1954, Auslander present6
su tesis doctoral [4] donde define la cohomologia relativa de grupos H"(G, H). Después,
Takasu en [37] y [38] da respuesta al problema 22 de Massey del articulo [24]. Takasu define
la cohomologia relativa de grupos que ya habia dado Auslander y define la correspondiente
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teoria de homologia. También en la literatura hay muchos articulos relacionados con esta
cohomologia relativa, por ejemplo, [32], [22], [19] pero, hasta donde tenemos conocimiento,
no hay més articulos acerca de esta teoria de homologia y cohomologia relativa. Udrescu
en su articulo [42] da axiomas para las homologias relativas de Adamson y Takasu. Aunque
las homologias relativas de Adamson y Takasu no son iguales, éstas son comparables por
medio de un homomorfismo que hemos dado. Mas aun, demostramos que en el caso
de que H sea un subgrupo malnormal de G, las homologias coinciden. Construimos
explicitamente el homomorfismo entre Hs(G, P;Z) y H3([G : PJ;Z); a través de este
homomorfismo, la clase fundamental F(M) de M, definida por Zickert, es mandada al
invariante 8p(M). Todas las diferentes clases de Zickert se aplican en fp(M). La clase
F(M) se puede calcular por métodos cumputacionales, creemos que el invariante Sp(M)
también se puede calcular por estos métodos y que seria més eficiente pues requiere
demenos pardametros que la clase F(M).

Puesto que P(C) = Hs([G : B]; Z), conjeturamos que el pre-grupo extendido de Bloch
73(((3) es isomorfo a H3([G : P];Z). Como primer paso para resolver la conjetura, hemos
estudiado la sucesion espectral de una pareja (G, H) formada por un grupo y un subgrupo.
Dicha sucesién tiene la forma

Eziq = H’P(BS(H)(G>; Hy) = Hpy(G;Z),

donde H, = {H,(G5)} y Go es el grupo de isotropia de un simplejo o C Eg)(G) que
representa a un simplejo en By (G), por lo que H, es un “sistema local de coeficientes”.
En particular, cuando el subgrupo H es normal, la sucesién espectral de la pareja toma
la forma de la sucesién espectral de Lyndon—Hochschild—Serre, es decir,

E;,q = H,(G/H; Hy(H;Z)) = Hpo(G; Z). (1)

La demostracion de , que presentamos en este trabajo, es distinta a las existentes al
menos hasta donde tenemos conocimiento.

Como trabajo futuro, queremos demostrar la conjetura por medio de la sucesion es-
pectral de la pareja (G, P).

En resumen, nuestras principales aportaciones son:

e Definimos el invariante S5(M) en la homologia relativa de grupos de Adamoson
Hi([G: H];Z).

e En el caso de la homologia relativa de grupos de Adamson, dimos las pruebas
explicitas a los enunciados de Hochschild en [I§], y dimos resultados originales que
complementan los dados en ese articulo.

e Probamos que la homologia relativa de grupos de Adamson, definida de manera
algebraica por el mismo Adamson, es isomorfa a la homologia simplicial de un
espacio clasificante para familias.

e En la literatura, muchos autores trabajan con homologia relativa sin dar crédito
a los trabajos previos porque desconocen la relaciéon entre las teorias, hasta donde
sabemos, éste es el primer tratado que establece cudles trabajos fuero pensandos en
la homologia relativa de grupos de Adamson y cuales en la de Takasu.
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e Por primera vez (también hasta donde sabemos), damos relaciones entre las dos
homologias relativas: probamos, por medio de ejemplos, que las homologia relativa
de grupos de Adamson y de Takasu no son iguales, aun asi, dimos un homomorfismo
explicito entre ellas, probamos que siempre Hy(G, H;Z) = H,(|G : H|;Z) y que,
cuando H es malnormal, las homologias relativas coinciden.

e Las relaciones previas, permiten observar que el invariante de Bloch esta definido en
la homologfa relativa de Adamson H3([G : B];Z), que la clase de Zickert F(M) esta
definida en la homologfa relativa de Takasu y que el invariante 3p5(M) € H3([G :
P);Z) es claramente diferente a F'(M). Es importante hacer notar que 8p(M) estd
bien definido y de manera natural, mientras que F(M) no estd bien definido y
su construccion es complicada; por ello, es importante el estudio de la homologia

relativa de grupos de Adamson que se tenia en el olvido.

e Como caso especial de la sucesion espectral de homologia G-equivariante, hemos

dado una sucesiéon espectral que nos permitio demostrar la sucesion espectral de
Lyndon—Hochschild—Serre.



Introduction

Our main goal is to study invariants of hyperbolic 3-manifolds of finite volume M. These
manifolds are quotients of the hyperbolic space H? by a discrete and torsion freee subgroup
' of the preserving orientation isometries group PSLo(C) of H?. The space H? is the
universal cover of M since H? is contractible; even more, the fundamental group (M)
is I' so M = BT is the classifying space of I'. We can associate a representation p: ' —
PSL,(C) to such manifolds which is induced by the inclusion. Denote by G the group
PSLy(C). The representation p is canonical upto equivalence and it is corresponding to an
application Bp: BI' — BG, where BG is the classifying space of G. In the case when M is
closed and oriented, there is a well defined invariant [M] of M that lies in H3(PSLy(C); Z),
given by the image of the fundamental class under the induced homomorphism Bp in
homology.

Another well known invariant of hyperbolic 3-manifolds is the Bloch invariant 5(M)
defined by Neumann and Yang [30]. This invariant lies in the pre-Bloch group P(C)
generated by congruence classes of ideal thetrahedra under a relation. The pre-Bloch
group is related with PSLy(C) in the following exact sequence

0— > Q/Z —— Hy(PSLy(C); Z) ~Z=P(C) —“= ALC — Hy(PSLy(C); Z) — 0,

The kernel of v is the Bloch group B(C). Therefore the exact sequence turn into

0 Q/Z H3(PSLy(C); Z) — B(C) —0,

Exactness of this sequence was proved by Bloch and Wigner. If M has a ideal trian-
gulation, Neumann and Yang give an element in B(C). They proved that this element
does not depend on the ideal triangulation. Then it is an invariant of M called the Bloch
invariant S(M). It is not know if all manifolds have an ideal triangulation, but all of them
have a 1-grade triangulation that is sufficient to define (M) even if M is compact.

When M is a non compact manifold of finite volume, we also have an invariant in
H3(PSLy(C);Z): Neumann introduced the extend Bloch group B(C) as a generalization
of the Bloch group B(C) ([28], [29]). Neumann gives the definition of the extend Bloch
group to resolve the discrepancy Q/Z in the Bloch-Wigner exact sequence. The main
theorem of Neumann, in this context, is that B(C) & Hy(PSLsy(C): Z). Neumann proves
that the exact sequence

0 —— H3(PSLy(C); Z) — H3(PSLy(C), P; Z) — H3(P; Z) —0

x1
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splits, P = (5 ?), b € C. Neumann gave an invariant of hyperbolic 3-manifold M in

B(C) which generalize the Bloch invariant G(M), in the sense that this new invariant
is being sent to B(M) € B(M) through a homomorphism to B(C) — B(C) given by
Neumann himself. Zickert [43] constructs a class F(M) which lies in H3(G, P;Z) =
H3(BG, BP;Z). The class F(M) depends on an election of a “decoration”. Also Zickert
gave an splitting homomorphism H3(PSLy(C), P;Z) — H3(PSLy(C); Z) for the sequence
of Neumann under which the classes, associated to the diferent decorations, are applyed
to the same element [M]pgr, € H3(PSLy(C);Z). In [29], Neumann also introduces the
more extend Bloch group £B(C) and poses the question of the relationship of this group
with H3(SLs(C); Z); Dupont, Goette and Zickert ([12], [I4]) prove that H3(SLo(C);Z) =
EB(C).

Other way to construct invariants in the non compact case, is given by Cisneros-
Molina and Jones [7]. They used that such a non compact manifold M has the same
homotopy type of a manifold My with boundary 0Mj; this manifold has a relative fun-
damental class to the boundary. On the other hand, Cisneros-Molina and Jones consider

the space By)(G) which is the classifying space of the family generated by the sub-

a b
0a1

group B = ( ) where a € C* and b € C. It is possible to give an application
My/do — Bgyp)(G). We get a similar situation to the closed case: The aplication in-
duces an homomorphism between H3(My, 9My;Z) and H3(Bgp)(G); Z). Therefore, the
image of the relative fundamental class gives an invariant for M that we denote by S (M),
since H3(Bg)(G); Z) = P(C), Cisneros-Molina and Jones prove that 3z(M) is the Bloch
invariant S(M).

Following the idea of Cisneros-Molina and Jones, in this thesis we define the invariant
Bp(M) associated to a non compacta 3-manifold of finite volume M. We only remplace
B by P in such construction to obtain an aplication My/dy — By p)(é). So, Bp(M) is
the image of the relative fundamental class of My in H3(Bgp)(G); Z).

In this research work, we prove that simplicial homology H.(Bgm)(G); Z) is isomorphic
to the Adamson relative gorup homology H.([G : H|;Z). In 1954, in the article of
Adamson [1], he defines the relative group cohomology H"([G : H];Z). In the article [I§],
Hochschild interprets the theory of Adamson in terms of relative homological algebra and
also define the corresponding theory of homology H, (|G : H];Z). In the literature there
are many articles relationed with this relative cohomology, for instance, [34], [35], [5], [15],
while the corresponding homology theory is studied in [26], [17], [27].

The Adamson relative group homology H.([G : H];Z) is not the same as the Takasu
relative group homology H,.(G, H;7Z) as we prove in this thesis. The class of Zickert F'(M)
lies in the Takasu relative group homology H3(G, P;Z). In 1954, Auslander presented his
PhD thesis [4] where he defines the relative group cohomology H"(G, H;Z). Before,
Takasu in [37] and [38] gives an answer to the problem 22 of Massey of the article [24].
Takasu defines the relative goup cohomology that already Auslander has defined and he
defines the corresponding homology theory. Also in the literature there are many articles
relationed with this relative cohomology, for instance, [32], [22], [I9], but there are not
more articles about the relative homology and cohomology theory, as far as we known.
Udrescu in his article [42] gives axioms for Adamson and Takasu relative homologies.
Even if the Adamson and Takasu relative group homologies are not equal, these are
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comparable through a homomorphism that we have given; even more, we have proved
that, in the case of H being a malnormal subgroup of G, the relative homologies agree.
We construct an explicit homomorphism between Hs(G, P;Z) and Hs([G : P]; Z); through
this homomorphism, all classes F'(M) of M are sent to the invariant Sp(M). The class
F(M) can be computed by a computational way, we believe that S5(M) too, but we
expect that it will be more efficient because the invariant Sp(M) has less parameters.

Since P(C) = H;(|G : BJ;Z), we conjeture that extended pre-Bloch group P(C) is
isomorphic to H3([G : PJ;Z). As a first step to resolve the conjeture, we have studied the
spectral sequence of a pair (G, H) of a group and a subgroup. Such spectral sequence has
the form

E;,q = Hp(BS(H)(G)§ Hy) = Hpiy(G; Z),

where H, = {H,(G,)} and G, is the isotropy group of a simplex o C Ez)(G) rep-
resented by a simplex in Bgy)(G), for this reason H, is consider as a “local coefficient
system.” In particular, when H is normal, the spectral sequence of the pair has the form
of the Lyndon—Hochschild-Serre spectral sequence, i.e.,

E2, = Hy(G/H; H(H;Z)) = Hy\y(G; L), (2)

The proof of , in this thesis, is different to the other in the literature. For future work,
we expect that the conjeture is resolved if we use the pair (G, P) in the corresponding
spectral sequence.

In summary, our main apportations are:

e We defined the invariant Sz(M) in the Adamoson relative group homology H3([G :
H) 7).

e In the Adamson relative group homology, we gave explicit proofs of the propositions
of Hochschild in [I8], and we gave originals results that complement the given in
this article.

e We proved that the Adamson relative group homology, defined algebraically by
Adamson himself, is isomorphic to the simplicial homology of a classifying space for
a family of a subgroup.

e In the literature, there are many authors which work with relative homology, they
did not give credit to others because they did not know the relation between both
theories. As far as we know, this work is the first one that establish what works was
done with the Adamson relative group homology and what with Takasu one.

e Also it is the first time (as far as we know), that relations are given between both
relative homologies: We proved, by examples, that the Adamson and Takasu relative
group homologies are no equal, however, we gave a explicit homomorphism between
them, we proved that always H,(G,H;Z) = H,([G : H];Z) and, when H is a
malnormal subgroup, the relative homologies agree.
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e The previous relations, allow us to see that the Bloch invariant is defined in the
Adamson relative group homology Hj([G : BJ;Z), the Zickert class F'(M) lies in
the Takasu relative group homology and S5(M) € Hs([G : P];Z) is clearly diferent
invariant to F(M). It is important to note that Sp(M) is well defined and it is
defined in a natural way, while F'(M) is not well defined and has a more complicated
construction; for this reason the study of the Adamson relative group homology is
important.

e As special case of the spectral sequence of G-equivariant homology, we have given
an spectral sequence that allow us to give a proof of the Lyndon—Hochschild—Serre
spectral sequence.



CHAPTER 1.

Preliminaries: Homology of a Group

In this chapter we shall give different definitions for the homology of a group. We will
give the definition of chain complex, Tor functor, and classifying space. We introduce
classical results of this theory in order to give sufficient preliminaries for this thesis.

Since this chapter is classical theory, we do not give proofs of most results. In the
successive chapters we will generalize these concepts which included homology of a group
as a particular case.

1.1. Homology

Let A be a ring, let {C, },ez be a family of A-modules and let {0,: C,, = C,,_1}nez be a
family of homomorphisms of A-modules such that 9,00,.1 = 0. We call C, = {C,,, Oy }nez
a chain complex over A and we write

On

6n+1
C, . Chit C,

On_lé-.-

We call 0,, the boundary homomorphism.

Let C, = {C,,0,} and D, = {D,,d,} be two chain complexes. A chain homo-
morphism ¢: C, — D, is a family of A-homomorphisms {¢,: C,, — D, } such that the
following squares commute:

8n«l»l 67
C, C(n—&-l Cn : Cn—l -
l/%@ j‘ﬂn-&-l lW'n lﬂon—l
011 ol
D, —— Dy —— Dy —> Dy —

Let C, = {C,,,d,} be a chain complex over A. The n-th homology group of C,
denoted by H,, (C,) is defined by the quotient

H, (Cy) =kerd,/Im0, ;.

We denote by H, (C,) the family {H,, (C)}nez. The elements of C,, are called chains,
we denote by Z,(C,) (or only by Z, when there is not confusion) the kernel of 9, the
elements of Z, are called cycles. Finally, we denote by B,(C,) (or simply B,) the

1



2 Preliminaries: Homology of a Group

image of 0,41 and the elements of B, are called boundaries. Therefore, we can write
H,.(C.) = Z,(C,)/B,(Cy). We say that the complex C, is acyclic if H, (C,) = 0 for all
n.

Given a chain homomorphism ¢: C, — D,, we have a well defined homomorphism
H.(p) =: H,(C,) — H.(D,) given by a family of homomorphism H, (¢): H, (C,) —
H, (D.) which send the class [z] to the class [p,(z)] (see [33] Proposition 6.8]). The
homomorphism H, (¢) is called the induced homomorphism.

Let C, = {C,,0,} and D, = {D,,, d,,} be two chain complexes and let ¢, ¢': C\, — D,
be chain homomorphisms. We say that ¢ is chain homotopic to ¢’ if there exist a family
of A-homomorphisms s = {s,,: C,, = Cy;1} such that

/ /
0511080+ 8,100, = pp — ¢,

for all n € Z:
C, : Cn+18”+1 C, On e
e
D, : .. —>Dn+1—> n—>Dn | —

The family s = {s,} is called a chain homotopy and is denoted by ¢ ~ ¢': C,, — D,.
We say that the complex C, is contractible if the identity chain homomorphism is
chain homotopic to the zero chain homomorphism.

Theorem 1.1.1 ([33, Theorem 6.14]). If p ~ ¢': C. — D, then
H.(p) = H.(¢) - H.(CL) = Ho (D).
Theorem 1.1.2 ([33, Proposition 6.9]). Let

/

0 A, 2~ B, 2= C, 0

be a short exact sequence of chain complexes. Then there exist a homomorphism
Kn: Ho(Cy) = Hpo1(Ay)

forn € Z such that the following sequence is ezxact

/
e HL (A B n—l(B*)%;; (O 2

Note that a contractible chain complex is acyclic. In fact, we have

Proposition 1.1.3 (6, Proposition 1.0.3)). The chain complex C, is contractible if and
only if it is acyclic and each short exact sequence

0 Zn+1 Cn+1 L Z I O

splits.
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1.1.1. Chain complex of a G-space. We will give a chain complex that we will use
frequently in this thesis. For any G-set X we can construct a complex (Ci(X),0,), of
abelian groups by letting C,,(X) be the free abelian group generated by the ordered (n+1)-
tuples of elements of X. Define the i-th face homomorphism d;: C,,(X) — C,,—1(X) by

di(xo, ... xp) = (Toy .o, Tiye ooy Tp)

where 7; denotes deletion. The boundary homomorphism 0,,: C,,(X) — C,,—1(X) is given
by

i=0
using the fact that if ¢ < j —1 then d; od; = d;_1 o d;, we have that 0,4, 09, = 0 proving
that (Ci«(X),0,) is indeed a chain complex. We represent (C.(X),0,) in a diagram as
follows:
) a
Define C'_1(X) = Z as the infinite cyclic group generated by ( ) and define e(x) = ()
for any x € X. This extended complex is precisely the augmented complex

02 o1 €
= Cy(X) ——=C1(X) —=Co(X) —=Z——0.
with € the augmentation homomorphism. We also call /; = ker ¢ the augmentation
ideal.
The action of G on X induces an action of G on C,(X) with n > 0 given by

g (zoy...,xn) = (9 0,..., 9 Tp)

which endows C,,(X) with the structure of a G-module. We also let G act on C_1(X) =7Z
trivially. Let Z[G] be the group ring of G over Z, since the definitions of Z[G]-modules
and G-modules are equivalent, in the sequel we use both indistinctly.

We say that C,(X) is a chain subcomplex of C, (X) if any C;(X) is a subgroup of

the respective C;(X). If the actions is preserved then C,(X) is a G-chain subcomplex.
For each x € X and n > —1 define the map s7: C,(X) — Cy41(X) given by

Se(xoy .oy xn) = (2,20, ..., Tp) (1.1)
Lemma 1.1.4. Let G, be the isotropy subgroup of x. Then s} is a G,-homomorphism.

Proof. Let g € G,. Then we have

Sn(9(x0, .- xa)) = s3((9- 20,9 @)
= (w,g-xo,-~-,,g-xn)
= (92,9 -T0,...,9" Tp)
= g(x,z0,...,2,)

gse((zoy .. xn)).
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Proposition 1.1.5. The augmented complex (C.(X), 0,) is acyclic.

Proof. Let x € X and consider the homomorphisms s?, for n > —1. Then we have,

Ont+1 © Sy (T0y oy @) — So_1 0 On(Tg, ..., Tp)
B (30, ) — 57y (S (— (o, ., 7))
=0
n+1 n
= (z0y...,Tp) — Z(—l)zdi(x, To, -, Ty) + Z(—l)zsi_l odi(g,...,Tn)
i=1 i=0
n+1 n+1

= (20y...,Tp) — Z(—l)idi(x, To, X)) + Z(—l)idi(x, Ty, Tp)

i=1
= (.170, N ,an).
That is 0,41 055 — s7_; 00, = 1¢,(x) for n > 0. Therefore s7 defines a contracting

homotopy and the augmented complex is acyclic. O

Lemma 1.1.6 ([12, Lemma 1.3)). Let C.(X) be a chain subcomplex of the augmented
chain complex C,.(X). Suppose that for each cycle o in C,(X) there exists a point x(o) €
X such that st € Cp1(X), where s¥ is giwven by (1.1). Then C.(X) is acyclic.

Proof. Note that

Opg1 © 85 (g, ... 2) = On(x(0), 20, -+, T)
n+1
= (1'0, 7xn) - Z(_lydz(x(a)ax()a 7xn)
i=1
= (@0, ) — D _(—1)'si D odi(wo, -+ w)  (L2)
=0
= (20, ., 7) — 52 (= 1) di(wo, -, w)
=0
= (T, .-, @) — 52 0 By (w0, - -, 1),

Let o be a cycle in C,,(X). By hypothesis there exists z(c) € X such that so” (o) €
Cnt1(X). Since (o) = 0, by (L.2) we have o = Onr158 (o), that is, o is a boundary.
Thus the augmented chain complex C,(X) is acyclic.

[

As usual, here we see C(X) as a right G-module by defining
(2o, 2n)-g=g " (T0,..., 7).
Denote by (B.(X), 0. ® 1z) the complex given by
Bn(X) = Co(X) @z Z,

where 17 denotes the identity homomorphism of Z.
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1.1.2. Homology of a permutation representation. Let X a G-set. We call the
pair (G, X) a permutation representation, since the G-set can be represented by a
homomorphism from the group G to the group of automorphism of X which is a subgroup
of the group of permutations of X.

Let A be a Z[G]-module, then

H,(G, X; A) = H, (Co(X) @21y A)

is called the homology groups of the permutation representation of (G, X) with
coefficient in A. It is the homology theory corresponding to the cohomology defined by
Snapper in [34].

The homology groups of the permutation representation H, (G, X;A) is a functor
from the category of Z[G]-modules to the category of abelian groups: let f: A — A’ be a
Z|G)-homomorphism then we have the following commutative diagram

Ci(X) ®ziq) A—= Cp1(X) ®zjq) A
Id®fj jz‘d@f
Ci(X) @71 A —— Cr1(X) @z A'.

This gives a chain homomorphism which in turn induces a homomorphism
H,. (G, X;A) = H,(G, X; A").

In fact, given a homomorphism a: G — G’, a G'-set Y can be seen as G-set via «, if
y € Y and g € G then we define g -y = a(g) - y. We denote by a#Y the set Y seen as
a G-set via a. Let ¢: X — Y be a function between the G-set X and the G’-set Y. We
say that (o, ) is a compatible pair if p: X — oY is a G-map. For a compatible pair
(o, ) we can induce ¢ to G-map py: Ci(X) — C.(a®Y). Moreover, if a: G — G’ is a
group homomorphism, ¢: X — Y is a set function between the G-set X and the G'-set Y/,
and f: A — A’is a Z-homomorphism between the Z|G]-module A and the Z[G']-module
A’, then the tuple (o, ¢, f) is called admissible tuple if p: X — oY is a G-map and
[+ A— A’is a Z|G]-homomorphism, where A’ is considered as Z[G]-module via f. This
tuple («, ¢, f) induces a homomorphism

(i, fla: Cu(X) ®zi6) A = Cu(Y) ®zi6) A’
o®Rar p(0)® fla)

which in turn induces a homomorphism

(a0, et Ho(G, X; A) = H, (G, Y; A).

1.2. Classifying space of a group

Let G be a discrete group, i.e., a group with discrete topology. A classifying space
of the group G is a space BG such that m(BG) = G and 7,(BG) = 0 for n > 2.
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For each group G its classifying space always exist. Let EG be the geometric realization
of the simplicial set whose n-simplices are ordered (n + 1)-tuples (go, -+ , gn) of elements
of G. The face morphism are given by

di(gofn 7gn) = (907'” 7gi7"‘ 7gn>

where ¢; means omitting the element g;. The degeneracy morphisms are defined by

51'(907"' 7gn) = (907'“ » iy Gis * 79“)

The space EG is called the universal G-bundle. This space is contractible (see for
instance [16, Example 1B.7]) and the group G acts freely on EG by g(go, - ,gn) =
(990, ,9gn). Then the orbit space EG/G is the classifying space BG of G. We denote

by [go, ", gn] the orbit of (go,- -+ , gn)-
Another way to obtain BG directly from a CW-complex is the following. Consider

0 R F G 0

a presentation of G, where F' and R are free groups. Take as 0-skeleton one point .
For each generator of G (i.e., for each generator of F') attach a 1-cell to . We have as
1-skeleton X a bouquet of circles with m; (X(")) = F. Each element of R is a word in the
generators of ' and hence, corresponds to a path v in X, For each such word, attach a 2-
cell €% via the map f: Oe? — . This yields a space X® with 7;(X®) = F/R = G. Now,
attach a 3-cell for each generator of my (X)) to obtain a space X® with 7,(X®) = G
and o (X (3)) = 0. Continue this process, adding i-cells to obtain a space X at each
stage with 7 (X™) = G and 7;(X®) = 0 for 1 < j <n. Now define

BG = UX@.

Clearly m(BG) = G and 7;(BG) =0 for j > 1.

Proposition 1.2.1 ([16, Example 1B.7, Theorem 1B.8|). The space BG is unique up to
homotopy.

Example 1.2.2. By uniqueness we have that

1. The circle St is the classifying space for Z.

2. The infinite real projective space RIP* is the classifying space for Z,. In fact, we
can construct RIP*°: a presentation for Z, is

0 27 z Zs 0,

then a circle S! is a space such that m;(S*) = Z. The homotopy class of the map
f(z) = 2% is the generator of 2Z C m(S'), attach a 2-cell e* to S* using f in the
boundary, this gives the real projective plane RP2. The antipodal map p: S? — RIP?
gives the universal cover RPP? and the homotopy class of p is a generator of m,(RIP?).
Then we can attach a 3-cell to RP? using p in the boundary to obtain RP? and so
on to obtain RP*°. By construction 7 (RP*>) = Z, and 7, (RP*) = 0 for n > 2.
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We define the group homology with coefficients in Z as
H.(G;Z) = H.(BG;Z)
Where H,(BG;Z) is the simplicial homology of the topological space BG.
Example 1.2.3. By Examples [I.2.2]
Z ifn=0,1

0 otherwise.

1. Ho(Z) = H,(S") = {

7Z ifn=0
2. H,(Zsy) = H,(RP®) = < Zy if n is odd

0 otherwise.

See [16, Example 2.42].

1.3. Group homology

We finished last section with a definition of group homology using a topological space.
Another way to define homology of a group is using methods of homological algebra.
A Z[G]-module P is said to be projective if, for every exact sequence

NN — 0

and every Z[G]-homomorphism ¢: P — N” there exist a Z[G]-homomorphism ¢': P —
N such that ' 07y’ = . This is shown in the following commutative diagram

P
,
v lw
}t'
N—=N"—=0.

Let Z[G] be the group ring of G over Z and let M be a (left) Z[G]-module. A
Z|G]-projective resolution of M is an exact sequence of Z[G]-modules

P* Lo P1 PO < M 0
where each P, is a projective Z[G]-module. Such resolution exist for any Z[G]-module
[33, Proposition 6.2].

If P, is a projective resolution of M, then its reduced projective resolution is the
complex

o1

PM P1 Pg 0

A reduced projective resolution is no longer exact if M # 0 for Im0; = kere #
ker(P0—>O) :Po.
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Deleting M loses no information: M =2 coker d; and ¢ is the projection, the inverse
operation, restoring M to P, is called augmentation.

Given a Z[G]-projective reduced resolution Py of a right Z[G]-module M and any left
Z|G]-module N, we define the Tor functor by

TorZN (M, N) = H,, (Py; ®z¢ N).

Proposition 1.3.1 (Comparison Theorem, [33, Proposition 6.16]). Given a homomor-
phism f: M — N, consider the following diagram

P, - p-2op 2p = 0
f
P Py Pl —= Py —=N 0

where the top row is a projective resolution and the bottom row is exact, then there exist a

chain map f.: P, — P. making the completed diagram commutative. Moreover, any two

such maps are homotopic.

Remark 1.3.2. The Tor fuctor is well defined, i.e. does not depend on the projective
resolution, by the Comparison Theorem (see [33, Proposition 6.20]).

The Tor functor is characterized by the following theorem

Proposition 1.3.3 (Axioms for Tor, [33, Theorem 6.33]). Let (T},)n>0 be a sequence of
additive covariant functors from the category of Z|G]-modules to the category of abelian
groups. If

1. For any short exact sequence

0 M’ M M 0

of right Z|G]-modules, there is a long exact sequence with natural connecting homo-
morphisms

e Ty (M) 22 Ty (M) —— T (M) — Ty (M) 22T, (M) —

2. Tp 1s naturally isomorphic to the functor _ Qg N.
3. T,(P) = {0} for all projective Z|G|-module P and alln > 1,

then T, 1s naturally isomorphic to TorZ[G}( ,N).

n

Now, let G be a group and choose a Z[G]-projective resolution P, of the trivial module
Z. If A is a Z|G]-module, we define the group homology of G with coefficient in A to
be
H,(G; A) = Tor2lN 7, A) = H,, (P @36 A) .
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1.3.1. Canonical resolution. Let G be a group. Consider G as a G-set via the op-
eration as a group, then the corresponding augmented complex F, = C.(G) is the well
known standard resolution of Z. Actually, F, is a Z[G]-free resolution (see for instance
[33, Proposition 9.36]). Also we can replace the G-set G for any other G-set G-isomorphic
to G, for this reason we call C,(G) the canonical resolution.

We can obtain a G-standard resolution from contractible simplicial complex X on
which the group G acts simplicially and freely (see for instance [6, Section 1.5]). Let
S.(X) denote the simplicial chain complex of X, each S, (X) is a Z|G]-free module with
one basis element for each G-orbit of n-cell. Since X is contractible H,, (S.«(X)) = 0, so
the augmented complex S,(X) is a G-standard resolution of Z.

Then, we can use the canonical resolution to compute the group homology as

H,(G:Z) = H, (C.(G) ®26 7).

We have given two definition of group homology, one using the classifying space BG
and the other one by using the Tor functor. To see that both definitions agree, we shall
give a useful Lemma. First note that a right Z[G]-module A is equivalent to a right
G-module; we use both forms in the sequel. Denote by Ag the orbit space of the action
of G on A, then we have the following

Lemma 1.3.4. Let A be a right Z[G]-module, then A @z Z = Ag.

Proof. Define f: AxZ — Ag by f(a,z) = |az]. This f is bi-additive because, for all
2,7 €7Z,a,d € Aand g € Z[G]:

L. fla,z+2) = [a(z + 2)] = [az + a2'] = [az] + [a2'] = f(a,z) + f(a, ).
2. fla+d,2)=[(a+d)z] =|az+ d'z] = [az] + [d'z] = f(a,2) + f(d, 2).
3. fla,92) = la(g2)] = [(ag)2] = [f(ag, z).

Then, there exist a homomorphism f: A ®zgZ — Ag defined by f(a ® z) = [az]. The
homomorphism f is an isomorphism with inverse §: Ag — A ®z¢ Z defined by g([a]) =
a ® 1, which is well defined because, for all g € ZG,

g(lag —a]) = (ag—a)®1

= ag®1l—-—a®l
= aR®Q1lg—a®1
= a®l—a®1
=0

Note that fog([a]) = f(a®1) = [la] = [a] and gof(a®z) = §([az]) = az®1 = a®z. [

So, consider the (contractible!) simplicial universal cover EG — BG. The group
G acts freely on EG as the group of deck transformations and hence the cellular chain
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complex C,(EG) is a chain complex of free Z[G]-modules. Moreover, since EG is con-
tractible the augmented complex C,(EG) — Z — 0 is a (free) resolution of Z. Therefore,
identifying C(G) with the simplicial complex S, (EG) of the space EG,

,(G;Z) = H, (C.(G) ®z(c) L)
= H, (S*(EG Qz[a] Z)
= H, (S.(EG)q)
>~ H, (S.(BG))
~ H,(BG;Z).



CHAPTER 2.

Adamson Relative Group Homology

In this chapter, we define the Adamson relative group homology, we use the classifying
spaces for a family of subgroups for a topological definition, so we use the relative homo-
logical algebra introduced by Hochschild [18] for algebraic definition. In the last section
we include the proof that both definitions agree.

For the topological definition (Section and Section we introduce the classifying
space of a certain family of subgroup of a group G, which is a generalization of the
classifying space for a group G. This allows to give preliminary results about this relative
homology; for example: if H is a normal subgroup of G, the relative group homology
of the pair (G, H) and the group homology of the group G/H are isomorphic. For the
algebraic definition we give explicit proofs of results that are indicated in [I8] for the
particular case of the group ring Z[G]. We give some other results that are not included
in [18]. In Section [2.3| we give generalizations of the Tor functor for a special class of exact
sequences called (G, H)-projective, while in Section we use the relative Tor functor to
give the definition of the Adamson relative group homology and some properties.

2.1. G-CW-complexes

Let G be a discrete group. Let X be a G-space. For each subgroup H of G, we define
the set X ={z € X | h-z =z for all h € H} of fixed points of H, we call it the H-fix
point set. We denote by G, = {g € G | g-x = x} the isotropy subgroup fixing z € X.
More generally, let Y C X be a subspace, then Gy = ﬂer G, is the isotropy subgroup
(pointwise) fixing Y. We also denote by G(yy = {g € G | g-Y = Y} the subgroup leaving
Y invariant. In general Gy C G(y). We denote by Gx = {9z | g € G} the orbit of x € X
and we denote by X or X/G the orbit space.

Proposition 2.1.1 ([41], Proposition 1.15]). Since G is discrete, a G-CW-complex is
an ordinary CW-complex X together with a continuous action of G such that,

1. for each g € G and any open cell o of X, the translation g - o is again an open cell
of X,

2. if g- 0 = o, then the induced map o — o given by the translation x — g - x is the
identity, i. e., if a cell is fired by an element of G, it is fized pointwise, in other
words G(g) = G,

11
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Remark 2.1.2. Notice that in a G-CW-complex X for each open cell ¢ of X one has
G, = G, for every x € 0. Hence

{G, |oisacellof X} ={G, | x € X},

i. e., the set of isotropy subgroups of the points of X is the same as the set of isotropy
subroups of the cells of X.

2.2. Classifying spaces for G-actions

In this section we generalize the classifying space defined in the Section [1.2]

A family § of subgroups of G is a set of subgroups of G which is closed under
conjugation and taking subgroups. Let {H;};c; be a set of subgroups of G, we denote
by §(H;) the family consisting of all subgroups of {H,};c; and all their conjugates by
elements of G.

Let § be a family of subgroups of G. A model for the universal classifying space
for a family § or universal classifying spaces for G-actions is a G-CW-complex
E3(G) which has the following properties:

1. All isotropy groups of Ez(G) belong to §.

2. For any G-CW-complex Y, whose isotropy groups belong to §, there is, up to G-
homotopy, a unique G-map Y — Ez(G).

In other words, F5(G) is a terminal object in the G-homotopy category of G-CW-
complexes, whose isotropy groups belong to §. In particular two models for F3(G) are
G-homotopy equivalent and for two families §; C §2 there is up to G-homotopy precisely
one G-map E3, (G) — E5,(G).

Remark 2.2.1. There is another version for the classifying space for the family § in the
category of F-numerable G-spaces (see [23, Definition 2.1] or [41, page 47| for the def-
inition), but both versions are G-homotopy equivalent when G is a discrete group [23]
Theorem 3.7]. Moreover, any G-CW-complex with all its isotropy groups in the family §
is §-numerable |23, Lemma 2.2], thus we can work with any of the two versions.

There is a homotopy characterization of F5(G) which allow us to determine whether
or not a given G-CW-complex is a model for E3(G).

Theorem 2.2.2 (|23, Theorem 1.9]). A G-CW-complex X is a model for E3(G) if and
only if all its isotropy groups belong to § and the H-fiz-point set X is weakly contractible
for each H € § and it is empty otherwise. In particular, E3(G) is contractible.

2.2.1. Construction I: join. Let {H;};c; be a set of subgroups of G such that every
group in § is conjugate to a subgroup of an H;, that is, § = §(H;). Consider the disjoint
union Az = | |..; G/H;, then we have that

el
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the join of a countable number of copies of Az with the strong topology [41, Theorem 1.6.6].
More generally, let Xz be any G-set such that § is precisely the set of subgroups of G
which fix at least one point of Xz. Notice that Az is an example of such G-set. Then
E5(G) = %52, X5, the join of a countably number of copies of X3 [0, Proposition 2.2].

2.2.2. Construction II: simplicial. The following proposition gives a simplicial con-
struction of a model for F5(G) (compare with [13, Theorem A.3]):

Proposition 2.2.3. Take Xz as in Construction 1. A model for E5(G) is the geomet-

ric realization Y of the simplicial set whose n-simplices are the ordered (n + 1)-tuples
(xo,...,2,) of elements of Xz. The face operators are given by

di(xg, ..., Tn) = (Toy ooy Tiy v oy Tyy)
where £; means omitting the element x;. The degeneracy operators are defined by
Si(Toy vy n) = (Toy e ooy Ty Ty ooy Tp)
The action of g € G on an n-simplex (xo, ..., x,) of Y gives the simplex (gxo, ..., gzy).

Proof. Let 0 = (x,...,x,) be an n-simplex of Y. By the definition of the action of G
and since § is closed with respect to subgroups we have that

G, = ﬁ G,, C3§.
=0

Hence by Remark we have that all the isotropy subgroups of points of Y belong
to the family §. Let H € §, then its H-fix point set is given by

YH = {(xo,...,xn) | H C ﬂGml}
i=0

Notice that if o is a cell in Y then d;(¢) C Y and s;(0) C Y, and therefore Y#
is a simplicial subset of Y. Let x € X5 be such that h-x = z for every h € H, that is,
x is fixed by H, in other words, H C G,. Such an z exists by definition of Xz and since
H € §. We shall see that Y is contractible defining a contracting homotopy ¢ of Y to
the vertex (z). Let o = (x,...,,) be an arbitrary cell in Y define

clo) = (z,20,...,2,)
This defines a contraction as we saw in Proposition [1.1.5] Therefore ¢ indeed defines

a contracting homotopy. This shows Y is contractible and, therefore by Theorem m
Y is a model for Ez(G). O
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Remark 2.2.4. Remember that we can use Az as a model for Xz, Then a particular case
of Construction II (that will be useful in the sequel) is when we consider the family §(H)
of only one subgroup H of GG which consists of all the subgroups of H and their conjugates
by elements of G. Then a model for Egg)(G) is the geometric realization of the simplicial
set whose n-simplices are the ordered (n + 1)-tuples (goH, - ,g,H) of cosets in G/H
and the i-th face (respectively, degeneracy) of such a simplex is obtained by omitting
(respectively, repeating) ¢g; H. The action of g € G on an n-simplex (goH, - - , g, H) gives
the simplex (ggoH, -+ , 99, H).

Remark 2.2.5. When § = {e}, the above construction corresponds to the universal bundle
EG of G. The G-orbit space of EG is the classical classifying space BG of G. In analogy
with BG, we denote by Bz(G) the G-orbit space of F5(G). Thus when § = {e}, we have
that B{e}(G) = BG.

Let H be a subgroup of G. For a G-space X, let res% X be the H-space obtained by
restricting the group action. If § is a family of subgroups of G, let §/H = {LNH | L € §}
be the induced family of subgroups of H.

Proposition 2.2.6 (J40, Proposition 7.2.4], [I3 Proposition A.5]).
ress By (G) = Ez/u(H).

Proposition 2.2.7. Let H be a subgroup of G and let K be a normal subgroup of G
contained in H. Then a model for Ez /iy (G/K) is also a model for Ezm(G).

Proof. Suppose that we have the space Eyu/k)(G/K). The group G also acts on the
space Egu/r)(G/K) via the natural projection p: G — G/K. If © € Ezu/x)(G/K) is
a (H/K)-fix point, let h € H then h-x = hK -z = x, that is the H-fix set point is
the same that the (H/K)-fix set point given by the action of G/K. Since any element

ghg™! is sent to g(hK)g~! by p the same applies for the other elements of F(H). Then
by Theorem we have the desired result. m

Corollary 2.2.8. Let H be a normal subgroup of G. Let E(G/H) be the universal G/H -
bundle of the group G/H, then E(G/H) is a model for Ezm)(G).

Let G be a discrete group and let H be a subgroup, we can define the Adamson
relative group homology of the pair (G, H) by

H,((G : H;Z) = H,(Bsm)(G): Z).

Proposition 2.2.9. Consider the pair (G, H) of the group G and subgroup H. Let K be
a normal subgroup of G contained in H then

H,([G/K : H/K|;Z) = H,(|G : H];Z).
Proof. By Proposition [2.2.7]
H(G/K  H/K];Z) = Hu( By (G K); 7)
= Ho(Bym)(G); Z)
H,(|G: H|;Z).
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It follows immediately that

Corollary 2.2.10. If H is a normal subgroup of G, then

H,([G:H;Z)=H,(G/H;Z).

2.3. Relative Tor functor

In this section we give the definition of relative Tor functor which we will use to give
another definition of Adamson relative group homology. Here we present results due to
Hochschild in [I8] for the case of group rings. The proof of some of this results were
included in [I8]; here we give the detailed proofs for completeness.

Consider a group G and a subgroup H C G. Let Z[G] be the group ring of G, let
Z[H] be the group ring of H seen as a subring of Z[G]. An exact sequence of Z[G]-
homomorphisms between Z[G]-modules,

tit1 t;
Nij1 ——= N;j——= N; 4

is called (G, H)-exact or relative exact if, for each 7, the kernel of ¢; is a direct Z[H]-
module summand of N;.

Proposition 2.3.1 ([I8, Section 1]). A sequence

tit1 t;
v: Nigg —N; — N1

of Z|G]-homomorphisms is (G, H)-ezact, if and only if, for each i:
1. tz o) ti-l—l = O, and
2. there ezists a contracting Z|H|-homotopy

Proof. Suppose that v is a (G, H)-exact sequence. As usual, we denote by Z; = kert;
and B; = Imt;,,. Since v is (Z[G], Z[H])-exact, it is an exact sequence of Z[G]-homo-
morphisms. Hence t; 0t;.; = 0 and Z;/B; = 0 for every i. Thus B; = Z; and the short
sequences

0—>Z,L'+1—>Ni+1tii>zi—>0 (21)

are exact. Since v is (G, H)-exact, we have that Z;, is a direct summand of N;,4, i.e.,
Nit1 = Ziy1 @ Ciyq as Z[H]-modules for some Z[H]-module C;,;. Hence the sequence
splits and there exists a contracting Z[H]-homotopy (see Proposition [1.1.3)).

Conversely, suppose the sequence v of Z[G]-homomorphisms satisfies and Suppose
that h is a Z[H|-contraction. By [1| we have that Imt,;; C Z; and by |2 if x € Z; we have
that

tivi(h(x)) = . (2.2)
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Thus x € Im ¢, and the sequence v is exact, that is, Z; = B;. Hence the sequence

tit1 t;
v: Nip — N;—= N,

is exact. Also we have the short exact sequence

tit1

O ZfL'Jrl Ni+1 —>ZZ —>O (23)

Moreover, by ([2.2]) we also have that h|z, is a section of ¢;;; and therefore the sequence
(2.3) splits. Since h is a Z[H]-homomorphism, we have that Z;,, is a direct Z[H]-module
summand of N;yq. Thus v is (G, H)-exact. O

A very useful result is the following,

Corollary 2.3.2. A short exact sequence of Z[G]-homomorphisms is (G, H)-ezxact if and
only if there exist a splitting Z[H|-homomorphism.

Proof. Directly from Proposition [L.1.3] and Proposition [2.3.1}] [

Lemma 2.3.3. There is a natural isomorphism of the group of Z|G|-homomorphisms
Homge)(Z|G) @z A, M) onto Homyg (A, M).

Proof. The isomorphism is given by k + ki, where k;(a) = k(1 ®a), for every a € A with
inverse k; — k where k(g ® a) = gky(a) for every g € Z|G] and a € A. O

A Z[G]-module P is said to be (G, H)-projective or relative projective if, for every
(G, H)-exact sequence

NN — 0

and every Z|G]-homomorphism ¢: P — N”| there is a Z[G]-homomorphism ¢': P — N
such that ¢’ o ¢y’ = 4. This is shown in the following commutative diagram

P
v,
.7 lw
£y
N —=N"——0.
Lemma 2.3.4 ([I8, Lemma 2]). For every Z[H]|-module A, the Z|G]-module
Ind$; A = Z[G] @z A
is (G, H)-projective.

Proof. Let
0 N N Y- N7 0.

be an (G, H)-exact sequence. Since the kernel of ¢’ is a direct Z[H]-module summand of
N the sequence above splits as sequence of Z[H|-modules. Suppose that g: N” — N is a
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splitting homomorphism, then given a Z[G]-homomorphism ¢: A — N” we have a Z[H]-
homomorphism ¢: A — N given by ¢’o¢. On the other hand, for any Z[G]-module M, by
Lemma Homge)(Z|G) @zim A, M) =2 Homygm (A, M) as Z|G]-modules. Using this
with M = N and M = N”, we conclude that the map k — gok sends Homyzq)(Z]|G] @z
A, N) onto Homz)(Z|G]®z;m A, N"), which means precisely that Z[G] @z A is (G, H)-
projective. O

Remark 2.3.5. Any projective Z[G]-module is (G, H)-projective. The converse is not
always true: let M be a non projective Z[G]|-module, then there exist an exact sequence

v:N-L2 s M—-0

such that v does not split.
Suppose that Z[G] ®zg M is a projective Z[G]-module, then the following diagram
commutes

Z|G)| @z M
)
N P M 0

where ¥(g ® m) = gm. Define ¢o: M — M by ¢o(m) = (1 ®m) =m and ¢§: M — N
by ¥(m) = ¢/(1© m), then

poy(m) =poy/(l®@m)
=yl ®m)
= 1o(m)
which is not possible since v does not split.

If N is any G-module, the natural map

ge®n—gn (2.4)

gives rise to an exact sequence (see [0, Equation I11.3.4])
0 — K —Z|G]| ®zizy N —= N —0 (2.5)

where K is the kernel of the homomorphism 7. The map
¢: N = Z[G] @zim N (2.6)

n—1®n
is a Z[H]-homomorphism since
o(hn)=10hn=h®@n="h(1®n)=he(n).

Notice that if h is in Z[G] but not in Z[H] we cannot perform the second step, so ¢
in general is not a Z[G]-homomorphism. Since § o ¢(n) = (1 ® n) = n, ¢ is a section
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of § and it is an Z[H]-isomorphism of N onto a Z[H]-module complement of Ky in
Z|G] @z N, showing that the exact sequence is actually (G, H)-exact. If N is (G, H)-
projective, considering the identity map on N, there exists ¢/': N — Z[G] @z N which
makes the following diagram of Z[G]-homomorphisms commute

P
0 — K — Z|G] ®gj N — N —0.

So, N is Z[G|]-isomorphic with a direct Z[H]-module summand of Z[G] @z N.

Proposition 2.3.6. Let P, and P, be Z|G|-modules, then P = P& P, is (G, H)-projective
if and only if P, and P, are (G, H)-projective.

Proof. Let py: P — P; be the projection and i;: P, — P be the inclusion. Let
N—>N —=0
be an (G, H)-exact sequence and let ¢: P, — N’ be a Z[G]-homomorphism. Consider

the composition Y op;: P — N’. Since P is (G, H)-projective there exists a Z[G]-
homomorphism ¢: P — N such that the following diagram commutes

Thus ¢/ = ¢poiy: P — M is such that
toy' =togoiy=1op oi =1,

Therefore P is (G, H)-projective. Analogously with Ps.

Suppose that P; and P, are (G, H)-projective and suppose that we have a Z[G]-
homomorphism ¢: P — N’. Consider ¢y =t oi;: P — N and ¢y =1 oiy: P, — N'.
Since P, and P, are (G, H)-projective, there exist ¢: P, — N and ¢5: P, — N such
that t o9} = 11 and t o ¢y = 1)5. By the universal property of the direct sum, there exist
V' Py @ Py — M such that ¢’ oiy = ¢} and ¢’ 0 iy = ¢}. Then

to oip =toy) =1 =1poi
tOl/}/OiQZtOl/};:l/Q:l/}OZ'Q.

By uniqueness we have t o ¢y’ = 1 as we wished. O
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Corollary 2.3.7. A Z|G]-module N is (G, H)-projective if and only if it is Z|G]-isomor-
phic with a direct G-module summand of Z|G]| @z N, or if and only if Ky is a direct
Z[G]-module summand of Z|G] @z N.

Proposition 2.3.8 ([18, Proposition 2|). Let M be an (G, H)-projective module, and
suppose that V- — W is a Z[G]-homomorphism such that the induced map

Homgm (M, V) = Homgm (M, W)
18 an epimorphism. Then the induced map

Homg)(M, V') = Homgg(M, W)
1s also epimorphism.

Proposition 2.3.9 ([I8 Proposition 3]). Let M be a (G, H)-projective module, and sup-
pose that U — V is a Z[G]-homomorphism such that the induced map

U @z M — 'V Qzy M
18 a monomorphism. Then the map

U®zgg M =V Qziqg M
18 also monomorphism.

2.3.1. Relative Tor functor. By a (G, H)-projective resolution or relative pro-
jective resolution of a Z|G]-module M we shall mean a (G, H)-exact sequence

P*Z s P1 PO M 0
in which each P, is (G, H)-projective, and we call
PMI s PQ Pl PO O

the reduced (G, H)-projective resolution.

Proposition 2.3.10 ([I8, Section 2|). Every Z[G] module N has an (G, H)-projective
resolution.

Proof. By Lemma [2.3.4] Z[G] @z N is (G, H)-projective. Take Py = Z[G] @z N, by
the exact sequence (2.5) we have that

Z[G] Qz[H] N—N——0

which is (G, H)-exact because we have the splitting Z[H]-homomorphism given in ({2.6)).
Then proceed in the same way from the kernel Ky of this map in order to obtain P, =
Z|G] ®@z1a) K, splice with the previous sequence by taking the composition

Z[G) @z Ky —~ Ky —> Z[G] @z N.

Note that the kernel of the composition t o 7 is the kernel of ¢. O
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The (G, H)-projective resolution obtained in the proof of Proposition is called
in [18, Section 2] the standard (G, H)-projective resolution of N.

Given a reduced (G, H)-projective resolution Py, of a right Z[G]-module M and any
left Z|G]-module N, we define the relative Tor functor by

Tor'@H (M, N) = H,(Py @26 N).

We can change either the roles of M and N or we can use relative resolutions for M
and N (see [I8, Section 2]) in order to define the Tor functor, but in any case they are
equal.

An important fact is that Tor®™) (M, N) does not depend on the (G, H)-projective
resolution. This was pointed out by Hochschild in [I8, Section 2]. We shall give a
complete proof of this fact following step by step the proof of the classical Comparison

Theorem [L.3.1].

Proposition 2.3.11 (Relative Comparison Theorem). Given f: M — N a Z|G]-homo-
morphism , consider the following diagram

P, P-2ep 2 p M 0
f
P Py~ Pl =5~ By N 0

where the top row is a (G, H)-projective resolution and the bottom row is (G, H)-ezxact.
Then there exist a chain map f.: P, — P! making the completed diagram commutative.
Moreover, any two such maps are chain homotopic.

Proof. 1. We prove the existence of f, by induction. For the base step n = 0 consider
the diagram
I
/
fO/ 7 lfos
¥

Pj——=N——0

Since Py is (G, H)-projective, there is a Z[G]-homomorphism fy: Py — P; with
g’ o fo = f oe. For the inductive step, consider the diagram

If Im f,, © Op1 C Im 9}, ,,, then we have the diagram
Pn+1

fn+1 e -
- fnoOni1

e
A

/
Pn+1 T+>11m3n+1—>0
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and since P, 11 is (G, H)-projective and the row is (G, H)-exact (by hypothesis) this
gives fny1: Poy1 — Py with 0], 0 fui1 = fn 0 Onq1. To check that the inclusion
holds, note that exactness at P/ of the bottom row of the original diagram gives
Imd,, , = kerd,, and so it is sufficient to prove that 0 o f, o 0,41 = 0. But
a;Ofno n+l — fnfloanoanJrl:O-

2. We prove uniqueness of f, up to homotopy. If h,: P, — P/ is another chain map

*
such that ¢’ ohy = foe we construct the Z[G]-homomorphism terms s,,: P, = P/,

of a homotopy s by induction on n > —1: That is, we will show that
By, = fr = Opyq © Sn 4 Sp_1 0 Oy

For the base step, first view M and 0 as being terms -1 and -2 in the top complex,
and define (for this proof) dy = ¢ and d_; = 0. Analogously for the bottom row.
Finally define f_; = f = h_; and s_o = 0. With this notation, defining s_; = 0
giveshy —fi=f—f=0=0,0s_1+s5_900_;.

For the inductive step, it is sufficient to prove for all n > —1, that
Im( n+1 — fn+1 Sp © n—l-l) CIm an+27
for then we have a diagram with (G, H)-exact row

Pn+1

-
Sn+1 ~
n/ - Lhn+1fn+1sn03n+1
%
/
Pn+27>1m3n+2—>0

and (G, H)-projectivity of P,y; gives a Z[G]-homomorphism S,41: Py — P,
satisfying the desired equation. For the inclusion, the exactness at P, of the bottom
row of the original diagram gives Im d,, ., = ker 0/, |, and so it is sufﬁ(:lent to prove

Opi1© (M1 = fag1 — 800 0pq1) = 0. But

i1 © (M1 = far1 — 800 Onpa)

= 8/Jrl o ( nt+l — fn+1) n+1 © Sn n+1
= 8I+1 o ( n+1 — fn—i—l) ( —Sp-10 9, ) n+1 (27)
= 8’+1 o (hypy1 = fay1) = (hn fn) O Op+1,

and the last term is 0 because h and f are chain maps.
O

Corollary 2.3.12. The relative Tor functor Tor'®™) (M, N) does not depend on the
(G, H)-projective resolution of the right Z|G|-module M.

Proof. Let P, and P, be two (G, H)-projective resolutions of M. Consider the diagram
P, Py M 0

1

P|—— P} ——= M ——=0.
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By the Relative Comparison Theorem [2.3.11] there is a chain map ¢: P, — P.. This gives
a chain map 14 : P, ®zi) N = P ®z;6) N which induces a morphism, one for each n,

tn.: Hy (P @16 N) — H,, (Pl ®zc) N)

Now, we prove that ¢,, is an isomorphism by constructing its inverse. Turn the preceding
diagram upside down, so that the chosen (G, H)-projective resolution P, is now the bottom
row. Again, the Relative Comparison Theorem gives a chain map x: P, — P,. Now the
composite kot is a chain map from P, to itself. By uniqueness statement in the comparison
theorem, s o is homotopic to 1p,; similarly, ¢ o x is homotopic to 1p,. By functoriality of
tensorial product and homology, we have that

(LOH)TL* = Ln* OI{n* - I{n* OL”* = (l{ob)n* = ]'

]

It is well known that, in the following commutative diagram, if two columns are exact
then the third is also exact,

0 0 0 (2.8)
0 A’ A A" 0
0 B’ B B 0
0 C’ C ol 0

0 0 0

P, Py
P, Py

0—> M —>M—>M"——0
0 0

where the columns are (G, H)-projective resolutions and the row is (G, H)-exact, then
there exist a projective resolution of M and chain maps such that the three columns form
a (G, H)-ezxact sequence of complex.
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Proof. We first show that there is a (G, H)-projective )y and a commutative 3 x 3 diagram
with (G, H)-exact columns and rows:

We omit the proof of exactness this is a classical exercise, we only give the necessary
splitting Z[H]-homomorphisms. Define Qo = Pj @& BJ it is (G, H)-projective because
both Pj and P are (G, H)-projective (Proposition [2.3.6]). Define ig: P; — P} @® Fj by
' — (2/,0), and define qo: P& Py — BJ by (2/,2") — 2”. It is clear that

0 P — Qo2 py 0

is (G, H)-exact. Since P} is (G, H)-projective and the bottom row is (G, H)-exact there
exist a map o: B} — M with goo = &”. Now define ¢: Qg — M by (2/,2") —
(1oe’)(2")+0o(2") (the map o makes the square with base M — M"” commute). Surjectivity
of ¢ follows from ([2.§]).

The middle column is (G, H)-exact, to see it, we shall give a splitting Z[H|-homo-
morphism ¢: M — Q. Since P, and P/ are (G, H)-projective resolutions, then there
are splitting Z[H|-homomorphism ¢': M" — B} and ¢": M" — Pj. Let m € M, on one
hand m is send to z = i 0 ¢” o g(m) € Qy where i is the inclusion of P} in Qo, on the
other hand qoe(x) = " o go(z) = q(m), then m — e(x) € kergq = Imi, i.e., there exist a
unique element m’ € M’ such that i(m) = m — e(z). Now, consider iy o ¢'(m’) and define
o(m) =ig o ¢'(m') + z. Note that

gop(m)=coigoy (m')+e(x)
=ioc o/ (m') +e(x)
=i(m’) +e(x)
=m+e(x) —e(x)

=1m.

Since the middle row is (G, H)-exact then

0—> K}, —= Vo —= K! —=0
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is (G, H)-exact.

We now prove, by induction on n > 0, that the bottom n rows can be constructed.
For the inductive step, assume that the first n steps have been filled in, and let V,, =
ker @, = @Qn—1, while K] = kerd), and K] = kerd. As in the base step we have a
commutative diagram with (G, H)-exact rows and columns.

0 0 0
0 K Viin — K ;; —0
0 P’f/l+1 o Qnt1 S Pvé/+1 —0
01 On+1 i1
0 K! V. K" 0
0 0 0

Now splice this diagram to the n-th diagram by defining 0, y1: Q,yr1 — @, as the com-
posite Q11 — V,, — @,. Notice that ker 9, does not change taking the composite. [

As a consequence of Proposition [1.3.1] we can establish the following results as in the
classical Group Homology.

Proposition 2.3.14. As a functor Tor(()G’H) (_, N) is naturally isomorphic to the functor
_ ®z[q] N.
Proof. Let

P: —P Pt M0

be a (G, H)-projective resolution of M. Then by right exactness of _ ®z; N we have the
exact sequence

01 ®id e®id
P @) N 2% Py @zje) N =25 M @6y N —0.

By definition Tor(()G’H)(M ,N) = coker 0; ® id, but € ® id induces an isomorphism

T coker 81 X id— M ®Z[G] N
, by the First Isomorphism Theorem; that is

coker@l ®Zd = PO ®Z[G} N/ Imal X id
= PO ®Z[G} N/kere@zd
=Ime®id = M®Z[G} N.

Is easy to see that this isomorphism is natural. ]
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Proposition 2.3.15. Let P be a (G, H)-projective module. Then Tor'®™) (P, N) =0 for
alln > 1 and all Z|G)-module N.

Proof. This is trivial since

0 p-.p 0
is an (G, H)-projective resolution of P. O
Proposition 2.3.16. For any short (G, H)-exact sequence

0 M’ M M" 0

the induced sequence

— Torl™ (M, N) — Torl™" (M, N) — Tor{™" (M" N) ——
Tor&G’H)(M’, N)—— TorgG’H)(M, N)— Tor&G’H)(M”, N)——

M' @z N

M Qz(q] N M Qz[a] N—0

is exact for any Z|G|-module N.

Proof. Let P, and P! be (G, H)-projective resolutions of M’ and M" respectively. By the
Relative Horseshoes Lemma [2.3.13] we have that

O P]/W/ PM P]I\j[” O

is an exact sequence of complexes. Each sequence

0 P P, P 0
splits. Applying the functor _ ®zig N, it gives the sequence
0 — Piy @zi6) N — Py @z6) N — Pypy @16y N —0.

Since additive functors preserve split short exact sequence, the previous sequence is exact.
Then by the long exact sequence in homology the result holds. O]

2.4. Adamson relative group homology

We shall give another definition of the Adamson relative group homology using relative
homological algebra [I§].

Given a (G, H)-projective resolution of Z, we define the Adamson relative group ho-
mology with coefficients in the right Z|G]-module A by

H,([G : H]; A) = Tor'@1(7, A).
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Remark 2.4.1. Since the relative functor Tor is independent on the (G, H)-projective
resolution of Z (see Corollary [2.3.12)), then H, (|G : H]; A) is well defined.

Let A be a left Z[G]-module. The coinvariants of A is the factor module Ag = A/IA
where [ A is the submodule generated by all elements of the form gy — vy, (¢ € G and
y € A). Note that gy —y = (g — 1)y, for an arbitrary group G, then I5A is, in fact, the
direct product of the augmentation ideal I and A.

Corollary 2.4.2. Hy([G: H; A) 2 Z @) A = Ag

Proof. By Proposition 2.3.14] notice that Tor{™")(Z, A) = Z &y A, and by Lemmall.3.4
it is clearly isomorphic to Ag. O

Let f: A — A’ be a homomorphism of left Z|G]-modules. Given a (G, H)-projective
resolution P, of Z, the following diagram commutes for a fixed group G,

P, ®zj¢) A—— Po_1 Qi) A (2.9)
| J
P, @z A —— P11 ®@ziq1 A'.
This gives a chain homomorphism which in turn induces a homomorphism
H.(|G: H; A) —» H(|G : H]; A")
By Proposition we have the following
Proposition 2.4.3. Let
0 A A A" 0

be an (G, H)-ezxact sequence. Then we have a long exact sequence
= H,([G: H; A') — H,([G : H]; A) — H,([G : H; A") — H,, 1 ([G : H[; A") — .
Proof. Let P, be a (G, H)-projective resolution of Z. Since

0 A A A" 0

is (G, H)-exact and the functor P,®zg preserves splitting exact sequences, we have
that
0—F, ®Z[H] Al —— P, ®Z[H] A——> P, ®Z[H] Al —— O,

are exact for any n > 0. Then by Proposition and right exactness of P,®ziq we
have that the induced sequences

0 —— P, ®zjq) A — P, ®zjq) A — P, ®zjq) A" —0,

are also exact. Then the result follows from taking the long exact sequence induced from
the short exact sequence of chain complex

0 —— P, ®zi6) A’ — Pi @ziq) A — P, ®zq) A" —0.
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Corollary 2.4.4. Consider the (G, H)-exact sequence given in (2.5)):
0—>K—>Z[G] Qz[H] N—N——0.

Then H, (|G : H|; K) = H,([G : H]; N) forn > 2.

Proof. Since Z|G] @z N is (G, H)-projective, H,_1([G : H]; Z|G] @z N) = 0. The
result follows from Proposition [2.3.16] O

Then H,([G : H]; A) is a functor of Z[G]-modules to abelian groups. We are interested
to prove that H, (|G : H|; A) is a functor of two variables.

A homomorphism a: G — G’ induces a ring homomorphism &: Z[G| — Z[G'], which
extend « linearly. Every Z[G']-module A is a Z[G]-module: if g € G, and a € A, then
g-a=alg)-a. Denote a Z[G']-module A viewed as a Z|G]-module by a# A. This define
a change of groups functor o : zicnMod — 75 Mod.

We define the category of pairs of groups Gpsy: an object in Gpsy, is a pair (G, H)
where G is a group and H is a subgroup of G, a morphism between two pairs «: (G, H) —
(G', H') is a homomorphism a: G — G’ such that o(H) C H'.

Consider a morphism «: (G, H) — (G', H') in Gpsy, and a Z-homomorphism f: A —
A’ from the Z|G]-module A to Z|G']-module A, we say that the pair (a, f) is an admis-
sible pair if f: A — a# A’ is a Z[G]-homomorphism. Define the category Pair, where
the objects are pairs ((G, H); A) and morphisms are admissible pairs.

Now, we shall prove that the Adamson relative group homology is a functor from
Pair, to abelian groups.

Lemma 2.4.5. Let a: (G,H) — (G', H') be a morphism in Gpsg. Let P, = (P,,0,) be
a (G, H)-projective resolution of Z and P, = (P),0.) a (G', H'")-projective resolution of
Z. Then o P! is a (G, H)-exact sequence.

*

Proof. Since (P),0,,) is (G', H')-exact, then kerd!, is a Z[H'|-summand of P,. Since

n»-n

a(H) C H', then o ker @/, is a Z[H| direct summand of o P". O

Therefore, by the Relative Comparison Theorem we obtain a Z[G]-map from P,
to a# P which induces a well defined map («, f)4: P ®Rzia) A = P, ®@z;6n A’ since cg®a
is send to oa(g) ® f(a) and 0 ® ga is send to o ® f(ga) that is equal to o ® a(g)f(a) =
oa(g) ® f(a). The map (a, f)x induces a homomorphism

(o, f): Ho(|G : H|; A) — H,([G": H']; A"),

as we saw before. By the Relative Comparison Theorem this homomorphism is
unique.

When f: A — A’ is the identity we denote (a, f), only by a,. Then any induced
homomorphism (a, f), may be written as the composition:

H([G: H); A) L= H,((G: H); A) =2 H,((G' - H'); A),

this homomorphism makes sense since f is a Z[G]-homomorphism.
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2.4.1. Relative canonical resolution. In virtue of Proposition , we shall give a
canonical (G, H)-projective resolution of Z. Here, we generalize the canonical resolution
given in Subsection [I.3.1} Also we will show that both definitions, using the classifying
spaces for GG actions and using relative homological algebra agree.

Remember that C,(G/H) is the abelian group generated by the n-tuples of cosets
(9oH,- -+ ,9,H), and also remember that C,(G/H) has structure of G-module through
the action

9-(90H, -, gnH) = (990H, -+, 99, H).
Lemma 2.4.6 ([6, Proposition I11.5.3, Corollary I11.5.4]). We have that
Co(G/H) = 5 d§, Z,,
O'GETL

where 2, is a set of representatives of the G-orbits of C,(G/H).

Proposition 2.4.7. The augmented complex C.(G/H) is a (G, H)-projective resolution
of the trivial Z[G]-module Z.

Proof. By Lemma and Proposition each C,,(G/H) is (G, H)-projective and
therefore C,(G/H) is a (G, H)-projective reduced resolution of Z. O

We call C,(G/H) the relative canonical resolution. As a consequence of the Rel-
ative Comparison Theorem [2.3.11| we have

Corollary 2.4.8. The homology H, (B,(G/H)) = H, (C,(G/H) ®zc) Z) is the Adam-
son relative group homology.

Notice that when H is the trivial group we recover the group homology H,(G;Z) of
G. Therefore, when H is normal, the group G/H acts on C.(G/H) by

gH - (goH, - ,9.H) =9 (90H, - ,9:.H) = (990H,--- , 99, H).

this action is well-defined. In fact, this action is G/H-free and it gives a G/H-module
structure to C,(G/H), Then we have that

Corollary 2.4.9. There is an isomorphism H, (B, (G/H)) = H,(G/H;Z).

Compare with Corollary [2.4.15]
In a little more general context, let X(z) be a G-set, such that the action of G on X

is transitive and the set of isotropy subgroups of points in Xy is the conjugacy class
of H in G. Then X(y) and G/H are isomorphic as G-sets, moreover the augmented
complex C.(Xg)) and the canonical reduced resolution are Z[GJ-isomorphic. We call the
augmented complex C, (X () the relative standard resolution. Then we have proved
that

Proposition 2.4.10. H,(G, Xy, Z) = H,([G : H]; Z).

Proposition 2.4.11. H,([G : H|;Z) = Tor'“")(Z,Z) = H,(Bsum)(G); Z).
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Proof. The simplicial construction of Eg)(G) (Subsection [2.2.2)) gives a canonical way
to identify the simplicial complex S,(E5m)(G)) of the topological space Egg)(G) with
the (G, H)-standard resolution. Now

]

2.4.2. Natural G-maps and induced homomorphism. Let H and K be subgroups
of G. There exists a G-map G/H — G/K if and only if there exists a € G such that
a'Ha C K and is given by

R,: G/H — G/K,
gH — gaK.
Any G-map G/H — G/K is of the form R, for some a € G such that a™'Ha C K
and R, = Ry, only if ab™! € K, see tom Dieck [41, Proposition I(1.14)].
Let H and K be subgroups of GG such that H is conjugate to a subgroup of K, then

there is a G-map
hg: X(H) — X(K).

This induces a G-homomorphism
(hip)s: Cu(X () = Cu(Xx)),

which in turn induces a homomorphism of homology groups

(hE).: H (G : H);Z) — H.([G, K]; Z). (2.10)

Remark 2.4.12. Let No(H) ={g € G| gHg™' = H} be the normalizer of H in G. Then
we can consider K = Ng(H) to define a map

s Xy = X (wvomy-

Remark 2.4.13. Let H and K be subgroups of G. Consider the families F(H) and
S(K) generated by H and K respectively and suppose that §(H) C §(K). Then
there exists a G-map unique up to G-homotopy FEym)(G) — Egx)(G). Notice that
§(H) C §(K) implies that H is conjugate to a subgroup of K and therefore there exists a
G-map hfy: Xy = Xy = X(x) = X3(x). Using the Simplicial Construction of Propo-
sition we can see the G-map Ez ) (G) — Egi)(G) as the simplicial G-map given
in n-simplices by

(.1:07 e ,an) — (hg(x0)7 e ’hg(l’n)>, x; € XS(H)) 7 = O’ 17 R (¥
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This map induces a canonical map By (G) = Bgk)(G) between the corresponding
G-orbit spaces. This map in turn induces a canonical homomorphism in homology

H,\(By(m)(G); Z) — Hy(By () (G); Z),
which by Proposition [2.4.11| corresponds to the homomorphism (h%), in ([2.10).

Proposition 2.4.14. Let H be a subgroup of G and let K be a normal subgroup of G
contained in H. Then

(G, H]; A) = H,((G/K, H/K]; Ax).
Compare with Proposition [2.2.9|

Proof. The groups G and G/K act by left multiplication in G/H and (G/K)/(H/K)
respectively. The canonical projection a: G — G /K gives a bijection of G-sets,

G/H = o*{(G/K)/(H/K)}
gH < gK(H/K)

Let z,9 € G, since eKgK(H/K) = zgK(H/K), the action of G induced by « in
(G/K)/(H/K) is the same than the given by G/K. Then C,(a{(G/K)/(H/K)}) is
a (G, H)-projective resolution of Z. Therefore, by Remark we have

a.: H(]G: H); A) =2 H(|G/K : H/K]; A).

In the other hand, the coinvariants A is a G/ K-module,

fi G/KX AK—>AK
(9K,a+ IgA) — ga+ IxA

It is well defined because

(gkK,a+ IxA) —gka + Ik A
= kiga — ga + ga + [k A
= ga+ I A.

Actually, the actions of G and G/K on Ak agree. Then
C.((G/K)/(H/K)) ®zc/x) Ak
makes sense. So, by (2.9), we have an isomorphism

fu: Ci((G/K)[(H]K)) @zjc) A = Co((G/K) /(H/ K)) ©zjc/x) Ak
(oK (H/K), - gnK(H/K)) ® a < (9o (H/K), -+, g K(H/K)) @ a + [ A
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whose inverse is well defined since

F (@K (H/K), g K(H/K)) ® a+kb—b+ I A)
= (9K (H/K), -+, 9, K(H/K)) ®a+kb—
= (9K (H/K), -+ , 9. K(H/K)) ® a
— (90K (H/K), -, 9. K(H/K)) ® kb
+ (goK(H/K), - ,g. K(H/K)) ®b

= (9K (H/K), -+, 9. K(H/K)) ® a
— (kg K(H/K),-- kg, K(H/K)) @b
+ (90K (H/K), -+ ,g. K(H/K)) @b

= (9K (H/K), -+ ,9.K(H/K)) ® a
—(goK(H/K), - ,g. K(H/K)) @b
+ (90K (H/K), -+ 9. K(H/K)) @b

= (oK (H/K), -+ ,9.K(H/K)) ® a

Therefore,
for H((G/K)/(H/K); A) = H.((G/K)/(H/K); Ak)

and composing a, and f,

(o, [)e: Ho([G, H]; A) = Ho([G/K, H/K]; A).

Corollary 2.4.15. If H is a normal subgroup of G, then,

H,(|G:HJ;A) = H,(G/H; Ay).
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CHAPTER 3.

Takasu Relative Group Homology

In this chapter we give the definition of Takasu relative group homology, again in topo-
logical and algebraic ways. We use the classifying space of a group, the algebraic and
topological cone, and projective resolutions to give equivalent definition of this relative
homology of other authors. In Subsection we give a particular resolution that we
use later to define invariants of hyperbolic manifolds.

3.1. Takasu relative group homology

Let G be a discrete group and let H be a discrete subgroup. Consider the classifying
spaces BG and BH of G and H respectively. Let «: BG — BH be the map induced by
the inclusion. The topological cylinder Cyl(¢) of ¢ can be consider as a model for BG
(Cyl(¢) is homotopically equivalent to BG) that contains BH as subspace. We define the
Takasu relative group homology H, (G, H;Z) as the homology of the topological pair
(BG,BH), i.e:

H,(G,H;Z) = H,(BG,BH;Z).

In this case H,(BG,BH;Z) = H,(BG/BH;Z) for n > 0, where H,( ) denotes reduced
homology. The quotient space BG/BH is precisely the topological cone Con(:) of «.
Another approach to Takasu relative group homology is using homological algebra.
Let i: Z[G] ®zz) N — N be the homomorphism given in ([2.4]) by i(¢®n) = gn. Here,
we denote keri = I y(N). We have some facts about I(¢ ) (V):
Proposition 3.1.1 ([38, Proposition 1.1]). We have the following affirmations
1. Iigmy(A) is a covariant exact functor with respect the variable A.
2. If A is Z|G]-projective, then Ic m(A) is Z|G]-projective.
3. There exists a natural equivalence of functors:

Iy (A) @216 C = A®gzq) Lia,m)(C).

33
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Given a Z[G]-projective reduced resolution P, of I(¢ ) (Z) and a right Z|GJ-module
A, we define the Takasu relative group homology of the pair (G, H) by

H,(G, H; A) = Tor, { (Ig,m)(Z), A) = Hyy (PI(G,m(Z) ®zia) A> )

forn > 1.

Remark 3.1.2. Remember that the functor Tor does not depend on the Z[G]-projective
resolution of I(¢ iy (Z) (Remark |1.3.2)).

3.2. Canonical resolution of I (%)

Since Takasu relative group homology is well defined, in this section we will give different
projective resolutions of I(¢ (%) in order to use them to calculate H,(G,H;Z). The
first one is given by:

Proposition 3.2.1 ([38] Proposition 3.1]). If P, is a Z|G]-projective resolution of Z, then
I, m)(Py) is a Z[G]-projective resolution of Iic m(7Z).

The previous is a consequence of Proposition
Let ¢: {C%,0.} — {C., 0.} be a chain map. The algebraic mapping cone of ¢ is

*

the chain complex N,(¢) = {N;, 9;} defined by N,, = C’_, & C, and

0(c,c) = (=0'(c), ¢(c) + 0(c))

The algebraic mapping cylinder of ¢ is the complex M, (¢) = {M,,d} defined by
M,=C &C!_ |, ®C, and

d(a,b,c) = (=3 (a) — b,—d'(b), p(b) + 9(c)).

Remark 3.2.2. Notice N,, = M,_1/C,_1, then the induced homomorphism M, /C, —
M, _1/C,_1 is precisely the boundary homomorphism of the algebraic mapping cone.
Then we can obtain the algebraic mapping cone from the algebraic mapping cylinder.

Lemma 3.2.3 ([37, Lemma 1.1]). We have the following facts:

1. There ezist maps p: C — My (¢) and v: M.(¢) — C, such that the composite maps
pov and v o u are homotopic with the identity maps of C. and M,(¢) respectively.

2. Let a: C. — M,(¢) be the homomorphism given by a(a) = (a,0,0) and let : M, —
N, be the homomorphism given by (a,b,c) = (b,c), then

0 —> C! — M,(¢) — > N.(¢) —0

15 exact.
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3. Thus we have an exact sequence
- Hy (CL) =2 Hy(CL) —= Hy(No(6) —= Hyoa (CL) — -

Proof. We only give the proof of[l] Set u(c) = (0,0,¢) and v(a,b,c) = c+¢(a). We define
homomorphisms s: M, (¢) — M,_1(¢) by sp(a,b,c) = (0,a,0). Then s, = {s,} is the
homotopy conecting p o v with the identity map of M,(¢). The other composition v o p
is, in fact, the identity map of C,. O]

Let G be a group and let H be a subgroup. Consider a Z|G]-projective resolution P, of
Z and a Z[H|-projective resolution P, of Z. For a Z[H]-chain map ¢,: P, — P, over the
identity map of Z, we define a Z[G]-chain map ¢, given by the maps ¢,: P, ®zm Z[G] —
P, written as ¢, (0’ ® g) = ¢,(0”)g for n > 0.

Proposition 3.2.4. Consider the algebraic mapping cone N(¢,) of ¢. and the Z[G]-
module A. Then

N() - Ny, Ny ker 0y — I,y (A) —=0

is a Z[G]-projective resolution of Iic m(A).

For a proof see the proof of Theorem 3.4 in [37]. )
Denote by N.(¢) the reduced Z[G|-projective resolution obtained from N.(¢), then

we can compute H,, (G, H; A) = H, (N.(¢) @zq) A).
By Lemma [3.2.3| we have a long exact sequence

o= H,(H; A) — H,(G; A) —= H, (G, H; A) —= H,_(H; A) — - - - .

Let G act in Z trivially, in order to compute H,(G, H;Z), by the Comparison Teo-
rem [1.3.1} we can use the canonical Z[G]-projective resolution C,(G) of Z, which is also

a Z[H]-projective resolution of Z. Then, as before, we have a Z[G]-chain map

@i C.(H) @z Z|G) — C.(G). (3.1)
We denote N; (@) by N,. Then

H,(G,H;Z) = H, (N, ®zc Z)

Consider
Ci(G, H) = (C.(G) @z Z)/(C'*(H) Qzim Z)

Lemma 3.2.5. The following sequence of complexes
00— C.(H) @z Z — C.(G) @z Z— C.(G, H) —0.

15 exact.
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Proof. We claim that the map
C.(H) @) Z—— C(G) @z Z
is injective. To see this, note that the map in question is the composition
C.(H) @z Z——= Cu(G) Q) Z— Cu(G) ®zjq) Z.
Since C,(G) = Z[G™], it is therefore sufficient to treat the special case
LIH] @z Z— L|G] @z L — L[G] Qi) L

(After, we can replace the group G by the group G™). The composition is clearly an

isomorphism since
Z[H] Rz L = Z|G] ®ziq) L = 7.

]

Remark 3.2.6. Notice that Z[G] ®zu) Z = Co(G/H) (see the proof of Proposition [2.4.7))
and with this isomorphism the epimorphism i: Z[G]| ®zy Z — Z corresponds to the
augmentation homomorphism e: Co(G/H) — Z. Therefore

Iicmy(Z) = kere.

Let ¢: Ci(H) @zim Z — C.(G) @z Z be the map of Lemma . Consider the
maps pu: C, — M.(¢) and v: M.(¢) — C, given by the Lemma Since ¢ is an
inclusion, p and v give a well defined homomorphism

1 Cu(G) Qe Z)Co(H) Qg Z — M (9)/Ci(H) Qg Z,
V' M(¢)/C(H) @zim Z — Cy(G) ®zic) Z/Co(H) Q71 L.

Then we have the following

Proposition 3.2.7. Let ¢: C.(H) ®zu) Z — C.(G) ®zic) Z be the map of Lemma[3.2.5,
then the cone N.(¢) and C.(G) ®ziq) Z/C\.(H) @zim Z give the same homology.

Proof. This is a consequence of Remark and the previous analysis. O
Actually, we have that

Proposition 3.2.8. We have the following equivalent definition of the Takasu relative
group homology for n > 0:

Hn(G,H;Z> Tor, £<1<GH<> Z)

-1 (N ®Z[G Z) (3.2)

1 (Cu(G) @z16) Z/C(H) Rz Z) (3.3)

= Hn 1( ( Ja/C(H) ) (3.4)
H, (BG, BH) (3.5)
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Proof. We have that

(3.2) This is a consequence of the Comparison Theorem and the fact that N, is a
Z|G]-projective resolution of I(¢ (7).

(3.3) This is a consequence of Proposition since N, ®zq) Z = N,(p)

(3.4) By Lemma m

(3.5) By the simplicial construction of the classifying space.

O

3.2.1. Particular resolution. Let C} If#(X(H)) be the subcomplex of C,(X(x)) gener-
ated by tuples mapping to different elements by the homomorphism h%. We call this
subcomplex the hfj-subcomplex of C.(X()). As before, set

K K
B (X)) = CH17 (X 1)) @y 2.

Lemma 3.2.9. Let H and K be subgroups of G such that H is conjugate to a subgroup of
K and suppose K has infinite index in G (and therefore also H). Then the hi -subcomplex

Cfgi(X(H)) is acyclic.

Proof. Since K has infinite index in G, given an n-cycle ¢ = > n;(z}, -+ ,z!) in the
K .
group Ci# 7£(X () there exists y € Xk such that y is different from all the hjf(z}). Let

z(o) € hgfl(x;'-) C X(m), then we have that s2)(5) € CZ%f(X(H)) and by Lemma [1.1.6
we get the result. ]

Proposition 3.2.10. Let H and K be subgroups of G such that H is conjugate to a
subgroup of K and suppose K has infinite index in G. Also assume that for any g ¢ K

we have H N gHg™* = {e}. Consider the h% -subcomplex C’fg#(X(H)). Then Cfg7é(X(H))
is a free resolution of Iic,m(Z) and therefore we have an isomorphism

H,(G, H,Z) = H,(B"" (X(1))), n=2,3,.

K
Proof. Firstly, we claim that Chr 7'é(X( m)) is a free G-module for n > 1. By Remark [2.1.2
it is enough to compute the isotropy subgroup of an n-simplex. Without loss of generality

we can consider an n-simplex o = (xg, ..., 2,) € Cfg?é(X(H)) such that G, = H since the
G-orbit of any n-simplex has an element of this form, and isotropy subgroups of elements
in the same G-orbit are conjugate. We have that G,, = g;Hg; ' for some g; € G and
go = e. The isotropy subgroup of ¢ is given by

G, = ﬁgngil.

1=0
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By the definition of Cfgi(X(H)) we have that g; ¢ K fori=1,--- ,n and by hypoth-
esis the intersection of H with any conjugate gHg~! with g ¢ K is the identity. Therefore

G, = e and C’fg#(X(H)) is a free G-module for n > 1.

Now, we have that Cg§7é(X(H)) = Co(X(m)) and by Lemma [3.2.9| the augmented
hE-subcomplex

o1

hE hE €
— Oy (X () =2 Y7 (X)) 2 Co(X 1)) = Z——0

is exact, so Im 0, = kere. Finally, by Remark we have that kere = [ ) (Z) and

therefore

K 15) K 0
= Oy (X (1)) =2 O (X (11y) 2 T,y (Z) —= 0

is a free G-resolution of I (7). O
By Remark and Proposition [3.2.10] we have the following

Corollary 3.2.11. Suppose that H N gHg ' = {e} for all g ¢ Ng(H) and suppose that
N¢(H) has infinite index in G, then

hNG(H)

Ho (G H:Z) = Hy(B 7 (X)), n=2,3,--.



CHAPTER 4.

Relation Between Adamson and
Takasu Relative Group Homologies

In this chapter we give examples in which Adamson and Takasu relative group homologies
disagree. We give homomorphisms between them. Relative homologies agree when the
subgroup H is malnormal in the group G.

4.1. Relation Between Adamson and Takasu Relative Group
Homologies

We are interested in the relation between the Hochschild and Takasu relative group ho-
mologies.

Example 4.1.1. We shall give an example of a pair (G, H) for which Hochschild and
Takasu relative group homologies disagree: Denote the torus by 7?2 and the circle by S*,
then the pair (72, S') is a model for the pair (B(Z x Z), BZ), then

=

H,(Z&Z,2;7) ~ H,(B(Z x Z), BZ)
; (TQ’Sl)
W(T?/S1)

2(S% Vv Sh),

e 11
T

R

1%

here H,(-) denotes the reduced homology (see [I6, p 110] and [I6, Proposition A.5]). On
the other hand

I

H,([Z X Z : Z);Z) = H,(Bgz)(Z x Z); )
H,(BZ:;Z)
Hn(Sl§Z)7

12

I

since Z is normal in Z x Z.
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Example 4.1.2. Another example is the Mdbius band M and S! as the boundary of M,
then (M, S') is a model for the pair (BZ, B(2Z)). So

H,(Z,2Z;7) = H,(BZ, B(2Z))
= H,(RP* Z),
which is Z/2Z for n = 1 and zero in other case. But

H,([Z : 2Z); Z) = Hy(Bg(oz)(Z); Z)
= H,(B(Z/)2Z);7)
>~ H,(RP>),

which is Z for n = 0, Z/2Z for n odd and 0 otherwise.

There is a homomorphism between the Hochschild and Takasu relative group homolo-
gies: Consider the augmented complex

= Ch(G/H) 2= Oy (G H) 2~ Co(G H) T ——0

Then, by Remark we have that Im 0, = kere = I(¢, i) (Z). Consider the identity
homomorphism 1: I(¢ i (Z) = I(¢,m)(Z), by the Comparison Theorem we have the
following commutative diagram

8& 61 ’

P* P2 P1 PO c I((;[ﬂ(Z)ﬁo

b

Lo e C3(G/H) =2 Cy(G ) H) ~2= C1(G/ H) ~2> I, 1) (Z) — 0.

where P, is any Z[G]-projective resolution of (g m)(Z). The chain map f.: P, — C,
induces homomorphisms

Hy (f.): Ho(G,H;Z) — H,([G : H]; Z) (4.1)

for n > 2.
As a consequence of Proposition and Proposition [3.2.10] we have the following

Corollary 4.1.3. Let K and H as in the Proposition|3.2.10}. The inclusion ofC,lfg#(X(H))
in Co(X(my) induces a homomorphism

H,(G,H;Z)— H,(|G: H;Z) (4.2)
form=2,3---

We can give an explicit resolution P, and explicit morphism f, using the Z[G]-
projective resolution given in Proposition [3.2.1]
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Lemma 4.1.4. Consider the canonical Z|G|-projective resolution C.(G) of Z, the kernel
I, m)(Co(G)) of it Z|G] @z Cn(G) = Cn(G) is generated by elements of the form g ®
c—1®go.

Proof. 1t is clear that any element generated by g ® 0 — 1 ® go is in [ u)(Cr(G)). Let
Y. ni(g ® o) be an element in [ i) (C,(G)), then

0= Zni(ga) =1® Zni(ga) = an(l ® go).

Therefore

D nlg@o) =3 mlg@o) =) m(1ego)
=Zni<g®a—1®ga)

as we desired. O

Since (g m)(Cn(G)) is generated by elements of the form g ® (go, -+ ,9n) — 1 ®
(990, ,9gn). Then we can give a Z[G]-chain map:

fo: Iiem)(Cn(G)) = Z[G] @zim Cn(G/H) = Cpin(G/H)
for n > 1, given by

g®(90> agn)_1®g(90a 7gn) '—>9®<90H7 agnH)_1®g(gOH7 7gnH)

Consider the simplicial constructions of the classifying spaces BG and BH of the
discrete group G and its discrete subgroup H respectively. The inclusion of H in GG induces
a map between classifying spaces .: BH — BG (see for instance [25]), by Lemma L
is an inclusion. The composition of ¢ with the induced map BG — By()(G) is constant,
then by [2, Proposition 3.1.7] we have, up to homotopy, a map BG/BH — By)(G)
which induces a homomorphism

H,(G,H;Z) = H,(BG/BH;Z) — Hn(BS(H)(G)§Z) = H,([G: H];Z),

for n > 1. Morover, consider the universal simplicial cover 7: EG — BG of the classifying
space BG, then inverse image 7~ (BH) is the disjoint union of gF'H (one copy for each
coset gH). Let X be the space obtained by collapsing each gEH C EG to a point z,.
Since the action of ¢ € G sends FH to gE'H the action descends to an action of G on X.

Proposition 4.1.5. Let X be as before, the quotient BG/BH is homeomorphic to X/G.

Proof. Let EG be the universal cover of the classifying space of G. See that ¢): EG — X
is given in the simpleces by

~ T if g s ’gn e gEH
D(go, - 1gn) =49 (90 | )
(go, -+ ,gn) otherwise.
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The map © is G-equivariant and we have the following commutative diagram

It is clear that 7(gEH) = BH and p(x,) is a point x € X/G. Then ¢ (BH) = z, so
we have a map f: BG/BH — X /G which makes commutative the following diagram

¥

BG X/G
P 7
e
BG/BH

The map f is a homeomorphism with inverse f~': X/G — BG/BH defined as follows:
if [go, -+ , gn] represents an element in BG, we use [go,- - , gn| to denote an element in
the quotient BG/BH and (go,- - , gn)c to denote elements in X/G — {z}, so

f @) =1el

where e is the identity in G' and

f_l(gl)?"' agn)G = [907'" agn]

The map f~' is well defined because H = [go, "+ ,gn) for any n if and only if
(90, , gn] belongs to BH. B

We say that H is a malnormal subgroup of G if gHg ' N H = {e} for all g ¢ H.

Proposition 4.1.6. The space Bym)(G) is homotopically equivalent to the quotient space
BG/BH if and only if H is malnormal.

Proof. The action of G' on X is not longer free, each point x, has isotropy a subgroup
gHg ™. If gHg ' N H = {e} for all g ¢ H, any element of F(H) fixes only one point, then
by Theorem we we have the desired result.

On the other hand, if X is a Ezx)(G), then by Theorem X#H) is contractible for
all H € §(H), since X) C X is a point then gHg ' N H = {e} for all g ¢ H. O

Theorem 4.1.7. Let H be a malnormal subgroup of G. Then, for n > 1, we have that
H,(G,H;7Z) = H,(|G : H];Z).
Proof. By Proposition we have

H,(G,H:;Z) = H,(BG,BH) = H,(BG/BH),



Relation Between Adamson and Takasu Relative Group Homologies 43

for n > 1. The Proposition gives
H,(BG/BH) = H,(Bgu)(G))
and by definition we obtain H, (Byw)(G)) = H,([G : H|; Z). Therefore
H,(G, H;7Z)= H,(|G : H|;Z),
forn > 1. O

Proposition 4.1.8. If (H) is the normal subgroup of G generated by H, then

(B (G)) = G/(H).

Proof. 1t is a direct application of a result by M. A. Armstrong |3, Theorem 3] which says
that 71 (Bgm)(G))/N where N is the normal subgroup of G' generated by those elements
which leave fixed at least one point of Egy(G). Since all isotropy of Eg)(G) belongs to
§(H) then N = (H). O

Proposition 4.1.9. The relative groups homology H,(G,H;Z) and H\(|G : H];Z) are
1somorphic.

Proof. The quotient BG/BH is homotopic to the cone induced by the inclusion H — G.
Then by the Van Kampen theorem, m(BG/BH) = G/(H). So, by Proposition [£.1.8
m(BG/BH) = m(Bym)(G)) = G/(H), the first homology of these spaces are equal.
Therefore H,(G, H;Z) = H,([G : H]; Z). O
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CHAPTER 5.

Relative Group Homology of SLy(C)

In this chapter we study the groups SLy(C) and PSLy(C) and some of their subgroups in
order to give models in which these groups act, and in turn, they give classifying spaces
of SLy(C) and PSLy(C)-actions. These models allow us to calculate Adamson relative
group homology. Also these spaces allow us to define invariants of hyperbolic manifolds
that we study later.

5.1. The group SLs(C) and some of its groups

We denote by C* the multiplicative group of the field of complex numbers. In this chapter
and the sequel, we denote by G = SLs(C) and we consider H as one of the following
subgroups:

i

{(g a01> \ae@*},
() eee)

(5 2) e

a b “
B:{(O a1> \ae@,bEC}.

By abuse of notation, we denote by I the identity matrix and also the subgroup of G
which consists only of the identity matrix. Denote by G = G/ &I = PSLy(C). Given a
subgroup H of G denote by H the image of H in G. Notice that U = P. We denote by
g the element of G with representative g € G. As usual we consider all groups with the
discrete topology.

We list some known facts about these groups. Their proofs are in Lang [21].

1. SLy(C) is generated by elementary matrices |21, Lemma XIII.8.1].

45
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2. B is a maximal proper subgroup [2I], Proposition XIII.8.2].
3. Ng(P) = Ng(U) = B, so Ng(P) = Ng(U) = B. Indeed, if g = (¢}) € G and

p=(%4&)€P,
1 (£l —acz a’z ‘
gpg = Ar +1+4acx)’
gpg~' € P for all p € P if and only if ¢ = 0, that is g € B.

4. The subgroups U and P are normal in B and we have the exact sequences

I U—~B TC——]

| (5.1)
1 P—-B T=2C"——1

5. PSLy(C) is a simple group [21, Theorem XIII.8.4]. Hence, £ is the only normal
subgroup of SLy(C).

Lemma 5.1.1. Let g ¢ B. Then

UngUg =1,
PNngPg ' =4I

Proof. Suppose that g = (‘;3) ¢ B and h = ((1)”{) € U, then ¢ # 0 and

-l — 1—acx a’*x
gng - = cr  l+4acx)’

The only way to have ghg~! € U is to have x = 0, in that case ghg~! = I. Analogously
ifh=(%1)eP.
]

Now we give models for the G-sets X(y) with H = U, P, B.

Remark 5.1.2. Recall that for H = P, B we have bijections of sets G/H = G/ H which are
equivariant with respect to the actions of G on G/H and of G on G/H via the natural
projection G — G. Thus, we have that Xy = Xy as sets, the subgroup will indicate
whether we are considering the action of G or G on it.

5.1.1. The G-set X(y). Consider g = (2%) € Gandu= (}%) € U. Then

I b
4=\ cx+d
Therefore the class gU is totaly determined by the pair (a,c) € C*\{(0,0)}, since ad—bc =

0, i.e., SLy(C)/U and C*\{(0,0)} are G-isomorphic.
In the sequel, we set Xy = C*\{(0,0)}.



The group SLs(C) and some of its groups 47

5.1.2. The G-set X(p). Now consider g = (2%) € G and p= (' ) € P. Then
_(*a axEb
IP=\te cxtd)
Since ad — be = 0, the class gP is totaly determined by the pair [a,c] € C*\{(0,0)}/Z,
where —1 € Z, sends (a,c) to (—a,—c), ie., SLy(C)/P and C*\{(0,0)}/Z, are G-
isomorphic.

We set X(py = C?\{(0,0)}/Z, for the sequel. By Remark we also have that
X(p) = C\{(0,0)}/Z,.

There is another model for X(p) which we learned from Ramadas Ramakrishnan.
Consider the set Sym of 2 X 2 non-zero symmetric complex matrices with determinant
zero. The set Sym is given by matrices of the form

z? a:y) 5 }
Sym = ,y) € C\{0,0} ¢ . 5.2
m={ (2 %) | @ e 0.0 52
Let g € SLy(C) and S € Sym. We define an action of G on Sym by

g-5=95g",

where g7 is the transpose of g. The action is well defined because transpose conjugation
preserves symmetry and the determinant function is a homomorphism. Since —I acts as
the identity, this action descends to an action of G.

Proposition 5.1.3. The group G acts transitively on Sym.
Proof. Let (z; Zé’) and ( 3“2’) be elements of Sym. Then the matrix ¢’ = (‘; S) € SLy(C)
which send (zz Zé’) to (ZZ; z}é’) is given by:

If © # 0: we have two cases: w # 0:

Z2
zZw

__mwtay o, wo
Tw w x
That is
, _ zwtzy z
g“( = 0)
w = 0: which implies that z # 0
b
a:—z+ y’ c:g, d:_f’ b=0.
x z z

z w 0 if 2 #£0, L if 2 £ 0,
b:——7 d:——7 a = CcC = w
Y —% if w # 0. 0 i
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That is

NS RN

w) if 2 #£0,

z

0 _i) if w# 0.
Yy

This proves the transitivity of the action.

]

Proposition 5.1.4. The isotropy subgroup of ((1) (1)) € Sym is P. Therefore, there is a
G-isomorphism between SLy(C)/P and Sym given by

10
gP+—>g(0 O)QT-

Proof. Let g = (2Y) € SLy(C) such that

a b)Y (1 0\ (a ¢\ (a* ac\ (1 0O
c d)\0 0)\d d)  \ac )  \0 0/}
This implies that @ = £1, ¢ = 0 and d = +1 because of the determinant of g, therefore
= (%) eP. O
g 0 +1

We denote )_((p) = Sym to distinguish it from X(p). By Remark we have that
Sym is also a model for G//P. We use the notation X(p) = Sym to distinguish it from
X(p) and emphasize the action of G.

Corollary 5.1.5. The G-sets C*\{(0,0)}/Zy and Sym are G-isomorphic.

5.1.3. The G-set X(p). Consider g = (2%) € G and b= (gy%l) € U. Then

_ f(ax ay+bz?
gb = (cx cy+dq:_1>
since ab — bc = 0, the class gB is totally determined by the pair [a : ] € CP =
C*\{(0,0)}/C* where C* acts on C?\{(0,0)} by x - (a,c) = (za, zc). Therefore SLy(C)/U

and CP! are G-isomorphic.
Explicitly g = (‘Cl Z) € G acts on an element [z : 23] in CP! by matrix multiplication

g lor 2] = (a Z) <z1> = [az + b2y : cz1 + do).

Cc z9
We can also identify CP! with C via [z : 2o] < 2L, where [21 @ 2] € CP is written in
homogeneous coordinates. This gives the following
Proposition 5.1.6. The isotropy subgroup of oo € C is B. Therefore, there is a G-
isomorphism between SLy(C)/B and C given by
SLy(C)/B — C
B+ g- 0.

~

Therefore we set X(p) = C. Again, by Remark we also have that Xz = C.
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5.1.4. The explicit G-maps. The inclusions
I-U—P<B (5.3)
induce G-maps
G—G/U—G/P—G/B
g— gU — gP — gB.

Using the models Xz for the G-sets G/H with H = U, P, B given in the previous
subsections we give the explicit G-maps between them.
Let g = (%) € G. We have the G-maps

G Xw) - X(p) X(B) (5.4)

= (c s () Q) [ [t

Notice that hf: Xw) — X(p) is just the quotient map given by the action of Z,. On

the other hand, we have that

hE = hE o hf; (5.5)
where h5 is the Hopf map .,

hU: X(U) — X(B)
h(a,c) == (5.6)
c

Using X'( p) instead of X(py we have

hy e - 73

G Xy —— X(p)

We have that
RB o Rl = RP
Remark 5.1.7. For the case of G we have practically the same G-homomorphisms as in
(5.4) and except that Xy = X(p).
Remark 5.1.8. Consider oo € X(p) = S? and its inverse image under the Hopf map ([5.1.4)
(hg) " (00) = {(2,0) | 2 € C* C X},

which corresponds to the first coordinate complex line minus the origin. Since by Propo-
sition the isotropy subgroup of oo € Xy under the action of G is B, we have that
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(hf)~'(o0) is a B-invariant subset of X (). Since the short exact sequence (5.1)) splits,
any element of B can be written in a unique way as the product of an element in U and

an element in T
a b 1 ab a O

It is easy to see that U fixes pointwise the points of (h5)~!(c0), while T acts freely and
transitively on(hff)~!(co) where the matrix (& % ) acts multiplying (z,0) by a € C*.

Another way to interpret this is to write oo € X(p) in homogeneous coordinates
[A : 0], then the elements in U fix oo and the homogeneous coordinates [A : 0], while an
element (§ %) € T(c0) also fix co but multiply the homogeneous coordinates by a € C*
obtaining the homogeneous coordinates [aA : 0].

More generally, for any point z € X(p), its isotropy subgroup G is a conjugate of B,
which can be written as the direct product of the corresponding conjugates of U and T
, which we denote by U, and T.. Writing z € X(p) in homogeneous coordinates [Az : Al
the elements of U, fix z and the homogeneous coordinates, while the elements of T, fix 2
but multiply the homogeneous coordinates by a constant.

Remark 5.1.9. Analogously, consider oo € X(p) and its inverse image under the G-map
hE
(hp)H(o0) = {[z,0] | x € C* C X(p)},

By (5.8) any element of P can be written in a unique way as the product of an element

in U and an element in T’
+1 b 1 +b +1 0
( 0 il) o (0 1 ) < 0 il) ’ (5.9)

Given a representative (z,0) of [z,0] € (hB)™*(co) the matrix (' °;) € T changes the
sign of the representative to (—x,0) but fixes its class [x,0] and the matrix (}%*) € U
fixes any representative of [x, 0], thus it fixes the class itself. Therefore, the elements in
P fix pointwise the points in (hB)~!(co) while T' acts transitively on (hB)~!(co) with
isotropy Zs , where the matrix (§ 2, ) acts multiplying [z, 0] by a € C* obtaining [az, 0].

If we use instead hE the inverse image of co € X (B) is given by

e ={(5 §) 1eec c X},

The elements in P fix pointwise the points in (hB)~!(co) while T acts transitively on
(hB)~!(c0) with isotropy Z,, where the matrix (§ %) acts multiplying (§3) by a® with
a € C* obtaining (“ @ 0)

More generally, for any point z € X(p), its isotropy subgroup G. is a conjugate of B,
and let P, denote the corresponding conjugate of P. The elements of P, fix pointwise the
points in (hB)~1(z) while T, acts transitively on (h%)~*(z) multiplying by a constant.
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5.1.5. Canonical homomorphisms. As in Section [2.2, we denote by F(H) the family
of subgroups of G generated by H. The inclusions (5.3) induce the inclusions of families
of subgroups of G

() = FU) = F(P) = F(B)

and in turn, these inclusions give canonical G-maps between classifying spaces

which are unique up to G-homotopy. Taking the quotient by the action of G' we get
canonical maps

BG = Byw)(G) = By(p)(G) = By(s)(G).
The homomorphisms induced in homology give the sequence
H,(BG) — Hn<BS(U)(G)) — Hn(BS(P)(G)) - Hn(BS(B)(G»a
which by Proposition [2.4.11]is the same as the sequence of homomorphisms

hU (hE).

H,(G:2) —"YH,(G - U):2)) "

(hB).

H, (|G : P;Z) —> H,(|G : B];Z).

Recall that we denote by G = G/ £+ I = PSLy(C) and given a subgroup H of G' we

denote by H the image of the H in G. Notice that U = P. Analogously, the inclusions
I — P — B induce a sequence of homomorphisms

H,(G;Z) — H,(|G : P|;Z) — H,(G : B];Z) .
The relation between the coset sets of G and G can be shown in the following diagram

G/P=G/P—~G/B=G/B

N T2

G=G/+I—=G/T =G/T.

In turn, by Proposition this induces the following commutative diagram of rela-
tive homology groups

H,(G:Z) — H,( (IG : B];Z) (5.11)

5.1.6. Relative group homology of SL,(C). Consider C’fg#(X(U)) the hB-subcom-
_ B
plex, and the AZ-subcomplex C’f P #(X( p)) defined in Subsection [2.4.2,
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Proposition 5.1.10. We have isomorphisms
H,(G,U:Z) = H, (Bfg7é(X(U))) n=23,...
_ _ B
H,(G,P;Z) = H\(G,U;Z) = H, (BfP (X(P))) L n=23,...

Proof. By Lemma UNgUg ' =1 forany g ¢ Band PNgPg ' =1 for any g ¢ B.
Since Ng(U) = B and Ng(P) = B the result follows by Corollary |3.2.11} O



CHAPTER 6.

Invariants of Hyperbolic 3-Manifolds
of Finite Volume

We use the different calculations in the previous chapters to compare different invariants
of hyperbolic 3-manifolds, some of them are in the literature, but some other are original
ones. In Section [6.2) we give the definition of the invariants Sz(M) and Sp(M) which lie
in Hy([PSLy(C) : B];Z) and H3([PSLo(C) : PJ; Z) respectively. Then in Section [6.3[ we
compare (M) with the Bloch invariant 5(M). In Section [6.5] we compute the invariant
Bp(M) and Bp(M) through the different models of Eg)(PSL2(C)) with H = P, B.
In Section we compare Op(M) with Zickert’s class F(M), in fact, F/(M) is not well
defined but is sent through an explicit homomorphism to f5(M) which is well defined.
In the last sections we generalize the invariant Sp(M) to other manifolds and we give an
application to the volume of those manifolds.

6.1. Hyperbolic 3-manifolds

Consider the upper half space model for the hyperbolic 3-space H?® and identify it with
the set of quaternions {z +1¢j | z € C, t > 0}. Let 0 = H*UC be the standard
compactification of H?. The group of orientation preserving isometries of H? is isomorphic
to PSLy(C) and the action of (2%) € PSLy(C) in H? is given by the linear fractional
transformation

Pp(w) = (aw +b)(cw +d)™", w=z+1tj, ad —bc=1,

which is the Poincaré extension to H? of the complex linear fractional transformation on
C given by (a8).

Recall that isometries of hyperbolic 3-space H? can be of three types: elliptic if fixes a
point in H3: parabolic if fixes no point of H3 and fixes a unique point of C and hyperbolic
if fixes no point of H? and fixes two points of C (see for instance [20, Proposition 1.16]).

A subgroup of SLy(C) or PSLy(C) is called parabolic if all its elements correspond
to parabolic isometries of H? fixing a common point in C. Since the action of SLy(C)
(or PSLy(C)) in C is transitive and the conjugates of parabolic isometries are parabolic
(see the proof of [31l, Theorem 4.7.2]) we can assume that the fixed point is the point at

33
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infinity co which we denote by its homogeneous coordinates co = [1 : 0] and therefore
parabolic subgroups are conjugate to a group of matrices of the form (%1 b ), with b € C,
or its image in PSLy(C). In other words, a parabolic subgroup of SLy(C) or PSLy(C) is
conjugate to a subgroup of P or P respectively.

A complete oriented hyperbolic 3-manifold M is the quotient of the hyperbolic
3-space H? by a discrete, torsion-free subgroup I' of orientation preserving isometries.
Since I is torsion-free, it acts freely on H? [31, Theorem 8.2.1] and therefore it consist
only of parabolic and hyperbolic isometries [20, Corollary 1.17].

Notice that, since H? is contractible, it is the universal cover of M and therefore
m (M) =T and M = BT, the classifying space of I'. To such an hyperbolic 3-manifold we
can associate a representation p: I' — PSLy(C) given by the inclusion, which is canonical
up to equivalence. This representation can be lifted to a representation p: I' — SLo(C)
[8, Proposition 3.1.1]. We identify I" with a subgroup of SLs(C) using the representation

Let M be a non-compact orientable complete hyperbolic 3-manifold of finite volume.
Such manifolds contain a compact 3-manifold-with-boundary M;, such that M — M, is the
disjoint union of a finite number of cusps. Each cusp of M is diffeomorphic to 72 x (0, c0),
where T? denotes the 2-torus, see for instance [31), p. 647 Corollary 4 and Theorem 10.2.1].
The number of cusps can be zero, and this case corresponds when the manifold M is a
closed manifold.

Let M be an oriented complete hyperbolic 3-manifold of finite volume with d cusps,
with d > 0. Each boundary component 7; of Mj defines a subgroup I'; of 7y (M) which is
well defined up to conjugation. The subgroups I'; are called the peripheral subgroups
of I'. The image of I'; under the representation p: I' — SLy(C) given by the inclusion
is a free abelian group of rank 2 of SLs(C). The subgroups I'; consist only of parabolic
elements, that is, they fix no points of H? and fix a unique point of the boundary C of
H3. All the elements in I'; have as a fixed point the corresponding cusp point [39, §4.5].
Since the action of SLy(C) in C is transitive and the conjugates of parabolic isometries
are parabolic [31], p. 141] we can assume that the fixed point is the point at infinity oo
which we denote by its homogeneous coordinates co = [1 : 0] and therefore the subgroups
I'; are conjugate to a group of matrices of the form (iol fl), with b € C. Hence we have
that I'; C §(P). Therefore the image of I'; under the representation p: I' — PSLy(C) is
contained in F(P).

Let M = H3/T be a non-compact orientable complete hyperbolic 3-manifold of finite
volume. Let m: H? — H3/T' = M be the universal cover of M. Consider the set C' of
parabolic elements of I' in C and divide by the action of I', the resulting set C are call
the cusp points.

Remark 6.1.1. No hyperbolic element in I" has as fixed point any point in C', otherwise
the group I would not be discrete [31, Theorem 5.5.4].

Let ¥ = H3 U C and consider M = }A//F If M is closed C = @ and M = M, it

M is non-compact we have that M is the end-compactification of M which is the result
of adding the cusp points of M. We get an extension of the covering map 7 to a map
T Y — M.
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Consider as well the one-point-compactification M, of M which consists in identifying
all the cusps points of M to a single point. Since M is homoﬁopically equivalent to the
compact 3-manifold-with- boundary My we have that M+ M/C = My/0OM,. By the

exact sequence of the pair (M C') we have that Hg(M Z) = Hg(]\//f, C;Z) and therefore
we have that

Hy(M;Z) = Hy(M,C; Z) = Hy(M/C; Z) 22 Hy(My; Z) 2 Hy(Mo, OMy; Z) = Z.

We denote by []/\4\ | the generator and call it the relative fundamental class of M.

6.2. Invariants of hyperbolic 3-manifolds of finite volume

Let M be a compact oriented hyperbolic 3-manifold. To the canonical representation
p: I' = PSLy(C) corresponds a map Bp: BI' — BPSLy(C) where BPSLy(C) is the
classifying space of PSLy(C). There is a well known invariant [M]pgy, of M in the group
H3(PSLy(C);Z) given by the image of the relative fundamental class of M under the
homomorphism induced in homology by Bp.

We generalize the construction given in Cisneros-Molina-Jones [7] to extend this in-
variant when M is a complete oriented hyperbolic 3-manifold of finite volume (i.e. M
is compact or with cusps) to invariants Sy (M), but in this case Sy (M) takes values in
H3([PSLy(C) : H];Z), where H is one of the subgroups P or B of G = PSLy(C).

Let T" be a discrete torsion-free subgroup of SLs(C). The action of I" on the hyperbolic
3-space H? is free and since H? is contractible, by Theorem it is a model for ET.

The action of ' on Y is no longer free. The points in C' have as isotropy subgroups the
peripheral subgroups I'y, ..., 'y of ' or their ConJugates and any subgroup in § (T, ..., Ty)
fixes only one point in C'. Therefore, by Theorem [2 we have that Y is a model for

We have the following facts:

1. Since {e} C F(T'y,...,Ty) there is a I-map H> — Y unique up to [-homotopy. We
can use the inclusion.

2. By Proposition resG EG is a model for ET. Therefore, there is a [-homotopy
equivalence H? — res% EG which is unique up to I'-homotopy.

3. Since F(T'y,...,Ty) = F(P)/T C F(B)/T we have [-maps
Y — T@S?Eg(p)(é) — Tesy Eg )(G)
which are unique up to I'-homotopy.

Remark 6.2.1. Since §(I'1,...,Tq) = §(P )/F we have that the I'-space resy Eg(P)(G)

a model for Ezr, . r,(I') by Prop081t10n Therefore, the [-map ¥ — resy ES(P)(G)
is in fact a I'- homotopy equivalence.
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Combining the previous I'-maps with the G-maps given in (5.10) we have the following
commutative diagram

/ V

Taking the quotients by SLy(C) and ' we get the following commutative diagram

EG Eyp)(G) — E55)(G (6.1)
/ / |
3 ‘ 1?
BG——|—— Byp)(G) —— By ()
/ o
v oo
M M

where f = Bp: BI' — BG is the map between classifying spaces which on fundamental
groups induces the representation p: I' — PSLy(C) of M , and 1/1p and @DB are given by
the compositions

Up: M — Egp)(G)/T — By(p)(G),

Vp: M = Ey(G)/T = Bys)(G),

and they are well defined up to homotopy.
The maps ¥ p and ¥ g induce homomorphisms

(Vp).: Hy(M; Z) = Hy(By()(G); 2),
(Vp).: Hy(M;Z) = Hy(By)(G): Z),

We denote by fp(M) and (M) the canonical classes in the groups Hs(Bgp)(G); Z)
and H3((Bgp)(G); Z) respectively, given by the images of the relative fundamental class

[M] of M

By the commutativity of the lower triangle in (6.1) we have that Sp(M) is sent to
Bp(M) by the canonical homomorphism from Hs(Bgp)(G); Z) to Hs(Bysy(G); Z).
Thus, by Proposition [2.4.11] we have the following
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Theorem 6.2.2. Given a complete oriented hyperbolic 3—manifold of finite volume M we
have well defined invariants

Moreover, we have that
Bp(M) = (h{).(Bp(M)),
where (hB).: Hs(|G : P);Z) — Hs(|G : B; Z) is the homomorphism described in (2.10).
Notice that in diagram we can replace G by G. Since by Proposition
Hs([G : P|;Z) = H3(|G : P);Z) and Hs([G : B];Z) = Hs(|G : B];Z), by we get the
same invariants Sp(M) and S5(M). Then we have proved the following

Remark 6.2.3. The invariants Sp(M) and Bz(M) of M only depend on the canonical
representation p: I' = PSLy(C) and not on the lifting p: I' = SLy(C). In other words,
they are independent of the choice a spin structure of M.

Remark 6.2.4. The invariants Sp(M) and Sz(M) extend the invariant [M]pgy for M
closed in the following sense: when M is compact M=M , by the commutativity of the

lower diagram in (6.1)) and by Remark [2.4.13| we have that

6.3. Relation with the extended Bloch group

In the present section we recall the definitions of the Bloch and extended Bloch groups
and the Bloch invariant. We see that the Bloch group is isomorphic to H3(|G : BJ;Z) and
under this isomorphism the Bloch invariant is the invariant Sz(M).

6.3.1. The Bloch group. The pre-Bloch group P(C) is the abelian group generated by
the formal symbols [z], z € C\{0, 1} subject to the relation

-0+ [2] - 125+ 122 0 a2y (62)

This relation is called the five term relation. By Dupont—Sah [11l Lemma 5.11] we
also have the following relations in P(C)

o[-l e e
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Using this relations it is possible to extend the definition of [z] € P(C) allowing z € C
and removing the restriction = # y in (6.2)). This is equivalent [I1], after Lemma 5.11]
to define P(C) as the abelian group generated by the symbols [z], z € C subject to the
relations

[0] = [1] = [o0] = 0,

y} 1—a! 11—z

— = - =0.

-+ 4] - | ]+ [

The pre-Bloch group can be interpreted as a Adamson relative homology group. The

action of G on C by fractional linear transformations (see Subsection 5.1.3) is not only

transitive but triply transitive, that is, given four distinct points zg, 21, 29, 23 in C, there
exists an element g € PSLy(C) such that

Gg-20=0 g-21=00 g-20=1 g-23=2
where z = [z : 21 : 23 : 23] i the cross-ratio of zg, 21, 29, 23 given by

(20 — 23)(21 — 22)
(20 — 22)(21 — 23)

(6.4)

[20:21:20: 23] =

In other words, the orbit of a 4-tuple (zo, 21, 22, 23) of distinct points in C under the
diagonal action of G is determined by its cross-ratio.

If we extend the definition of the cross-ratio to [z : 21 : 2 : 23] = 0 whenever z; = z;
for some i # j, we get a well defined homomorphism

~

o: Bg(X(B)) = Bg(@) — P(C)
(20, 21, 22, 23)c > [20 1 21 ¢ 22 ¢ 23]

(6.5)

where (20, 21, 22, 23) denotes the G-orbit of the 3-simplex (2o, 21, 22, 23) € C3(X(p)). It is
easy to see that the five term relation ([6.2)) is equivalent to the relation

Z<_1)i[20:---:’z\i;...z4]:0

By the triply transitivity of the action of G on C we have that B, (X(p)) = Z and Bs(X p))
consists only of cycles. Thus ¢ induces an isomorphism, compare with [36, Lemma 2.2]

Hs([G : B];Z) = H3 (B.(X(5))) = P(C). (6.6)

Remark 6.3.1. If we consider the first definition of the pre-Bloch group where for the
generators [z] of P(C) we only allow z to be in C\{0, 1}, each generator [z] corresponds
to the G-orbit of a 4-tuple (zo, 21, 22, z3) of distinct points in C. In this case we have that

H; (B? X)) = P(C). (6.7)

Also using this definition of the pre-Bloch group it is possible to prove that it is isomorphic
to the corresponding Takasu relative homology group:
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Proposition 6.3.2.
H3(G,B;Z) = H3(|G : B];Z) = P(C).

Proof. By [38, Theorem 2.2] we have that Hs(G, B;Z) = Hy(G, I(g,m)(Z); Z) and by [11]
(A27), (A28)] we also have Hy (G, I(¢,u)(Z); Z) = P(C) O

The Bloch group B(C) is the kernel of the map

v: P(C) = AZ(C*)
[z] = 2zA(1=2) (6.8)

6.3.2. The Bloch invariant. An ideal simplex is a geodesic 3-simplex in H? whose

vertices 2g, 21, 22, 23 are all in OH? = C. We consider the vertex ordering as part of the
data defining an ideal simplex. By the triply transitivity of the action of G on H? the
orientation-preserving congruence class of an ideal simplex with vertices zg, 21, 20, 23 i8S
given by the cross-ratio z = [zp : 21 : 22 : z3). An ideal simplex is flat if and only if the
cross-ratio is real, and if it is not flat, the orientation given by the vertex ordering agrees
with the orientation inherited from H? if and only if the cross-ratio has positive imaginary
part.

From (6.4) we have that an even (i.e. orientation preserving) permutation of the z;
replaces z by one of three so-called cross-ratio parameters,

Thus, by the relations in P(C) we can consider the pre-Bloch group as being gener-
ated by (congruence classes) of oriented ideal simplices.

Let M be a non-compact orientable complete hyperbolic 3-manifold of finite volume.
An ideal triangulation for M is a triangulation where all the tetrahedra are ideal simplices.

Let M be an hyperbolic 3-manifold and let Ay,--- A, be the ideal simplices of an
ideal triangulation of M. Let z; € C be the parameter of A; for each 7. These parameters
define an element S(M) = > [#] in the pre-Bloch group. The element 5(M) € P(C)
is called the Bloch invariant of M.

Remark 6.3.3. Neumann and Yang defined the Bloch invariant using degree one ideal
triangulations, in that way it is defined for all hyperbolic 3-manifolds of finite volume,
even the compact ones, see Neumann—Yang [30, § 2] for details.

In [30, Theorem 1.1] it is proved that the Bloch invariant lies in the Bloch group B(C).
An alternative proof of this fact is given in Cisneros-Molina—Jones [7, Corollary 8.7].

Remark 6.3.4. By we have that H3([G : B];Z) = P(C) and in [7, Theorem 6.1] it is
proved that S5(M) is precisely the Bloch invariant S(M) of M, see Subsection [6.5.1]
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6.3.3. The extended Bloch group. Given a complex number z we use the convention
that its argument arg z always denotes its main argument —7 < argz < 7 and logz
always denotes a fixed branch of logarithm, for instance, the principal branch having
arg z as imaginary part.

Let A be an ideal simplex with cross-ratio z. A flattening of A is a triple of complex
numbers of the form

(wo, wy,ws) = (Log z + pmi, — Log(1 — z) + gmi, Log(1 — z) — Log z — pmi — qmi)
with p,q € Z. The numbers wy, w; and wy are called the log parameters of A. Up to

multiples of 7i, the log parameters are logarithms of the cross-ratio parameters.

Remark 6.3.5. The log parameters uniquely determine z. Hence we can write a flattening
as [z;p, q]. Note that this notation depends on the choice of logarithm branch.

Following [29] we assign cross-ratio parameters and log parameters to the edges of a
flattened ideal simplex as indicated in Figure [6.1

29 21 Wo 29

Wo Wo

20 %) 23
Figure 6.1: Cross-ratio and log parameters of a flattened ideal simplex.

Let zg, 21, 22, 23 and z4 be five distinct points in C and let A; denote the ideal simplices
(20, , 2, ,24). The five points are configured in such way that five thetrahedra A,
are positively oriented by the ordering of its vertices, this implies the configuration of
the Figure . Let (wo,wy,wq) be flattenings of the simplices A;. Every edge [z, 2]
belongs to exactly three of the A; and therefore has three associated log parameters. The
flattenings are said to satisfy the flattening condition if for each edge the signed sum of
the three associated log parameters is zero. The sign is positive if and only if ¢ is even.

From the definition we have that the flattening condition is equivalent to the following
ten equations:

2 3 4 1 3 4
20, 21 wy — wy +wy =0 [20,22) 1 —wy — wy +wy =0
0 3 4 0 2 4
21, %2 wy —wy +w; =0 |21, 23 wy +w] +w, =0

1 2 4
_w2+w2+w120

0 2 4 _
w] +wy; —wy, =0

[20, 21] [20, 2]
[21, 2] [21, 23]
(29, 23] 0wl —wi+wy =0 [z,24]: w)—wy—wj=0 (6.9)
[23,22] 1 wh —wo+wp =0 [z3, 2]
[24, 0] (24, 21]

—wi +wi —wi =0
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21
20

/

. /

24

z3

Figure 6.2: Configuration for the flattening condition

The extended pre-Bloch group 73(((:) is the free abelian group generated by flat-
tened ideal simplices subject to the relations:

4

> " (=1) (wo, wy, wa) = 0 (6.10)

i=0
if the flattenings satisfy the flattening condition, and
[zip.d) + [0, ¢'] = [zi0, 4] + [0, 4. (6.11)

The first relation (6.10) is called the lifted five term relation and the second one
(6.11)) is called the transfer relation.

The extended Bloch group B (C) is the kernel of the homomorphism

7: P(C) = AZ(C)

(wo, Wy, wa) — wo A wy

6.4. Mapping via configurations in X p)
In this section following the ideas in Dupont—Zickert [12] § 3] we define a homomorphism
Hs(G, P;:7) — B(C).
We simplify notation by setting
ho =hi: Xay — Xy,
hp =h%: Xp) — X(p).

Consider the hy-subcomplexes C'# (X 7)), CI*7(X(p)) and C7(X(p)) defined in Sub-
section [3.2.1]
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Since hi;, hy and hp are G-equivariant they induce maps

(hiy)e: CIH (X)) = CIP7(X(py),
(hu)e: CIH (X)) = ClP7(X(p)),
(hp)s: CLPH(X(p)) = C2P#(X (),

such that (hy). = (hp)s o (hf)) by (5.5).

We start defining a homomorphlsm Ch# (X)) — P(C) which descends to a homo-
morphism C'*#(X p)) — P(C).

We assign to each 4-tuple (vg, vy, vg, v3) € C"#(X ) a combinatorial flattening of
the ideal simplex (hy(vo), hy(v1), hy(va), hy(vs)) in such a way that the combinatorial
flattenings assigned to tuples (v, - -+ ,0;, - -+ ,vy4) satisfy the flattening condition.

Remember that we are using C* — {0,0} as a model for the space X(y. Given v; =
(v}, v?) € Xy we denote by

vy 1,2 2,1
— 7 7 J—
det(v;, vj) = det ol o2 ) = UV = v
i Y

As was noticed in [12], Section 3.1], the cross-ratio parameters z, I%Z and 27_1 of the
simplex (hy(vo), by (v1), hu(vse), hi(vs)) can be expressed in terms of determinants

det(Uo, Ug) det(vl, UQ)
= |h ch h th = 6.12
= o) £ (v o)  hyfug)] = Gt G (612
1 det(vy,v3) det(vg, ve)
=|h ) ) ) = 1
1—2 (hor(v1) = ho(v2) = ho(vo) : ho(vs) det(vg, v1) det(vg, v3)’ (6.13)
z—1 det(vg, v1) det(vq, v3)
=|h ch ) ) = .
z [hor(v) + hu(v2) = hu(vs) = b (v1) det(vg, v3) det(vg, v1)
Hence we also have
1—=2 det(vg, v1) det(va, v3)
= |h ch hy(vs) o h = ) 6.14
[hu(vo) = hu(v2) + hy(vs) = b (v1)] det (0o, 03) det (v, 01) (6.14)
We have that
ol ol viv? — vl
hU(Ui) 7£ hU(’Uj) ~ —; — —j2 7’é 0< % 7& 0< det(vi,v]—) 7é 0.
v v Chtle
Then all the previous determinants are non-zero.
We define
(v, v;) = Log det(v;, v;)*. (6.15)

Using formulae (6.12)), (6.13), and (6.14)), we assign a flattening to (vg,vq,ve,v5) €
C:?U#(X(U)) by setting
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Wo(vo, V1, V2, v3) =(vo, U3) + (V1, V) — (vo, v2) — (v1,V3),
w1 (vg, v1, V2, v3) =(Vg, V2) + (v1,v3) — (Vo, v1) — (V2, V3), (6.16)

Wa (vg, v1, V2, v3) =(vg, v1) + (Vo,v3) — (Vo, v3) — (V1,Va).

Recall that for w € C* we have that

. Logw +mi if argw € (—m, 5],

T
§Logw2 = Logw if argw € (-7, 5], (6.17)
Logw +mi if argw € (3,7,

By the addition theorem of the logarithm and (6.17]) we have that:

1 1—=2
wo = Log z + ikmw, w, = Log(l_ >+il7r, Wy = Log( . >+im7r,

for some integers k, [ and m. Hence, wy, w; and wy are respectively logarithms of
the cross-ratio parameters z, 2 and 2" up to multiples of mi and clearly we have that
Wy + Wy + Wy = 0. Therefore (wy, Wy, W) is a flattening in P(C) of the ideal simplex
(hu(vo), ho (v1), hu (v2), ho (vs)).-

This defines a homomorphism

o: O:?U#(X(U)) )

P(C
(U07U17U277J3) (U~) U~11,w2)

Lemma 6.4.1. Let v;,v; € X). Then det(v;,v;) is invariant under the action of G on

Proof. Let (¢Y) € SLy(C) and set

v; = (v} ,0?) = (a b) ( 11) = (av} + bv?, cv} + dv?)
T T 19 Y - c d z2 - 1 79 7 )

We have that

J U]
= 0,0, — U;7; o1
= (av; + bv})(cv} + dv?) — (ev) + dv?)(av; + bv?) (6.18)
= (ad — be)(vjv: — v}v;)
= det(v;, v;)
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Hence the homomorphism & descends to the quotient by the action of SLy(C)

&: By"” (Xw) = P(C)

Now suppose that (1), w9, w9), - - , (wa, W], w3) are flattenings defined as above for the
simplices (hy(vo), - - hu(vi), - -+, hu(vs)). We must check that these flattenings satisfy the

flattening condition, that is, we have to check that the ten equations are satisfied.
We check the first equation, the others are similar:

15(2) =(vo, v4) + (v1,03) — (Vo, v3) — (v1, Va),
_wg - - <U07U4> - <U17U2> + <U07U2> + <U17 U4>7

Wy =(vg, v3) + (v1,v2) — (vo,v2) — (v1, v3).

Having verified all the ten equations, it now follows from [I2, Theorem 2.8] or [29,
Lemma 3.4] that & sends boundaries to zero and we obtain a homomorphism

~

&: Hy(BM"# (X)) — P(C).

6.4.1. The homomorphism & descends to Ci"7(X(p)). Given (v},0v?) € Xy we
denote by v; = [v},v7] its class in X(py = C* —{0,0}/Zo,.

17 7

Remark 6.4.2. Notice that if (v}, v?) € X, then

17 71

1,2
det(v;, vj) = det (Zﬁ Zé) = vjv} — viv; = det(—v;, —v;), (6.19)
Jo i

J )

but in the other hand

: : L)
U] UJ

—vl =2
det(—v;,vj) = det < qu 12)7’> = —v;v] + vjv; = —det(v;,v)). (6.20)

Thus, the quantity det(v;,v;) is just well defined up to sign. However, its square
det(v;, v;)? is well defined.

By Lemma[6.4.1} (6.19) and (6.20) we have:

Lemma 6.4.3. Let v;,v; € X(p). Then det(v;,v;)? is invariant under the action of G
on X(p).

So, we define
(vi,v;) = Log det(v;, v;)*. (6.21)

Let (vo,vy,Va,vs) € CIP #(X(p)). The homomorphism & descends to a well defined

homomorphism

A~

6: 0577 (X(p)) = P(C)

(
(Vo, V1, Va, V3) — (W, W1, Wa).
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by assign to (vg, vy, Vg, v3) the flattening of the ideal simplex

(hP(V(]),hP(Vl)’ hP(VQ); hP(Vs)) = (hU(U())v hU(Ul)a hU(U2)7 hU(Us))
given by (6.16|) and we obtain a homomorphism

&: B (X(p)) — P(C)
Proposition 6.4.4. The image of 5: By"7 (X(py) — P(C) is in B(C).
Proof. Define a map p1: By*7 (X (py) — A4(C) by
(Vo, V1, Va) = (vo, Vi) A (vg, Va) — (vo, Vi) A (Vi,Va) + (v, Vo) (v, V)

Recall that the extended Bloch group B(C) is the kernel of the homomorphism

7: P(C) = AZ(C)

(wo,wl, U}Q) — Wy N\ wq

The following diagram
By (X(p)) =—P(C)
03 v

By™7 (X(p)) 77— N(C)

is commutative. This means that cycles are mapped to B\((C), then
&: Hy(B"#(Xp)) — B(C). (6.22)

]

6.4.2. Using X (p)- Remember that we are considering X (p) = Sym. Sometimes is useful
to express the homomorphism ¢ using X(py instead of X(p) since with X(py we do not
have to worry about equivalence classes and representatives. Again, we simplify notation
by setting

hy = h%: Xy — Xp).
For this subsection, we are abusing notation setting A% = h8. Let S;, S; € X(p), then we

have that

Define

DS(S,, S]) =TS — Qtitj + TS
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Recall from Corollary [5.1.5 that the G-isomorphism between X(py and X( p) is given
by

o: X(p) — X(p)
oo ()
e 9 |-
v uv v

Lemma 6.4.5. Let v; = [u;,v;] and v; = [uj,v;] in X(py, denote the classes of v; and v;
in Xy. Then

DS(o(vi), o(v;)) = det(v;, v;)?

Proof. We have that

2 2
us WU;V; us= ;U5
Q(Vz) - (Uz;h ;21) ! Q(Vj) - (uj'Z]j ’[]Jz]) )

J

then

[]

Combining Corollary and Lemma [6.4.5| we get the following corollary which can
also be proved with a straightforward but tedious computation.

Corollary 6.4.6. Let S;,S; € X(p) and g € G. Then DS(S;, S;) is G-invariant, that is,

So by Lemma [6.4.5, given v;,v; € X(p) we have that (o(v;), o(v;)) = (vi, V;)
Let (So, 51,59, 53) € C§P7A(X(p)). Then the homomorphism

~

o: CgPi(X(p)) — ((C)
(So, S1, 52, S3) = (W, Wy, ws),

is given by assigning to (Sp, S, Se, S3) the flattening defined by

Wy = <So, Sg> + <51, Sg> — <So, SQ> — <Sl, 53>, (624)
W, = <S(), SQ> + <Sl, S3> — <S(), Sl> — <SQ, Sg>, (625)
wy = (S, S1) + (S92, 53) — (So, S3) — (51, Sa), (6.26)

which by Lemma is the same as the one given in (/6.16]).
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6.4.3. Important diagrams. Consider G = SLy(C) and H = P, then by (4.2)) we have
a homomorphism

H3(G, P;Z) — Hy(|G : P); Z)
that makes the following diagram commutes

~

Hy(G, P;Z) 2— P(C)

|

Hy(|G - P Z)

% j(hg)*

Hy(M) —2 Hy([G - B); Z)*—~ P(C)

Remark 6.4.7. In |29, Proposition 14.3] Neumann proves that the long exact sequence
(3.2) gives rise to a split exact sequence

0 — H3(G) — H3(G, P) — H, (P) —=0 (6.27)

We will see in Remark|6.6.11|that the homomorphism & defines a splitting of sequence
(6.27)), that is, 6 0 i, = id.

6.5. Computing Bp(M) and Sp(M) using an ideal triangulation
of M

Let M be a non-compact orientable complete hyperbolic 3-manifold of finite volume. Let
m: H? — H3/T' = M be the universal cover of M. Then M lifts to an exact, convex,
fundamental, ideal polyhedron P for T' [31, Theorem 11.2.1]. An ideal triangulation of
M gives a decomposition of P into a finite number of ideal tetrahedra (zf,z%, 25, 21),
i=1,--+,n. Since P = {gP | g € T'} is an exact tessellation of H* [31, Theorem 6.7.1],
this decomposition of P gives an ideal triangulation of H?. R

As in Section , let C be the set of fixed points of parabolic elements of I" in OH?® = C
and consider Y = H3UC, which is the result of adding the vertices of the ideal tetrahedra
of the ideal triangulation of H?. Hence we can consider Y as a simplicial complex with
0-simplices given by the elements of C' C C. The action of G on Y induces an action of G
on the tetrahedra of the ideal triangulation of Y. Taking the quotient of Y by I' we obtain
M and we get an extension of the covering map m to a map 7: Y — M. The I'-orbits
(20, 21, 22, 23)r of the tetrahedra (zo, 21, 22, 23) of the ideal triangulation of Y correspond
to the tethahedra of the ideal triangulation of M. The I'-orbit set Cof C corresponds to
the cusps points of M, we suppose that M has d cups, so the cardinality of C' is d.

6.5.1. Computation of Sp(M). Using the simplicial construction of Ez(G) given by
Proposition we have that a model for Eg)(G) is the geometric realization of the
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simplicial set whose n—simplices are the ordered (n+ 1)-tuples (2o, - - , z,) of elements of
Xz = C and the i-th face (respectively, degeneracy) of such a simplex is obtained by
omitting (respectively, repeating) z;. The action of ¢ € G on an n-simplex (zg,- -, 2,)
gives the simplex (920, 19" 2n)-

Considering Y as the geometric realization of its ideal triangulation and since its
vertlces are elements in C' C C we have that the [-map ¢p: ¥ — E35)(G) in diagram
is given by the (geometric realization of the) I'-equivariant simplicial map

’gbBZ ? — ES(B)(G)

(ZO7 215 %2, Z3) = (ZO7 214 %2, Z3>

This induces the map {ZJ\BI M — Byp)(G) in diagram m Furthermore, this induces on
simplicial 3-chains the homomorphism ({D\B)*: Cs(M) — Bs(Bg)(G)) = Bs(X(p)) (see
Proposition [2.4.11)) which we can compose with homomorphism (|6.5)) to get

o0 (Pp).: C3(M) = Cs(Y)r — Bs(X(s)) = P(C)

(6.28)
(207217227 Z3)F — (20, 21722723)6‘ = [Zo VARSI 23]

where (zo, 21, 22, 23)r (resp. (2o, 21, 22, 23)¢) denotes the ['-orbit (respectively G-orbit) of
the 3-simplex (2o, 21, 22, 23) in 03(}?) (respectively in Bs(X(py) and [z : 21 @ 22 : 23] is the
cross-ratio parameter of the ideal tetrahedron (2o, 21, 22, 23).

Let (28, 2%, 25, 28)r, i = 1,--- ,n, be the ideal tetrahedra of the triangulation of M
and let z; = [2{ : 2% : 2% : 2%] € C be the cross-ratio parameter of the ideal tetrahedron
(28, 28,21, 24) for each i. Then the image of the relative fundamental class [M] under the
homomorphism in homology given by is given by

70 (0p).: H (1\7) — Hy(|G : B];Z) — P(C)

n n n
[M] = Z(Z(ih Zi? Zév Zé)r = Z(Zév Zi? Zév Zg)G = Z[zi]v
i=1 i=1 i=1
and we have that the invariant Sg(M) under the isomorphism o corresponds to the Bloch
invariant 5(M), see Cisneros-Molina—Jones [7, Theorem 6.1].

6.5.2. Computation of Sp(M). We want to give a simplicial description of the I'-map

vp: Y — E5py(G) in diagram (6.1). For this, we also use the Simplicial Construction
of Proposition to give a model for Egp)(G) as the geometric realization of the
simplicial set whose n-simplices are the ordered (n+1)-tuples of elements of Xgp) = X(p)
(or Xzpy = X(p)) (see Remark and Subsection . The i-th face (respectively,
degeneracy) of such a simplex is obtained by omitting (respectively, repeating) the i-th
element. The action of g € G on an n-simplex is the diagonal action.

Since the vertices of Y are elements in C' C C, to give a simplicial description of the
[-map p: Y — Ezp)(G) is enough to give a I'-map

@ZC—)X(p) or @20—))2(13)
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and define R
’gbp: Y —» E{g(p)(G)

(207 215 %2, Z3) = (CD(ZO)u (I)(Zl)7 CI)(Z2)7 CI)<Z3))
Fori=1,---,d, every cusp point ¢; € 6Aof M corresponds to a I-orbit of C'. Choose

¢; € C in the T-orbit corresponding to ¢ € C. Now choose an element v; € (h$)'(¢;) C
Xp) (or S; € (hB) ' (e¢;) C X(p)) and define

(6.29)

d: C— X o:C - X
P or ® (6.30)
C; — V; ¢ — S,

and extend I'-equivariantly by ®(g-¢;) = g- v, or ®(g-¢;) = gSig”.

Remark 6.5.1. Suppose that for every cusp point ¢; € C we have chosen ceCC C in the
[-orbit corresponding to ¢;. Using homogeneous coordinates we can write ¢; = [2; : w;].
So, one way to choose v; (or S;) is given by

2
A Z2; W;
v = [z, wy] or S; = ( g 2>.

The I'-isotropy subgroups of the ¢; are conjugates of the periferal subgroups I'; and they
consist of parabolic elements, that is, elements in a conjugate of P, and by Remark
they fix pointwise the elements of (h2)~!(c;). On the other hand, by Remark 1no
hyperbolic element in I' has as fixed point any point in C'. Therefore ® is a well defined
[-equivariant map and the map ¥p in (6.29) is a well defined I'-equivariant map. Since
any two such I-maps are I'-homotopic, 1p is independent of the choice of the v; and the
S; up to I'-homotopy. This induces the map ¢p: M — Bgpy(G) in diagram and
choosing different v; and 5; we obtain homotopic maps. Thus, this induces a canonical
homomorphism in homology (¢¥p).: H3(M;Z) — Hs(|G : P|;Z) independent of choices.

Let (2,21, 2%,28)r i = 1,--+ ,n be the ideal tetrahedra of the ideal triangulation of
M. The image of the relative fundamental class []\/4\ | under ({b\p)* is given by

(0p): Hs(M;Z) — Hy([G - P|;Z)
[M] = Z(ZS, 2l 2h, 2w Bp(M) = Z(cl)(zé), O(21), D(2), B(2))e (6.31)

=1 =1

obtaining an explicit formula for the invariant Sp(M).

6.6. Relation between Zickert’s class and Sp(M)

In [43] Zickert defines a complex C.(G, P) of truncated simplices and proves that the
complex B, (G, P) = C.(G, P) ®zq Z computes the Takasu relative homology groups
H, (G, P;Z) [43, Corollary 3.8]. This complex is used to define a homomorphism

U: Hy(G, P;Z) — B(C)
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[43, Theorem 3.17]. Given an ideal triangulation of an hyperbolic 3-manifold and using a
developing map of the geometric representation to give to each ideal simplex a decoration
by horospheres, it is defined a class in the group H, (G, P;Z) [43, Corollary 5.6]. This
class depends on the choice of decoration, but it is proved that its image under the
homomorphism V¥ is independent of the choice of decoration [43, Theorem 6.10]. In fact,
in [43] it is considered the more general situation of a tame 3-manifold with a boundary
parabolic PSLy(C)-representation, this will be considered in the following section.

In this section we compare the results in [43] with our construction of the invariant

_ B
Bp(M). We give an explicit isomorphism between the complexes C, (G, P) and ore? (X5p).

Remark 6.6.1. Notice the difference of notation, in [43] G = PSLy(C) and P corresponds
to the subgroup of PSLy(C) given by the image of the group of upper triangular matrices
with 1 in the diagonal, that is, in our notation to the subgroup U = P.

6.6.1. The complex of truncated simplices. Let A be an n-simplex with a vertex
ordering given by associating an integer i € {0,--- ,n} to each vertex. Let A denote the
corresponding truncated n-simplex obtained by chopping off disjoint regular neighbor-
hoods of the vertices. Each vertex of A is naturally associated with an ordered pair ij of
distinct integers. Namely, the ijth vertex of A is the vertex near to the ith vertex of A
and on the edge going to the jth vertex of A.

Let A be a truncated n-simplex. A G-vertex labeling {37} of A assigns to the
vertex ij of A an element g” € G satisfying the following properties:

1. For a fixed 4, the labels g” are distinct elements in G mapping to the same left
P-coset.

2. The elements g;; = (g)~'g’" are counterdiagonal, that is, of the form (9 —¢™).

Remark 6.6.2. Let C,(G, P), n > 1, be the free abelian group generated by @—Vertex
labelings of truncated n-simplices. Since X py is G-isomorphic to the set of left P-cosets,

using the homomorphism h}s given in (5.4)) (see Remark , property |1l means that for
a fixed ¢ we have

b () = lai.ci
for some fixed element [a;,c;] € X (py and for all j # 4. By the definition of h}s we have
that for fixed 4 all the g¥/ have the form

a;

i ij

Left multiplication endows C,,(G, P) with a free G-module structure and the usual
boundary map on untruncated simplices induces a boundary map on C, (G, P), making it
into a chain complex. Explicitly given a G-vertex labeling {§" } jefo,... n}.iz;j of a truncated

n-simplex A

8n{§ij }iJG{Ow- b T Z(_ 1>l{£_7ij}1;,je{0,--- Jeen} i (6.32)
1=0
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Define
B,(G, P) = C\(G, P) ®zi6) Z = C,(G, P)q.

Let {3} be a G-vertex labeling of a truncated n-simplex A. We define a G-edge
labeling of A assigning to the oriented edge going from vertex ij to vertex kl the labeling
(g)~'gk. Tt is easy to see that for any g € G, the G-vertex labelings of A given by
{g”} and {gg”} have the same G-edge labelings. Hence, a G-edge labeling represents
a generator of B,(G,P). The labeling of an edge going from vertex i to vertex j in
the untruncated simplex is denoted by g;;, and the labeling of the edges near the ith
vertex are denoted by Ey;k’s. These edges are called the long edges and the short edges
respectively. By properties [1] and [2| in the definition of G-vertex labelings of a truncated
simplex, the 0’4; ;'S are nontrivial elements in P and the g;;’s are counterdiagonal. Moreover,
from the definition of G-edge labelings we have that the product of edge labeling along
any two-face (including the triangles) is I.

In [43, Corollary 3.8] it is proved that the complex B, (G, P) computes the groups
H, (G, P;Z). For this result, it is not necessary to have property , nor to ask to have
distinct elements in property [1] in the definition of G-vertex labelings [43, Remark 3.2].
The reason for asking this extra properties on the G-vertex labelings is to be able to assign
to each generator a flattening of an ideal simplex.

In what follows we need a more explicit version of [43, Lemma 3.5].

Lemma 6.6.3 ([43, Lemma 3.5]). Let ;P = (& 22)13 and g; P = ('ij Z; )P be P-cosets
satisfying the condition §;B # ng. There exists unique coset representatives g;T;; and
g;T;i satisfying the condition that (g;%:;) ;T is counterdiagonal given by

) a5 ) a;
N s = Y Ga-a
Gili; = ) cj y  Gili; = ' i . (633)
Gi a;cj—a;c; G ajci—a;c;
Proof. We start by reproducing the proof of [43, Lemma 3.5] since it saves computations.

Let g7 'g; = (¢4), and let Zy; = (") and 2 = (*f"). We have

a—cpij apji +b—pii(cpji +d)
c cpji +d '

N
Lij 9; Y9iTji = (

Since g;B # g;B, it follows that ¢ is nonzero. This implies that there exists unique
complex numbers p;; and p;; such that the above matrix is conterdiagonal. They are

given by
a d

P =, =
T J c

Now, using the explicit expressions for g; and g; we have

_N—1— adi—bic- dzb—bzd a b
(G:)"'9; = ( ’ ! ! ]) = ( d)’ (6.34)

a;Cj; — a;C;  Q;C; — AiCy C

SO,
. ajdi — biCj . Cibj — al-dj
Dij - Pji= ————

a;Cj — ajcz-’ ai;Cj — a;C; ’
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aﬁnd we obtain the desired representatives. Notice that g;z;; is a well defined element in

G, if we change the signs of a; and ¢; the whole matrix changes sign, while if we change
the signs of a; and ¢; the matrix does not change. Analogously for g;z;;. O]

Remark 6.6.4. Notice that the expressions for g;z;; and g;Z;; given in (6.33)) only depend
on the classes [a;, ¢;] and [aj,¢;] in X(p), so indeed they only depend on the left P-
cosets g; P and g; P. Also notice that by (6.34]) the condition 9:B # g;B is equivalent to

a;c; — ajc; # 0 which is equivalent to hZ(g; P) = % # % = hE(g;P).

Corollary 6.6.5. Let A_ be a truncated n-simpler. A generator of C,(G, P), i.e. a G-
vertex labeling {g”} of A has the form

.
y a; ——— .. . .
gz] — ( azCJCjCLJCL)’ i,j € {]_7 R ,TL}, Y 7& i, Q;Cj — ;jC; 7& 0,

C;
aiCj—a;c;

and the class |a;, ¢;] € X (p) corresponds to the left P-coset associated to the i-th verter of
A. Hence, a generator of B, (G, P), i.e. a G-edge labeling of A has the form

. 1 apCj—a;Cy
Ay = (0 (aicj_a]'ci)l(aick—akci)) i,j, k€ {l,--- ,n},i# 5k j#k, (6.35)

0 - 1
Gij = ( ) ij€{lee n}, i 4] (6.36)
a;Cj

— CLjCZ' 0

Proof. 1t follows from property 2 of the definition of C,(G, P) which implies that g;B #
g;B for alli,j € {0,--- ,n} and i # j. ]

Corollary 6.6.6. There is a G-isomorphism of chain complexes

hB# = = =
Cn”" (X(p)) > Ci(G, P)

J
C;
a;Cj—a;c;

s
([a07 CO], ey, [a/n, Cn]) <> gl] — ( alcjc_ajcz>

B _ _
Hence, there is an isomorphism of chain complezes BZP#(X(p)) = B,(G, P) where
the G-orbit ([ag, o], -, [an, ca])a corresponds to the G-edge labeling given by (6.35) and
(6.36).

Proof. This is a refined version of [43, Corollary 3.6] and follows from Corollary .
By direct computation it is easy to see that the isomorphism is G-equivariant. The only
thing that remains to prove is that the isomorphism commutes with the boundary maps
of the complexes, which is an easy exercise from the definition of 0,, given in (6.32). [
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B
Remark 6.6.7. From Corollary 6.6.6, to represent a generator of C_ZP%(X(p)) we just need
2(n + 1) complex numbers, while to represent a generator of C,(G, P) we need 2(n + 1)?
because there is a lot of redundant information in g;;, the entries b;; and d;; in g”, see

Remark [6.6.2] and Remark [6.6.4. So it is more efficient to use the complex ng;é(X(p))
than the complex C,(G, P) to compute H, (G : P;Z).

Another advantage is that by Proposition [2.2.9] we can work with the action of G
rather than with the action of G, as we did in Section .

Remark 6.6.8. If we denote by v; = [v},v?] an element in X5 as in Subsection we

1771

have that the isomorphism of Corollary is written as

where (vo, -+, v,) is an (n + 1)-tuple of elements of X p) such that det(v;,v;)* # 0 for
i # j see Remark We also have that in this notation the G-edge labeling given by

(6.35) and (|6.36]) is written as

(1 detvv) . S
Ay, = (0 det("i"’d)ldet Vvivi) | i 4 ke {l,--- n}, i £,k j#k, (6.37)

_ O T det 1. ) .. . .
JR— et (vi,vy) 1.--- . .
gz] (det (Viavj> 0 ) Z7] € { ) 7”}7 7’%] (6 38)

Notice that although detgvz-, v;) is only well defined up to sign, see Remark [6.4.2 we
get well defined elements in Gi. The fact that the matrices (6.36]) and (6.35) of the G-edge
labeling are constant under the action of G is because det(v;,v;) is invariant (up to sign)

under the action of G, see Lemma m

6.6.2. Decorated ideal simplices and flattenings. Also in [43] it is proved that there
is a one-to-one correspondence between generators of B3(G, P) and congruence classes of
decorated ideal simplices.

Remember that the subgroup P fixes oo € A and acts by translations on any horo-
sphere at co. A horosphere at oo is endowed with the counterclockwise orientation as
viewed from co. Since G acts transitively on horospheres, we get an orientation on all
horospheres.

A horosphere together with a choice of orientation-preserving isometry to C is called
an Euclidean horosphere [43, Definition 3.9]. Two horospheres based at the same
point are considered equal if the isometries differ by a translation. Denote by H(co) the
horosphere at oo at height 1 over the bounding complex plane C, with the Euclidean
structure induced by projection. We let G act on Euclidean horospheres in the obvious
way, this action is transitive and the isotropy subgroup of H(oo) is P. Hence the set
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of Euclidean horospheres can be identified with the set G/ P of left P-cosets, which is
G-isomorphic to X(py, where an explicit G-isomorphism is given by

{Euclidean horospheres} < Xp)

H(oo) ¢ [1,0], (6:39)

and extending equivariantly using the action of G.

A choice of Euclidean horosphere at each vertex of an ideal simplex is called a dec-
oration of the simplex. Having fixed a decoration, we say that the ideal simplex is
decorated. T'wo decorated ideal simplices are called congruent if they differ by an element
of G.

Using the identification of Euclidean horospheres with left P-cosets, we can see a
decorated ideal simplex as an ideal simplex with a choice of a left P-coset for each vertex
of the ideal simplex.

. B . ,
Proposition 6.6.9. Generators in C3P¢(X(15)) are in one-to-one correspondence with

. . hB .
decorated simplices. Thus, generators of B3P#(X(p)) are in one-to-one correspondence
with congruence classes of decorated simplices.

. B
Proof. Consider the homomorphism (h3),: Cg P 76(X ) — CT(X (3)) and consider a gen-
B _ _
erator (vo,---,vs) of Cg”#(X(p)). Its image ((hB).(vo), -, (hB).(v3)) is a 4-tuple of
=3

distinct points in X(zy, so it determines a unique ideal simplex in H'. Moreover, v; rep-
resents a left P-coset which corresponds to the vertex (h%).(v;) of such ideal simplex.
Hence (vo,- -+, v3) represents a decorated simplex.

This together with the isomorphism given in Corollary proves that there is a one-
to-one correspondence between generators of Bs(G, P) and congruence classes of decorated
ideal simplices, see [43, Remark 3.14]. O

For a matrix g = (2Y), let ¢(g) denotes the entry c. Let a be a generator of Bs(G, P),
i.e. a G-edge labeling. By ([6.38)) we have that c(g;;) = £det(v;, v;), that is, it is only
well defined up to sign. But we have that

c(gi;)? = det(vi, v;)? (6.40)

is a well defined non-zero complex number. Squaring formulas (6.12), (6.13) and (6.14])
and using (6.40) we get

(o) cliz)” _ 2 c(gia)*clgo)” _ ( 1 )27 c(gor)*c(g2s)* _ <1 — z>27

c(go2)?c(13)>  ~ 7 c(Gor)?c(gas)? 11—z c(gos)?c(g12)? z

which are the formulas of [43, Lemma 3.15]. Now, our choice of logarithm branch defines
a square root of ¢(g;;), see [43, Remark 3.4], given by

_ 1 _ 1
Logc(gi;) = 5 Logc(gi;) = 5 Logdet(v;,v;),

which is the definition of (v;,v;) given in (6.21]).
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Proposition 6.6.10. The following diagram commutes

hi# 7
Hy(By"" (X(p)); ) —=B(C) ,

|

HB(G7 p; Z)

where U is the homomorphism given in [45, Theorem 3.17], & is the homomorphism given
in (6.22) and the vertical arrow is given by the isomorphism of Corollary .

Proof. The definition of ¥ given by formula [43], (3.6)][22, (3.6)] coincides with the defi-
nition of ¢ given by (6.16)) via the isomorphism of Corollary [6.6.6] ]

Remark 6.6.11. In |43 Proposition 6.12] Zickert proves that W defines a splitting of the
sequence (|6.27). This together with Proposition |6.6.10 proves the claim made in Re-

mark that & defines a splitting of the sequence ((6.27)).

6.6.3. The Zicker’s class. Now we compare the construction of Zickert’s class in
Hs3(G, P;Z) with our computation of the invariant Sp(M) given in Subsection

As in Section [6.9] consider an hyperbolic 3-manifold of finite volume M and let
p: m(M) — PSLy(C) be the geometric representation. Let 7: Y — M be the ex-
tension of the universal cover of M to its end-compactification. A developing map of p
is a p-equivariant map

D:Y - ®

sending the points in C' to OH. Let ¢ € C and for each lift ¢ € C' of ¢, let H(D(c)) be
an Euclidean horosphere based at D(c). The collection {H(D(c))}eez—1(5) of Euclidean
horospheres is called a decoration of ¢ if the following equivariance condition is satisfied:

H(D(y - ¢)) = () H(D(c)), for v € m(M), c € 7' (@),

A developing map of p together with a choice of decoration of each ¢ € C is called a
decoration of p.

By [43, Corollary 5.16] a decoration of p defines a class F(M) in H3(G, P;Z). This
can be seen as follows. The decoration of p endows each 3-simplex of M with the shape
of a decorated simplex. By [43, Theorem 3.13] each congruence class of these decorated
simplices corresponds to a generator of B3(G, P) which is a truncated simplex with a
G-edge labeling. The decoration and the G-edge labelings respect the face pairings so
this gives a well defined cycle o in Bs(G, P), see [43), p. 518] for details.

Theorem 6.6.12. The class F(M) is send to the invariant Sp(M) under the homomor-

_ _ B
phism Hs(G, P; Z) — Hs3(|G : P];Z) induced by the inclusion of C;LP?S(X(p)) in C3(X(py).

Proof. In Subsection the inclusion ¥ — - is a developing map of the geometric
representation p: m (M) — PSLy(C). Chooce a decoration of each ¢ € C. As before
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this gives a well defined cycle o in B3(G, P). The cycle a represents the class F(M)

_ B
in H3(G, P;Z). By Corollary [6.6.6, « corresponds to a cycle in Bg”#(X(p)), moreover,

B
Corollary [6.6.6] gives a correspondence between ¢; € 7 !(¢) and elements in C’; r #(X )

B
i.e., an application ® as in (|6.30). Then the cycle a € B:;LP#(X(p)) has the form

n

Z((I)(Cé‘,[))? (I)(C;l)’ (I)(C;‘,Q)v (I)(C;,?,))G"

=1

which is precisely the definition of Sp(M) given in (6.31]). In other words, the following

diagram commutes

B
where the vertical row is induced by the inclusion of Cg P ;é(X (7)) in C3(X(py). O

Remark 6.6.13. Choosing a different decoration of p, that is, a different I'-equivariant
map @’ in , we get a different [-equivariant map %, a different homomorphism
of complexes (¢p). and a different cycle o/ in Bs(B, P) which may represent a different
class in H3(G, P;Z) (see [43, Remark 5.19]); but by the universal property of Egp)(G)
we have that ¥ p and 1}, are [-homotopic and therefore the inclusions of the cycles o and
o/ in B3(Xp) are homologous.

Remark 6.6.14. Notice that the image of the PSL-fundamental class [M]pg; under the
homomorphism (hT),: Hy(PSLy(C); Z) — H3([PSLy(C) : T]; Z) in diagram (5.11]) is also
an invariant of M which we can denote by Sr(M). This invariant is sent to the classical
Bloch invariant Sg(M) by the homomorphism

(h2).: Hs([PSLy(C) : T]; Z) — Hs([PSLy(C) : B; 7).

It would be interesting to see which information carries this invariant and if it is possible
to obtain it directly from the geometric representation of M.

6.7. (G, H)-representations

Our construction also works in the more general context of (G, H)-representations of tame
manifolds considered in [43]. Here we give the basic definitions and facts, for more detail
see [43, § 4].

A tame manifold is a manifold M diffeomorphic to the interior of a compact manifold
M. The boundary components E; of M are called the ends of M. The number of ends
can be zero to include closed manifolds as tame manifolds with no ends.
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Let M be a tame manifold. We have that m;(M) = (M) and each end E; of
M defines a subgroup 7 (E;) of w1 (M) which is well defined up to conjugation. These
subgroups are called peripheral subgroups of M.

Let M be the compactification of M obtained by identifying each end of M to  a

point. We call the points in M corresponding to the ends as ideal points of M. Let M
be the compactification of the universal cover M of M obtained by adding ideal points
corresponding to the lifts of the ideal points of M. The covering map extends to a map

from M to M. We choose a point in M as a base point of M and one of its lifts as
base point of M. With the base points fixed, the action of 71(M) on M by covering

transformations extends to an action on M which is not longer free. The stabilizer of
a lift € of an ideal point e corresponding to an end E; is isomorphic to a peripheral
subgroup 7 (E;). Changing the lift € corresponds to changing the peripheral subgroup by
conjugation.

Let G be a discrete group, let H be any subgroup and consider the family of subgroups
§(H) generated by H. Let M be a tame manifold, a representation p: m (M) — PSLy(C)
is called a (G, H)-representation if the images of the peripheral subgroups under p are
in §(H).

In the particular case when G = PSLy(C) and H = P a (G, H)-representation
p: m (M) — PSLy(C) is called boundary-parabolic.

The geometric representation of a hyperbolic 3-manifold is boundary parabolic. For
further examples see Zickert [43, §4].

Let M be a tame n-manifold with d ends and let p: m (M) — G be a (G, H)-
representation. Let I be the image of w1 (M) in G under p, also denote by I'; the image
of the peripheral subgroup 7 (F;) under p and consider the family § = F(T'y, -+ ,Tq)
of subgroups of G. On the other hand, define T, = p~!(T;) and consider the family
§ =g (I, - ,I") of subgroups of m(M).

Proposition 6.7.1. Consider the classifying space E3(T") as a m (M )-space defining the
action by
vox=p(y)-r, yem(M), =z Eg(I)

Then, with this action Ez(I') is a model for the classifying space Ez (w1 (M)).

Proof. Consider the I'-set Az defined in Subsection [2.2.3] It is enough to see that Az
seen as a (M )-set using p is m; (M )-isomorphic to Ag. By the definition of [V and I,
we have that I'/ker p =T and I'}/ ker p = I';. Then

I'/T = (I'/ ker p) /(T ker p) 2 T/
Therefore

d d
Ay = [Jr/m = r/m = A5
i—1 i—1

So now we can use Ay in the simplicial construction of Ez (71 (M)) and we obtain precisely

E5(T). 0
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Since the action of 71(M) on M has as isotropy subgroups the peripheral subgroups
m(F;) and m (F;) € § there is a m (M )-map unique up to 7 (M )-homotopy

Yt M = Ey(m(M)) = Ey(T) (6.41)

Now consider the classifying space Eg)(G), by Proposition restricting the action
of G to I' we have that res% Fzm)(G) = Ezuyr(T). On the other hand, we have that
§ C §(H)/T, so we have a I'-map unique up to I'-homotopy

Composing (6.41]) with (6.42)) we obtain a p-equivariant map unique up to p-homotopy

Taking the quotients by the actions of 71 (M) and G we get a map unique up to homotopy
given by the composition

by M — Ey)(G)/T = By (G). (6.44)

Denote by fBr(p) the image of the relative fundamental class []\//T | of M under the map
induced in homology by v,

(Vp)«: Ha(M;Z) = Hy(Byen (G); Z) (6.45)
[M] = Bu(p)-

Thus, by Proposition2.4.11| we have:

Theorem 6.7.2. Given an oriented tame n-manifold with p: m (M) — G a (G, H)-
representation, we have a well defined invariant

Bu(p) € H(|G : H|;Z)

As before, one can compute the class Sy (p) using a triangulation of M. A triangulation
of a tame manifold M is an identification of M with a complex obtained by gluing together
simplices with simplicial attaching maps. A triangulation of M always exists and it lifts

uniquely to a triangulation of M.

Let M be a tame n-manifold with d ends and let p: m (M) — G be a (G, H)-
representation. In [43] §5.2], given a triangulation of M it is constructed a (G, H)-cocycle,
see [43, §5.2] for the definition, which defines a fundamental class F(p) in H,(G, H;Z).
The construction of the (G, H)-cocycle depends on a decoration of p bzf\ conjugation ele-

ments. Such decorations are given as follows: for each ideal point e; € M choose a lifting

¢; € M and assign to this lifting an element 9:(é;) € G, or rather an H-coset g;(é;)H,
then extend p-equivariantly by

9i(v - &) = p(v)gi(€&;) v € m(M).
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Let Z denote the set of ideal points in M. Notice that a decoration by conjugation
elements is equivalent to give a p-equivariant map

®,: T — G/H.

The map ®, defines explicitly the p-map (6.43) and using the triangulation of M it gives
also explicitly the homomorphism (6.45) as in Subsection [6.5.2]

Remark 6.7.3. For general G and H we do not necessarily have that H,,(G, H; Z) coincides
with H,([G : H];Z), see Subsection [£.1] The construction of the (G, H)-cocycle a priori
depends on the choice of decoration of p by conjugation elements, so in principle, choosing
different decorations one can obtain different classes in H, (G, H;Z), in that case, all
this classes are mapped to fu(p) € H,([G : H];Z) under the canonical homomorphism
since S (p) does not depend on the choice of decoration because the p-map
given by the decoration is unique up to p-homotopy. So in this general context it is
more appropriate to use Adamson relative group homology than Takasu relative group
homology because we obtain invariants independent of choice.

6.7.1. Boundary-parabolic representations. In the case of boundary-parabolic rep-
resentations of tame 3-manifolds we can use a developing map with a decoration to com-
pute Sp(p). Let M be a tame 3-manifold and let p be a boundary-parabolic representation.

A developing map of p is a p-equivariant map D,,: M- sending the ideal points of
M to OH = C. Taking a sufficiently fine triangulation of M it is always possible to con-
struct a developing map of p [43, Theorem 4.11]. Let C' be the image under D, of the set

of ideal points Z of M. A decoration of p is a p-equivariant map ®,: C'— X(py which can
be obtained assigning a Euclidean horosphere to each element of C' as in Subsection [6.6.3
or as in Remark . Again, the decoration defines explicitly the p-map (6.43)) which
gives explicitly the homomorphism with G = PSLy(C) and H = P.

The image of 8p(p) under (h%).: H5([PSLsy(C) : P|;Z) — H3([PSLy(C): Bl;Z) =
73(((:) gives an invariant Sg(p) in the Bloch group B(C). The invariant Sg(p) can be
computed using a developing map as in Subsection [6.5.1}

Also as in Remark the image of the PSL-fundamental class [p]ps; under the
homomorphism (h¥),: H3(PSLy(C); Z) — Hs([PSLsy(C) : T|; Z) in diagram is also
an invariant Sr(p) of p.

6.8. Complex volume

Recall that Rogers dilogarithm is given by

L(z) = /Oz wdt + % Log(z) Log(1 — z)
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In [29] Proposition 2.5] Neumann defines the homomorphism

L: P(C) = C/n%Z,
v} 2 (6.46)
[z:p,¢] = L(2) + 5 (qLog(2) + pLog(l — 2)) — —=,
where [z;p,q] denotes elements in the extended pre-Bloch group using our choice of

logarithm branch, see Remark [6.3.5, but (6.46]) is actually independent of this choice,
see [43, Remark 1.9]. In [29, Theorem 2.6 or Theorem 12.1] Neumann proves that un-

der the isomorphism Hz(PSLy(C);Z) = B(C) the homomorphism L corresponds to the
Cheeger—Chern—Simons class.

6.8.1. Another invariant. We shall define a new G-vertex labeling of a truncated
simplex in order to give another invariant of hyperbolic manifolds.

Consider ngaﬁ(X(p)) the submodule of C,(Xp)) generated by tuples mapping to
different elements by the homomorphism hg as in Subsection . We proved that

ng#(X(p)) is a free G-module (Proposition|3.2.10|). Denote by S, a basis of CLLg#(X(p)).
Consider o = ([ag, ¢ol, - - , [an, cn]) € S,. Let A be a n-simplex whose vertices are labeled
by the cosets classes represented by the entries [a;, ¢;] of 0. We give a G-vertex labeling
to the truncated n-simplex A associated to A by

- 1 %%
oLy - det(v;,v5)
= (o =57)}

This is well defined because det(v;, v;) # 0. Now, we will use the G-action on Cﬁg#(X P))

to construct another chain complex @L(@ , P) of truncated n-simplexes: for g = (Z g) cqG
the vertex labeling of go is given by

a;Cq
{gg’?" - (a el ) +b> }
jCi
¢ Cdetvi,vj + d

The boundary operator is the induced by the usual one on untruncated simplexes.
Also, we have an G-edge labeling given by the multiplication (¢¥)~'¢g’, i.e.

1 ajcitaic;
{fh’j — (0 dCt(’Liivvj)) } ) (6.47)
p 1 . a;c; det(gvk,vj)
ajk‘ — O et(vi7vj)1 et (vi,vk) . (648)

in the short edges. This G-edge labeling is a generator of B, (G, P) = C,(G, P)g.
By construction this gives a G-equivariant chain homomorphism

in the long edges, and




Complex volume 81

and therefore, we have a homomorphism
H,(G, P;Z) — H, (En(c‘:, P)) (6.49)

As in Section [6.5] consider an hyperbolic 3-manifold of finite volume M and let
p: m(M) — PSLy(C) be the geometric representation. Given a decoration of p, we
have a class F(M) € H,(G, P;Z) given in Subsection [6.6.3] Remember that different

decorations of p have different classes. We shall prove the following

Proposition 6.8.1. The image of the class F(M) by the homomorphism (6.49) is well
defined, i.e., it does not depend on the decoration of p.

Proof. The class F'(M) depends on the choose of a decoration of p. To choose different
decoration of p is to choose different I'-equivalent map ® as we point out in Remark|(6.6.13]
Since @ is constructed ['-equivariant, two [-equivalent maps ® and &’ differ by multiplying

by a complex number A (see Remark [5.1.9). Now, note that
det(Aai, ¢;) = Adet(a;, ¢;)
det(ai, /\Cj) = A det(ai, Cj)
det(Aa;, N'ej) = AN det(ay, ¢;).

Then the edge labeling (6.47) and (6.48)) are invariant by multiplication of complex num-
bers, and so the image of the representatives of the class F'(M) are also invariant does. [

We are interested in the relationship of the homology H,, (En(é, P)) and the homolo-
gies H,(G, P;Z), H,(G;Z) and H,(P;Z). This is a future work.
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CHAPTER 7.

Spectral Sequences

Spectral sequences are useful tools to compute homology. In particular we are interested
in the spectral sequences of the bicomplex C, . = Cy(G) ®zig C«(G/H). The spectral
sequence of C, , gives relations, through different homomorphisms, between the Adamson
relative group homology and the classical group homology.

We start defining a spectral sequence in Section [7.I Then we apply this theory to a
general bicomplex in Section[7.2} Then we use the particular bicomplex C, . in Section[7.3]
In the last Section we give some exact sequence involving the Adamson relative group
homology of SLy(C), PSLy(C) and some of their subgroups P, B, P and B.

7.1. A spectral sequence

Suppose C' is a vector space endowed with a boundary operator 0 € End C, satisfying
0? = 0 and a O-invariant filtration F?(C)

- CFPtC PP C R

in the sense

O(FP) C F?

for all p.
Define
B ={a € F’|0acF'"}

and define a relation ~,, in Ere by: a ~,, 8 if and only if there exist v € FP™"~! such
that o — 8 = 9y modulo FP~1. We define

Er=E!/ ~, and E'=E,
p

The quotient EJ is also a vector space since the relation ~, , is linear. Alternatively we
have
B =FE/[{la€E) | a~,,0}.

83
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Remark 7.1.1. In particular E) = FP/FP~! since for a € FP the condition do € F?
is automatically satisfied. Similarly for v € FP~! we have 9y = 0 modulo FP~! by
assumption.

Now we shall define an induced boundary operator
8;: Eg - E;LT

[alrp = [0 p—r
The operator 9" is well defined, in fact for a € F? with da € FP7" we have Pa=0c¢
FP=2" so that da € EJ_, and [0a] € Ej_, makes sense. Moreover for a, 3 € FP satisfying
[a],p = [B]rp in E™P then we have v € FPT"~1 ¢ € FP~! such that

a—pF=0y+¢
so that

Oa — 0 = Oe

with e € F®=+7=1 Therefore da ~yp—r O and [0¢], p—, = [05]; p—r In E"P7T.
Once well defined 95, note that (97)* = 0.

Lemma 7.1.2. Consider 0" = @p 0. E" — E", then E™l > H(E" d"), that is,

kerd': EF — E"
Er+1 ~H Er 8T — P p p—r
p b(E",07) Imay: Ej

p+T

— Ep
Proof. First, we shall prove that
ker (00 B — Eb_ )= EIf )~

Let o € E; be a representative of [a] € E} with 0"[a] = [0a] = 0. then Ja ~,.;, 0 if an
only if there exist v € FP~! and e € FP~"! such that da = 0 + € or equivalently if there
exist v € FP~! and € € FP~"~! such that (o — ) = € € FP~"!. This implies that & =
a—7v€ EI’;H. Also @ = a modulo FP~! that is @ ~,, , or [a] = [a] € E;“/ ~rpC EJ.
Conversely, if o € E\;H, then da € FP"1 s0 da = 0 modulo FP~"! or da ~,,,_, 0,
there for [0al,,/r = 0"[al;41p =0
Now, we shall prove that the natural map

¢: E;H/ ~NrpT? E;H/ ~rglp= E;H

is well defined and we also will prove that the kernel of ¢ is Imd): E], . — EJ.

Note that if o, 8 € E;“, the afirmation “a ~,, (8 if and only if there exist v € FP*+"~!

such that o — 8 = 9y modulo FP~!” implies that “a ~,1, § if and ponly if there exist
v € FP*" such that o — 8 = 9y modulo FP~1.”

Qo B Iy EFPT i a— B=0y mod FPL.
implies that is ¢ is well defined.

If a € E’;“ C FP such that o ~, 11, 0, then there exist v € FP*" such that o = 0y

modulo FP~!, that is v € E,, or [y] € E"

ptr par therefore 0" Y]rpir = [07]rp = [aryp H

We call (E],0") the spectral sequence of the filtration F7(C).
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7.1.1. Convergence. We say that a filtration F?(C') of the vector space C' is complete
if

(" = {0} and Urr=c

p p

Denote by H(C,0) = kerd/Im 0. The filtration of C' induces a filtration of H(C,0)
by: [a] € H, if [a] has at least one representative in F*.
Note that |, H, = H. In general, (), H, # {0}, but we are interested in cases which

M, Hy = {0}.
Lemma 7.1.3.

H,/H,  =ker 0N F?/(Imd N F? + ker N F1).
Proof. Consider

A=kergn FP!
B =keron F?
U=Imon FP.

Then ANU = ImdFP~! and

H,,=A/(ANU)
H,= B/U.

Now, the following sequence is exact

0—=A/(ANT) B/U B/(A4+U)—0

Then by the 3-lemma we have the result. O

Proposition 7.1.4. The spectral sequence (E},0") of a complete filtration FP(C), con-
verges to the quotients H,/H, .

Proof. Note that
Er = E/ ~py= ENJ(OFPY 7 4 kerd N FP7Y).
If r — oo, then since FP(C') is complete E; — kerd N F? and
ﬂE; ={a € F?|dac ﬂFp_T} =kerd N F?.
Therefore

E) —ker0NF?/(Imd N F? +kerd N FP~') = H,/H,_1.
O

We say that an spectral sequence is convergent if satisfy hypothesis of Proposi-
tion [7.1.4L. We denote convergence by

(E",0") = H(C,9).
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7.2. Spectral sequence of a bicomplex

A bicomplex (or double complex) is an ordered triple (C,d’, d”), where C' = (C,,) is a
bigraded module, d’,d”: C — C' are boundary operators of bidegree (—1,0) and (0, —1),
respectively (so that d'd’ = 0 and d"d” = 0), and

d;q 1
Example 7.2.1. Let C' = (C,,) be a bigraded module, and assume that there are bi-
graded maps d': C' — C of bidegree (—1,0) and d”’: C' — C of bidegree (0, —1) making
the columns and rows of C' complex. If C' is a commutative diagram, then make it into
a bicomplex defining A7 = (=1)?d; .. Then (C,d’,A") is a bicomplex (see [33, Exam-
ple 10.4]).

dl/7q + dl/ dl 0

—1,97p,q

If C'is a bicomplex, then its total complex, denoted by Tot(C'), is the complex with

n-th term
Tot(C @ Ch.q

ptg=n
and with boundary operators 0,,: Tot(C),, — Tot(C),,—1 given by

On=>_ (d,+d,).
p+q=n
Lemma 7.2.2 ([33] Lemma 10.5]). If C' is a bicomplex, then (Tot(C),d) is a complex.

Let (C,d',d") be a bicomplex. We can give two filtration of Tot(C'). The first filtration
of Tot(C') is given by

'F?(Tot(C)n) = €D Cin—i-

i<p

The second filtration of (Tot(C') is given by

"F"(Tot(C)n) = @D Cmi-

Ji<p
In the sequel we will work with the second filtration. Our purpose is to describe a
spectral sequence like Section [7.1] using the second filtration.

Lemma 7.2.3. The filtration " F*(C) is 0-invariant.
Proof.

On—jjCn—jj = (d,_j; +dn_;)Cnj;

n—y,J
Crjj

cd, ..Coj;i+d

n—j,j n—j,j
CChjor1; DCh—j
C (”Fp Tot C)nfl.
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Proposition 7.2.4.

//Ezla = (Hq(c*vp’d/))qm and "EL = (Hy(Hy(Chs), Hp(d//)))q,p-

p

Proof. By Remark [7.1.1],

//Eg = /,Fp/”Fp_l - @ Cn_p7p'

Therefore
0. 0 0
o’ Ep — 7 Ep
@ On—p,p — @ Cn—p,p

ozl—>(d’n ppa—i—dg Cop@ns

but d!_ o€ C, ,, 1 C FP~!implies that d?_ o =0 then °a = (d,,_, ,a),.

n—p,p n—p,p n— pp
For the second, d' are a family of boundaries given by
a;,p: Hy(Cip) = Hy(Cip-1)
[a] = [d'a+ d"al,
but o € kerd’, then 9'[a] = [d"a]. O

0
If we denote "E, , = Cy,,, then

n0 n 0
Ep_ @ Ep,q

pt+gq=n

and 0V is a family of boundaries dyp " EO — 7 Eg g1
and 9° is and endomorphlsm of degree (0 —1)

If we define ”Ep’q = H,(C,,,d), then ”Ep is a bigraded module and d' is an endo-
morphism of degree (—1,0).

That is, ” Eg is a bigraded module

Lemma 7.2.5. Forr > 2, we have
"E,={ae"F"| Z dy_j ;00 =0 and Z dy_; ;0 =0}
p—r+1<5<p p—r+2<j<p

Proof. Let a € "F? =P, €D, Cn—j; such that da € "FP~" = ®j§p—r @D, Cn_j; Then
dp— ]]a—Oforp—r+1<j <pandd; ;j;a=0forallp—r+2<j<p.
Conversely, if

U " _
E dpp_j o0 =10 and g dp_jio0 =10
p—r+1<5<p p—r+2<j<p

then
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Ja = Z dy 00+ Z dy_j 00 €
J<p—r J<p—r+l
@ @On—j—lg' s> @ @Cn—j,j—l c"FPT,

j<p—r n j<p—r+1 n
[l
Lemma 7.2.6. Let o = () and 8 = (Ba_;;) € "E,

"o . o 1"
oy B = 37 = (Yn-ji1j) € B 1t Qnpp — Br-pp = dn—p,p+1’7 + dn—p+1,p7-

Proof. We have
Jy e "FPT o — B= 0y mod "FP .

~r—1
if and only if v = (v4—j11,5) € "E,,,_, and

Z d;fjdq =0 and Z d;;,jﬂ =0,

p+1<j<p+r—1 p+2<j<p+r—1
by Lemma [7.2.5, On the other hand, a,_j; — B,_;,; € "F"~" for j < p — 1. Therefore

oy 1"
Qn—p+1,p — 5nfp,p+1 - dnfp,p+lfy + dnprrl,pr'

Proposition 7.2.7. For r > 2, the morphism 0): "E — "E7_ is given by

r o ! 11
ap [Oé] - [dn—p—&-np—r& + dn—p—i—r—l,p—r—‘rl@]r,p*?”
~T
Proof. Let a € "E, then
5 d _..a=0and E d_..a=0
n—j,j n—j,j
p—r+1<5<p p—r+2<j<p
Now,
U 1" . . . 1" p—r—1
E , dy,_jjor + § , dy,_j 00 € @ Cnj1,® @ Cnjj1 CF
Jj<p-r-—1 J<p—r j<p-r-1 J<p—r

Then, by Lemma

/ 7 . "o
[ Y, dijat Y dia =0e’E, .
<p—r—1 J<p-r rp—r

Therefore

T I "
ap [OZ] - [dn—p—i-r,p—ra + dn—p+r—1,p—r+1a p—T:



Spectral sequences for the pair (G, H) 89

Inductively we have "E == H, (”Er_1 or1), then "E" is a bigraded module. And

) p,q 7’ 7P,q
0" is a endomorphism of bidegree (—r, 7 — 1) since

d/

Ui
n—pirprQ T d 10 € Cppir1pr

n—p+r—1,p—r+

A first quadrant spectral sequence is a spectral sequence associated to a bicomplex
which is not trivial only for p > 0 and ¢ > 0. In this case, we have classical results:

Theorem 7.2.8 ([33, Theorem 10.16]). Let "E" and "E" be the first quadrant spectral
sequences of the complex Tot(C').

1. The first and the second filtrations are bounded.
2. For all p,q, we have 'E,, ="E,  and "B, ="E]  for a large r depending on p,q.

3. 'ES = H, (Tot(C)) and "E> = H, (Tot(C)).

A spectral sequence (E”, ") collapses on the p-axis if Eiq = 0 for all ¢ # 0; a spectral
sequence (E",0") collapses on the g-axis if Ef),q =0 for all p # 0.

Proposition 7.2.9 ([33, Proposition 10.21]). Let (E",0") be a first quadrant spectral
sequences, and E) = H, (Tot(C)).

1. If (E",0") collapses on either azis, then E5% = Ez%,q for all p,q.

2. If (E",0") collapses on the p-axis, then H, (Tot(C)) = E? ,;

n,07

If (E",0") collapses on the q-axis, then H, (Tot(C)) = Ej .

Theorem 7.2.10 ([33] Theorem 10.31]). Let (E",0") be a first quadrant spectral sequence,
then

1. For each n, there is a surjection E&n — Eg5,; dually, there exist an injection E5% —
B2,

2. For each n, there is an injection EgS, — H, (Tot(C)); dually, there is a surjection
H, (Tot(C)) — E5%-

3. There is an exact sequence

Hy (Tot(C)) —— 2 —— B3y —= Hy (Tot(C)) — By —0

7.3. Spectral sequences for the pair (G, H)

In this section we analyze a bicomplex from two points of view: topological and algebraic.
The first is a consequence of equivariant homology and the second is a consequence of the
(G, H)-canonical resolution of Z.
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7.3.1. Equivariant homology. Let X be a G-CW-complex and consider the simplicial
chain complex S,(X) and let F, be a G-projective resolution of Z. The homology of the
total complex F, ®¢ S.(X) is denoted by H, (G, S,(X)) are denoted by HE(X) and called
the equivariant homology groups of (G, X). Let X, be a set of representatives for
the G-orbit of n-cell and let G, be the isotropy group of o, remember that S,,(X) has a
decomposition

Su(X) = @ Indf, Z,,

o'eX,

see [0, Example II1.5.5b].
Proposition 7.3.1 ([0, Equations VII.7.2 and VII.7.7)]). There is a first spectral sequence

By, =H, (G, H, (X)) = Hp\ (X)
and a second spectral sequence
E), = H,(G,.Z,) = HS, (X).

o€,

For the sequel, suppose that G, fixes ¢ pointwise. If ¢ is a p-simplex of X and 7
is a (p — 1)-simplex, we denote by 0,,: Z, — Z, the (o, 7)-component of the boundary
operator 0: S,(X) — S,(X). Let F, = {7 | 0y # 0}. This is a finite set of (p — 1)-
simplexes and is G,-invariant.

Note that 0,,: Z, — Z. is a G,-map, since 0 is a G-map. For 7 € F,, it is necessarily
in the closure of ¢ and hence is fixed by G,, so G, C G,. The map 9,, induces a map

Uor: Hy (Gy,Zy) — Hy (G, Z).

Let 79 € ¥ | be the representative of the orbit of the simplex 7, and choose g(7) € G
such that g(7)7 = 75. Then the action of g(7) on S,_;(X) gives a isomorphism f: Z, —
Z,, which is canonical since G, acts on Z, trivially under the assumption of “fixed
pointwise.” The isomorphism f is compatible with the conjugation isomorphism G, —
G, given by g(7)gg(7)™!; thus there is an induced isomorphism

v Hy(GriZy) = Hy(Gryi Zry).

We can define a map

Q: @ H(GyZ,) — @ H,/(G;Z,)

oEY, TEX, |

by
(70|HQ(GO';ZU> = Z VrlUogr,

TEFo

Proposition 7.3.2 ([6l Proposition VIL.8.1]). Up to sign, the map ¢ is the boundary

operator d': E, — E}_, _ in the second spectral sequence of the Proposition m
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Remark 7.3.3. Since G, fixes o pointwise, the space X/G is a CW-complex. The set of
representatives 3 can be identified with the set of simpleces of X /G that we denote by
Y,. Consider H, = {H,(G»;Z,)}, then H,(G;S,(X)) is a chain complex of X/G with
local coefficient H,,.

Proposition 7.3.4. The second spectral sequence of Proposition takes the form

E;q = H,(X/G;H,) = HE,

p+q

(X).
This is the remark at the end of Secction VII.8 in [6].

Proposition 7.3.5 ([6, Equation VII.7.10]). If X is acyclic, then
E}, = H,(X/G;Hy) = Hpy(G; Z).

Compare with Proposition [7.3.8|

Take X = FEg)(G). Remember that in Proposition we saw that if ¢ fixes a
simplex o € S, (X) then it is fixed pointwise. So we call the spectral sequence of the
pair (G, H) to the spectral sequence of Proposition with X = FEg)(G). Then the
spectral sequence takes the form

Proposition 7.3.6. We have an spectral sequence of the form
E;,q = Hp(BS(H)(G)§ Hq) = Hp+q(G§ Z),
The groups G, belong to §(H).

Corollary 7.3.7. If H is a normal subgroup of G, the spectral sequence (7.3.6) takes the
form
Eiq =H,(G/H;H,(H;Z)) = H,,(G;Z),

Proof. We already have seen that S,(Egm)(G)) is a free G/H-module (see for instance

Corollary or Corollary [2.4.9)). In this case, any o € S,,(Ez)(G)) has trivial isotropy
subgroup, i.e., G, = H for all ¢ and we can consider v, as the identity. O

This make sense because H,(H;Z) is a G/H-module (see for instance [6, Corol-
lary I11.8.2]). Therefore, the spectral sequence of Proposition is a generalization
of the Lyndon-Hochschild-Serre spectral sequence (for the definition see for instance [0,
Section VIL.6] or [33, Theorem 10.52]).

7.3.2. The double complex. Let G be a group and let H be a subgroup of G. Consider
F, any G-projective resolution of Z, and P, any (G, H)-projective resolution of Z. We
call spectral sequence of the pair (G, H) the spectral sequence of the bicomplex

C*,* - F* ®Z[G] P*

Since F, is projective, H,([G : H]; F,) = 0 for all ¢ > 0, the 'E" term of the spectral
sequence associated to the first filtration 'F*(Tot(C, .)) has the form
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By Corollary [2.4.2] this turns

1+ 0 0 0 0
0+ Fo®zigZ Fi ®ziq) Z Fy @z Z F3 @z Z
0 1 2 3

Then, the second them 'E? has only one non zero row, namely H,(G;Z). Then we
have

Proposition 7.3.8. The first spectral sequence of the pair (G, H) collapses at the second
term, so it converges to H,(G;Z). In fact, ’E;O = H,(G;Z) and zero for g > 0.

Proof. This is a consequence of Proposition [7.2.4] Proposition and Proposition [7.2.9]
O

On the other hand, the ”E' term of the spectral sequence associated to the second
filtration ("F” Tot(C..)) has the form
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3+ Ho(G; P) Hy(G; Ps) Hy (G Ps) H3(G; Ps)

2+ Hy(G; P) Hi(G; P) Hy(G; P,) H;3(G; Ps)

1+ HO(G; Pl) Hl(G; P1) HQ(G; P1) H:s(G; Pl)

0+ Ho(G;P) H\(G; Ry) Hy(G; Ry) Hs(G; Ry)
0 1 2 3

7.3.3. Calculate the second term. We can use the canonical resolution C,(G) and

the relative canonical resolution C.(G/H) in order to calculate the spectral sequence of

the pair associated to the bicomplex C., , = C.(G) ® C.(G/H).

Take X = FEym)(G) (as a simplicial set) and identify S,(X) with C,(G/H), the
spectral sequence of the pair defined in Proposition [7.3.6|and the spectral sequence of the
pair associated to the bicomplex C, , = C.(G) ® C,(G/H) are the same. Then the first

term ”E" has the form

npl
Ep,q_

Hy(G; By) = @ Hy(G; Z).

o€,
We also have
Proposition 7.3.9. The spectral sequence of the pair has the form
//Eglu,q = H,([G : H|;Hy) = Hpio(G; Z),
where Hy, = {H, (G, Z)}.
Corollary 7.3.10. For the spectral sequence of the pair (G, H), we have

1. For each n, there exist an injection
”E;f’o — H,([G: H;Z)
2. There is an exact sequence

H,(G;7Z) — Hy(|G : H); Z)

2
”E(Ll

H(G;Z)— H\(|G : H;Z) —=0
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7.4. Spectral sequences in S Ly(C)

Let G = SLy(C) and U the subgroup

() e}

then the term ”E? of the spectral sequence of the pair (G,U) is

3+ P(C) * 0 *
24 0 0 0 *
14 0 0 A2C* Q/Z
0+ 7Z 0 A2C* Q/Z
0 1 9 3

This spectral sequence is used to prove the Bloch-Wigner exact sequence

0—> Q/Z —= Hy(G; Z) —= P(C) — N2C* —= Hy(G;Z) — 0,

see [10, Theorem 8.19] and [36], Section 2] for details.
Now, we consider G = PSLy(C) and P as the subgroup

{((1) l{) |be©},

Lemma 7.4.1. Consider 0 = (goP, -+ , g, P) € C.(G/P), then the isotropy subgroup G,
is either P or I.

Proof. Since (goP,- -, g.P) has a representative (P, g, P,--- , g, P), then
Ga = PJ = n Pgip
i=1
Note that pgP = gP for all p € P if and only if g € Na(P) = B. So

o I if g; ¢ B for some g;,
P if g; € B for all g;.

g
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G-

the isotropy is I if ¢ # 0 and P if ¢ = 0. O

Explicitly

Remark 7.4.2. By the previous analysis, the elements ([1,0], [0, c]) and ([1,0], [a,0]) in

C1(G/P) are unique representatives of the G-orbits having isotropy I and P respectively.
For the case Cy(G/P) the unique representatives have the form ([1,0],[0, c1], [az, c2]),
([1,0], [a1,0], [0, cz]) and ([1,0], [a1, 0], [az, 0]) having isotropy I, I and P respectively. We
can continuous this process inductively for each n. Then by Lemma [2.4.6] we have

Co(G/P) = Ind$ Z

C1(G/P) = @IndGz @IndG

ceC* acC*
Co(G/P)= P mdfz P mdfz P mdiz
z€(C*)3 we (C*)2 a€e(C*)2

Then we can give the term E' of the spectral sequence of the pair (G, P) using
Shapiro’s Lemma [6, Proposition II1.6.2] and the homology of an abelian group [6, Theo-
rem V.6.4] (remember that P = C):

3 T Cg(G/P)/G ®Z€((C*)3 Cz ®26(C*)3 /\QCz *
21 C(G/P)/G By C: DB.gepNC: *
1 Cl (G/P)/G @ze(c*) (Cz @zE(C*) /\2CZ *
0+ OQ(G_’/p)/G C A2C *

0 1 2 3

Proposition 7.4.3. The fundamental group mi(Bgp(G)) = 0.

Proof. By Proposition 4.1.8, (B ) (G)) = (P). But G is a simple group [21, Theo-
rem XIIL8.4], then (P) = G. O
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Corollary 7.4.4. The relative group homology H,(|G : P];Z) = 0.

Then the term E? of the spectral sequence of the pair (G, P) is given by

3 Hs(|G/P;Z) * * *
2+ Hy(|G/P); Z) * * *
1+ 0 * * *
0+ Ho([G/P);Z) * * *

0 1 2 3

7.4.1. Future work. For the future, we will still work in the spectral sequence of the
pair (PSLy(C), P) = (G, P). We guess that there is an exact sequence of the form

—— H3(G;Z) — H;(|G : P);Z)

Hy(G;7Z) Hy(|G: P;Z) —.

If this exact sequence exist we can compare with the exact sequence

A~

0— B(C) P(C) A2C K»(C) —=0.

Where K5(C) is the second group of algebraic K-theory (see [29, Teorem 7.5]). Since
H3(G;Z) = B(C), Hy(P;Z) = A’C and Ho(G;Z) = Ko(C): we conjeture that Hs([G :
P];Z) = P(C) or maybe P(C) is a quotient of Hs([G : P;Z).
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